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Quantum simulations with ultracold atoms in optical lattices open up an exciting path toward
understanding strongly interacting quantum systems. Atom gas microscopes are crucial for this as they
offer single-site density resolution, unparalleled in other quantum many-body systems. However, currently
a direct measurement of local coherent currents is out of reach. In this Letter, we show how to achieve that
by measuring densities that are altered in response to quenches to noninteracting dynamics, e.g., after tilting
the optical lattice. For this, we establish a data analysis method solving the closed set of equations relating
tunneling currents and atom number dynamics, allowing us to reliably recover the full covariance matrix,
including off-diagonal terms representing coherent currents. The signal processing builds upon semi-
definite optimization, providing bona fide covariance matrices optimally matching the observed data. We
demonstrate how the obtained information about noncommuting observables allows one to quantify
entanglement at finite temperature, which opens up the possibility to study quantum correlations in
quantum simulations going beyond classical capabilities.
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Quantum simulation experiments with ultracold atoms
[1] have led to numerous insights into the physics of
strongly correlated quantum systems, both in static [2–5]
and in dynamical [6–14] regimes. It is fair to say that there
has been steady progress toward realizing the ambitious
long-term goals set for quantum simulators [15]. Among
them, the quest for understanding the precise mechanism
underlying the physics of high-Tc superconductors may
take a particularly important role, driving forward signifi-
cant experimental progress on quantum simulations with
fermionic systems [16–23]. In this line of research, achiev-
ing sufficiently cold temperatures is key and, recently,
exciting progress has been reported, signified by an
observation of very large antiferromagnets [16] with sub-
stantial evidence of string patterns [24]. Thanks to advances
toward alleviating this particular bottleneck [25], it may in
turn become a make or break issue to develop diagnostic
tools regarding genuine quantum correlations in such
systems. Specifically, one can anticipate that not only
methods for identifying the presence of entanglement will
be needed, which can be done via entanglement witnessing,
but it will be instrumental to have ways of unambiguously
answering the overall physical question of how much
entanglement is there in a given quantum many-body
system at finite temperature. Tools making this precise,
providing certification in this sense [26], should then make
it possible to understand the role of quantum mechanical
effects on the conductance of systems that have so far
evaded modeling using numerical calculations.
In this Letter, we set out to present diagnostic tools

capable of tackling exactly these questions. They are based

on information that is feasibly available via the so-called
“atom gas microscope” [27–29]. Once this innovation had
arrived, it allowed one to observe string-order [3–5,16],
time-dependent features of ordered [2,6–9,13,30] and
disordered models [31]. It should be stressed that these
observations would have been much more limited without
the atom gas microscope, say, using just time-of-flight-type
measurements. The atom microscope has a strong limita-
tion, however, as at any given time it provides information
only about the local atom density, which can be captured in
terms of commuting operators in a quantum mechanical
model. Because of that—possibly surprisingly—exploring
quantum correlations in optical lattices is by far not
straightforward.
In order to access expectation values of a set of non-

commuting observables, one must include some additional
operations besides state preparation and direct measure-
ments. Tomographic schemes employing measurements
along a single quantization axis in conjunction with
Bloch sphere rotations constitute the simplest example.
In optical lattices, a sophisticated interference protocol [7]
has been demonstrated to reveal entanglement, but it is
applicable to only small systems (see also Ref. [32]).
Exploiting known time evolution in conjunction with
feasible measurements in recovery protocols in a general
sense has been explored previously in Refs. [33–47].
As we will show here, observing the density at various

times after an interaction quench enables new insights: It
allows one to recover expectation values of noncommuting
observables and quantify entanglement at finite tempera-
ture. This can give clues as to why a given system has a
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particular value of conductivity and what are the micro-
scopic mechanisms at play in the quantum system studied.
Put differently, understanding quantum correlations can
allow for physical insights beyond the specific values of
system parameters measured by linear response. Linear-
response measurements can be done both in quantum
simulators and in materials. Concerning the latter, it has
been possible to realize superconducting states at very high
temperature. If this will be done in optical lattices, then by
our method or its possible extensions it will be possible to
investigate the role of coherent quantum mechanical effects
in the system. This is typically not possible in materials
and, in fact, access to sophisticated quantum observables
can become one of the most important strengths of quantum
simulations in optical lattices [15].
Setting.—The physical setting we have in mind is that of

fermionic atoms in optical lattices [19,20]. That said, the
technique carries over with little modification to any system
in which excitation measurements and noninteracting
dynamics are accessible. The discussion focuses on sys-
tems in one spatial dimension, but it should be clear that
similar ideas carry over to higher-dimensional lattices. It is
also worth pointing out that, to an extent, similar ideas have
already proven highly useful and experimentally feasible in
continuous quantum field settings provided by cold bosonic
atoms trapped on an atom chip [33]. Notationwise, we
denote fermionic annihilation operators associated with
some degree of freedom at lattice site x by f̂x. We put a
focus on fermionic systems here, but stress that the same
machinery works similarly for bosons as well. The anni-
hilation operators obey the canonical anticommutation
relations ff̂x; f̂†yg ¼ f̂xf̂

†
y þ f̂†yf̂x ¼ δx;y. The covariance

matrix Γ of a state ϱ̂ is defined as the collection of second
moments given by

Γx;y ¼ hf̂†xf̂yiϱ̂ ≔ tr½f̂†xf̂yϱ̂�: ð1Þ

This matrix is, in general, a complex matrix Γ ∈ CL×L, with
L being the system size [48]. Additionally, we have Γ ¼ Γ†

which means that it can be unitarily diagonalized by a
Bogoliubov transformation of the type

p̂k ¼
XL

x¼1

U�
k;xf̂x; ð2Þ

such that Γ̃ ¼ UΓU† with Γ̃k;k0 ¼ hp̂†
kp̂k0 iϱ̂ being diagonal.

Noting that n̂k ¼ p̂†
kp̂k are the number operators of the

eigenmodes p̂k, we have that Γ̃ ¼ diagðλÞ has eigenvalues
0 ≤ λk ≤ 1 by the Pauli principle. It is useful to write A≽B
if A − B is a matrix with a non-negative spectrum that
yields

0 ≼ Γ ≼ 1: ð3Þ

This is a convex constraint that will be included in our
reconstructions using semidefinite programming methods
[49]. Because of statistical noise, a direct estimate ΓðestÞ of a
covariance matrix Γ may not fulfill this constraint, but the
recovery procedure should find a physical covariance
matrix; hence, taking into account Eq. (3) aids the reli-
ability of the method.
A noninteracting fermionic (free) evolution conserving

the particle number is generated by quadratic Hamiltonians

ĤðhÞ ¼
XL

x;y¼1

hx;yf̂
†
xf̂y; ð4Þ

where h ¼ h† ∈ CL×L is the coupling matrix. Most
importantly, nearest neighbor hopping (NN) on a line is
captured by

ĤNN ¼
XL−1

x¼1

f̂†xf̂xþ1 þ H:c:; ð5Þ

where we use natural units in terms of the tunneling time
throughout the Letter. The Heisenberg evolution of mode
operators reads

f̂xðtÞ ¼ eitĤðhÞf̂xe−itĤðhÞ ¼
XL

y¼1

G�
x;yðtÞf̂y; ð6Þ

where G�ðtÞ ¼ e−ith is the propagator matrix, which can be
computed efficiently in the system size L. Using Eq. (6) we
see that the covariance matrix at time t is

ΓðtÞ ¼ GðtÞΓð0ÞGðtÞ†: ð7Þ

The geometry of the lattice is encoded in the propagator G
and by Eq. (7) is imprinted in the correlations. Our recovery
method can be formulated independent of specifics of the
lattice geometry. However, for clarity only, we shall apply it
to the setting of most immediate practical interest, namely,
for a chain with open boundary conditions (5).
Tomographic readout from interaction quenches.—The

core idea for reconstructing the covariance matrix Γ is the
following protocol. The first step is to prepare the state of
interest,

ðaÞ prepare a fermionic state ϱ̂: ð8Þ

Indeed, we do not have to know anything about how the
state is prepared precisely, specifically, whether during
the preparation there are nontrivial interactions between the
particles or not. The preparation provides a density matrix
and we would like to reconstruct the second moments Γ of
the possibly non-Gaussian state ϱ̂. In the second step, the
task is
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ðbÞ quench to a free Hamiltonian ĤðhquenchÞ: ð9Þ

The ensuing coherent evolution should mix the information
about the currents into the occupation numbers dynamics.
This quench should be rapid in terms of the tunneling times
(which, in practice, means for ultracold atomic experiments
that one resorts to narrow Feshbach resonances), but does
not have to be perfect. Finally, using the atom microscope,
assess the occupation numbers N̂x ¼ f̂†xf̂x

ðcÞmeasureNxðtÞ ≔ hN̂xiϱ̂ðtÞ: ð10Þ

The complete tomographic protocol consists of performing
the steps (a)–(c) for times t ¼ t1; t2;…; tK , which can be
chosen to be equidistant.
This prescription is at this point kept general on purpose,

as it can be implemented in various setups and, accordingly,
various quench Hamiltonians ĤðhquenchÞ are possible. In
this Letter, we show that a suitable such choice is

ĤðhquenchÞ ¼ ĤNN þ
X

x

μxN̂x; ð11Þ

where μx ¼ x represents a gradient of the chemical poten-
tial. Additional simulations, presented in the Supplemental
Material [50], demonstrate that quenches into a doubled-up
lattice or involving artificial magnetic fields can be also
advantageous, in settings where this is feasible. This works
because in (c) we are acquiring information about currents
due to the equation

NxðtÞ ¼ Γx;xðtÞ ¼
XL

y;y0¼1

Gx;yðtÞG�
x;y0 ðtÞΓy;y0 ð0Þ: ð12Þ

We find that, generically, the right-hand side will depend on
the off-diagonal matrix elements in the initial covariance
matrix. The reconstruction procedure makes use of the
reversed direction of this equality and can be intuited as
harvesting information about the currents from the response
of the particle number dynamics following the quench.
The reconstruction is based on an algorithm that, in a

nutshell, takes a guess for the covariance matrix Γ0, evolves
forward to the times ti where the particle number data has
been measured, and checks whether the extrapolated
distribution of the particles Nxðti;Γ0Þ ¼ Γ0

x;xðtiÞ reproduces
the data Nxðti;Γ0Þ ≈ NxðtiÞ. In the next step, an improved
guess Γ00 is obtained, such that the new observables
Nxðti;Γ00Þ are closer to the data

jNxðti;Γ00Þ − NxðtiÞj ≤ jNxðti;Γ0Þ − NxðtiÞj: ð13Þ

By iterating this, the algorithm solves the following
optimization task. We collect all measured data into a
vector b and define a linear map A, which from an input
covariance matrix Γ0 produces the respective occupation

numbers Nxðti;Γ0Þ in the same ordering as in b. The
reconstruction ΓðRecÞ is the optimal solution to the opti-
mization problem

min
0≼Γ0≼1

kAðΓ0Þ − bk2: ð14Þ

The cost function is the 2-norm, so we need to perform a
least-square recovery problem with a positivity constraint
[49]. Convexity of the problem guarantees an efficient
convergence to a globally optimal solution with a poly-
nomial runtime in the system size L and desired accuracy
ϵ > 0 [49] and, in practice, takes a few seconds for L ≈ 40.
To exemplify the functioning of the method, we consider

thermal states ϱ̂β ¼ e−βĤNN=Zβ, where Zβ is the partition
function, β > 0 is the inverse temperature, and ΓðβÞ is the
corresponding covariance matrix. The results of the
numerical reconstruction [68] are presented in Fig. 1.
The particle number measurement need not be perfect
and Fig. 1 discusses reconstructions that include statistical
noise from necessarily finite numbers of measurements.
In step (a), additional assumptions can be included, such

as translation invariance in the initial state or a finite

FIG. 1. Tomographic reconstruction. (a) Input data for the
reconstruction based on out-of-equilibrium data of local particle
numbers NxðtiÞ measured at K ¼ 10 equidistant times after the
quench to nearest-neighbor hopping in the tilted lattice. We
model statistical fluctuations by sampling occupation numbers
N shots ¼ 103 times for each ti and estimating NxðtiÞ via the
empirical mean. (b) The input data have been obtained by
evolving a thermal covariance of ĤNN with inverse temperature
β ¼ 3 such that there are relatively large currents to be recovered.
(c) Results of the reconstruction ΓðRecÞ. The extent of deviations
shown in the inset is max jΓx;y − ΓðRecÞ

x;y j ≈ 0.1 and is explained by
the fact that among the data some NxðtiÞ can fluctuate statistically
by 2 or 3 standard deviations.
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correlation length. The quench is motivated by existing
control functionalities; see, e.g., Ref. [69] for an experi-
mental study showcasing a superb degree of coherence in
the system when tilting the optical lattice. We remark that
other quenches that lead to nontrivial dynamics (the
covariance matrix is not a steady state of the quench
Hamiltonian) can be considered. The reconstruction code
[68] does not depend on the quench Hamiltonian being
nearest neighbor or whether there is a trap present, so other
variants are possible; see the Supplemental Material [50]. If
the couplings h are real, then the tomography reconstructs
only the real part of the currents. This is enough for thermal
states of quadratic Hamiltonians with no magnetic fields;
see [50] for reconstructions in their presence. Finally, note
that similar ideas have successfully been applied in an atom
chip experiment for a continuum system [33] where some
unknown stray interactions have been present [70], but
have been negligible in short time windows.
Quantum simulation studies of low-temperature systems

in presence of Hubbard interactions with strength U are of
particular interest. Our method can be used to measure the
second moments of interacting states by switching offU ↦
0 as fast as possible, e.g., by choosing narrow Feshbach
resonances (see the Supplemental Material [50] for com-
parisons of ramps of varying duration compared to the
tunneling time). Crucially though, it follows directly from
the Lieb-Robinson bound [71] that, even if the quench has a
finite duration, only the local correlations will be affected
but, e.g., the method can uncover the presence of corre-
lations spanning far-away sites. If the quench has a
negligible duration compared to the relevant timescales
in the system, then even local correlations will be faithfully
reconstructed, implying the possibility of measuring also
the kinetic energy in addition to the Hubbard interaction
term that can be measured with the atom microscope. Our
method does not assume translation invariance or thermal-
ity of the unknown state, which are the cornerstones but
also limitations of existing methods [72–79] and hence can
pave the way toward reading out the results of variational
quantum simulations [80] in optical lattices for systems
with a complicated connectivity graph.
Quantitatively estimating fermionic mode entangle-

ment.—Let us now show how to analyze the second
moments Γ of a possibly interacting or nonequilibrium
state to lower bound the so-called entanglement cost
[60,61]. This statement is particularly appealing, as it goes
beyond merely showing that there is entanglement present,
but also provides an answer to the question of “how much”
entanglement there is in the system [81–84]. The entangle-
ment cost EC quantifies mixed-state entanglement [60,61],
as it is the asymptotic rate at which maximally entangled
pairs must be used for the creation of a given state ϱ̂ using
local operations with classical communication (LOCC). EC
is broadly studied in quantum information theory, but is not
easy to access in practice and, therefore, especially in the

context of experiments, lower bounds by means of practi-
cally measurable quantities are needed.
We consider ϱ̂ to describe a bipartite system A ∪ B, e.g.,

some number of sites in an optical lattice, and will explain
how to lower bound ECðϱ̂Þ. First, if the asymptotically
optimal creation of the state ϱ̂ via LOCC necessitates
maximally entangled pairs at rate ECðϱ̂Þ, then it could be
that even more entangled pairs are needed for a system
consisting of fermionic particles. Indeed, any physical
operation in this case is subject to the fermionic parity
and total number superselection rules (SSRs) [56,57] which
further restrict LOCC. However, in Ref. [85], it has been
shown that the asymptotic rates do not change, i.e.,
ESSR
C ðϱ̂Þ ¼ ECðϱ̂Þ (see the Supplemental Material [50]).

Second, we use that the entanglement cost is lower
bounded by distillable entanglement ED [60,61]

ECðϱ̂Þ ≥ EDðϱ̂Þ: ð15Þ

In fact, in our discussion, we can equally well also refer to
the distillable entanglement. Third, the distillable entangle-
ment is lower bounded by virtue of the hashing bound [86]

EDðϱ̂Þ ≥ Sðϱ̂AÞ − Sðϱ̂Þ; ð16Þ

where for any state σ̂ the von Neumann entropy is Sðσ̂Þ ¼
−tr½σ̂ log2ðσ̂Þ� and the subscript in ϱ̂A indicates the reduc-
tion to subsystem A. Finally, the right-hand side can be
lower bounded by the same expression, but now in terms of
Gaussian entropies. Specifically, let us denote by SðΓÞ ¼
Sðϱ̂ΓÞ the von Neumann entropy of a fermionic Gaussian
state ϱ̂Γ with the same second moments Γ as ϱ̂. As shown in
Refs. [87,88], we have

Sðϱ̂AÞ − Sðϱ̂Þ ≥ SðΓAÞ − SðΓÞ ≔ EGðΓÞ: ð17Þ

The Gaussian entropy SðΓÞ can be easily computed from the
recovered covariance matrix ΓðRecÞ; see the Supplemental
Material [50] for details. Summarizing, for any bipartite
state ϱ̂ whose second moments Γ one can measure using
our method, we have found a lower bound to the entangle-
ment cost EGðΓÞ ≤ ECðϱ̂Þ.
Entanglement cost at finite temperatures.—In what

follows, we discuss the application of the witness to again
assess thermal states of ĤNN. As detailed in the
Supplemental Material [50], without increasing EC we
can perform a local unitary Bogoliubov transformation in
subsystems A and B individually. In Fig. 2(a) we show the
covariance matrix for β ¼ 3 after such a local transforma-
tion showing that essentially two modes are nontrivially
correlated. In Fig. 2(b) we depict the entanglement cost
lower bound EGðβÞ ≔ EGðΓðβÞÞ as a function of inverse
temperature. We select either one or two modes in each
subsystem and find a nontrivial lower bound EGðβÞ > 0 for
sufficiently low temperatures. Choosing one mode gives a
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nontrivial lower bound for higher temperatures than for two
modes because the total entropy in the latter case tends to
be larger at high temperature. In contrast, at extremely low
temperatures, the one mode lower bound saturates at its

maximum value Eð1þ1Þ
G ðβÞ ≤ 1, while the two modewitness

indicates that the entanglement cost of preparing ϱ̂β is
asymptotically larger than that of one maximally entangled
pair. Going beyond the Gaussian case, note that the second
moments of low-temperature states will vary continuously
with the strength of the many-body interaction [89]. Thus,
we can be confident that a nontrivial EC lower bound will
be obtained for sufficiently weak interactions and low
temperatures. Such states, e.g., in two spacial dimensions,
become difficult to treat numerically in practice; however,
our reconstruction and entanglement quantification meth-
ods remain applicable for quantum simulations.
Outlook.—In this Letter, we have shown how to recover

the full covariance matrix of quantum states in optical
lattices by unifying atom microscope measurements with
suitable quenches and performing efficient reconstructions
using semidefinite programming. The method introduced
here is reliable and versatile as it does not depend on the
geometry of the quench: Other ways of inducing visible
particle number dynamics specific to a given setup can also
be considered and some other ideas are discussed in the
Supplemental Material [50]. The prospect of advancing our
data analysis by making use of recent theoretical ideas,
such as shadow estimation [45] or random operations that
can be efficiently classically backtracked [34,90], should
also be noted. Building on the accessibility of full covari-
ance matrices, including coherent currents, we have
exploited an entropic witness that allows one to lower
bound the entanglement cost and the distillable

entanglement. This is a quantitative measure of entangle-
ment implying a substantially stronger statement than
merely showing its presence. We have shown that our
witness can give nontrivial values at finite temperatures.
This will remain true also for weak interactions, as second
moments should vary continuously in the strength of
interactions. We hence have established a method to
recover and quantify quantum correlations in optical lattice
quantum simulations that is applicable even in regimes
where numerical calculations cease being practical.

The numerical code used in this Letter is freely available
at https://github.com/marekgluza/hopping\_tomography
and includes interactive PYTHON notebooks allowing one
to reproduce the figures [68].
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A. Reymbaut, C.-D. Hébert, S. Bergeron, A.-M. S.
Tremblay, J. Kokalj, D. A. Huse, P. Schauß, and W. S.
Bakr, Science 363, 379 (2019).

[75] Y. Takasu, T. Yagami, H. Asaka, Y. Fukushima, K. Nagao,
S. Goto, I. Danshita, and Y. Takahashi, Sci. Adv. 6,
eaba9255 (2020).

[76] Y. Nakamura, Y. Takasu, J. Kobayashi, H. Asaka, Y.
Fukushima, K. Inaba, M. Yamashita, and Y. Takahashi,
Phys. Rev. A 99, 033609 (2019).

[77] E. Cocchi, L. A. Miller, J. H. Drewes, C. F. Chan, D.
Pertot, F. Brennecke, and M. Köhl, Phys. Rev. X 7,
031025 (2017).

[78] C. F. Chan, M. Gall, N. Wurz, and M. Köhl, Phys. Rev.
Research 2, 023210 (2020).

[79] E. Guardado-Sanchez, A. Morningstar, B. M. Spar, P. T.
Brown, D. A. Huse, and W. S. Bakr, Phys. Rev. X 10,
011042 (2020).

[80] C. Kokail, C. Maier, R. van Bijnen, T. Brydges, M. K. Joshi,
P. Jurcevic, C. A. Muschik, P. Silvi, R. Blatt, C. F. Roos
et al., Nature (London) 569, 355 (2019).

[81] J. Eisert, F. G. Brandao, and K. M. Audenaert, New J. Phys.
9, 46 (2007).

[82] K. M. R. Audenaert and M. B. Plenio, New J. Phys. 8, 266
(2006).

[83] O. Gühne, M. Reimpell, and R. F. Werner, Phys. Rev. Lett.
98, 110502 (2007).

[84] M. Cramer, A. Bernard, N. Fabbri, L. Fallani, C. Fort, S.
Rosi, F. Caruso, M. Inguscio, and M. Plenio, Nat. Commun.
4, 2161 (2013).

[85] N. Schuch, F. Verstraete, and J. I. Cirac, Phys. Rev. A 70,
042310 (2004).

[86] I. Devetak and A. Winter, Proc. R. Soc. A 461, 207 (2005).
[87] F. Pastawski, J. Eisert, and H. Wilming, Phys. Rev. Lett.

119, 020501 (2017).
[88] J. Eisert and M.W. Wolf, Gaussian quantum channels, in

Quantum Information with Continuous Variables of Atoms
and Light (Imperial College Press, London, 2007), pp. 23–42.

[89] C. V. Kraus and J. I. Cirac, New J. Phys. 12, 113004 (2010).
[90] T. Brydges, A. Elben, P. Jurcevic, B. Vermersch, C. Maier,

B. P. Lanyon, P. Zoller, R. Blatt, and C. F. Roos, Science
364, 260 (2019).

PHYSICAL REVIEW LETTERS 127, 090503 (2021)

090503-7

https://doi.org/10.1103/PhysRevA.53.2046
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1103/PhysRevA.70.042310
https://doi.org/10.1103/PhysRevA.70.042310
https://doi.org/10.1103/PhysRevLett.117.190602
https://doi.org/10.1103/PhysRevLett.96.010404
https://doi.org/10.1088/1742-5468/2004/12/P12005
https://doi.org/10.1103/PhysRevB.97.165123
https://doi.org/10.1103/PhysRevB.97.165123
https://doi.org/10.1103/PhysRevB.102.064204
https://doi.org/10.1103/PhysRevB.102.064204
https://doi.org/10.5281/zenodo.5163265
https://doi.org/10.1126/science.1260364
https://doi.org/10.1126/science.1260364
https://doi.org/10.1126/science.aan7938
https://doi.org/10.1007/BF01645779
https://doi.org/10.1007/BF01645779
https://doi.org/10.1103/PhysRevLett.125.113601
https://doi.org/10.1103/PhysRevLett.125.113601
https://doi.org/10.1126/science.aat4387
https://doi.org/10.1126/science.aat4134
https://doi.org/10.1126/sciadv.aba9255
https://doi.org/10.1126/sciadv.aba9255
https://doi.org/10.1103/PhysRevA.99.033609
https://doi.org/10.1103/PhysRevX.7.031025
https://doi.org/10.1103/PhysRevX.7.031025
https://doi.org/10.1103/PhysRevResearch.2.023210
https://doi.org/10.1103/PhysRevResearch.2.023210
https://doi.org/10.1103/PhysRevX.10.011042
https://doi.org/10.1103/PhysRevX.10.011042
https://doi.org/10.1038/s41586-019-1177-4
https://doi.org/10.1088/1367-2630/9/3/046
https://doi.org/10.1088/1367-2630/9/3/046
https://doi.org/10.1088/1367-2630/8/11/266
https://doi.org/10.1088/1367-2630/8/11/266
https://doi.org/10.1103/PhysRevLett.98.110502
https://doi.org/10.1103/PhysRevLett.98.110502
https://doi.org/10.1038/ncomms3161
https://doi.org/10.1038/ncomms3161
https://doi.org/10.1103/PhysRevA.70.042310
https://doi.org/10.1103/PhysRevA.70.042310
https://doi.org/10.1098/rspa.2004.1372
https://doi.org/10.1103/PhysRevLett.119.020501
https://doi.org/10.1103/PhysRevLett.119.020501
https://doi.org/10.1088/1367-2630/12/11/113004
https://doi.org/10.1126/science.aau4963
https://doi.org/10.1126/science.aau4963

