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A B S T R A C T

We consider a system of two coupled identical Spin Torque Nano-Oscillators (STNOs) with cylindrical
geometry. The STNOs have free layers in the vortex magnetization configuration and fixed layer with
magnetization in the out-of-plane direction. The magnetization dynamics in the two STNOs are analyzed by
using a Thiele-like equation governing the dynamics of the vortex core positions. The coupling is assumed
to be linear and symmetric and this enables to characterize it by a single complex parameter. We consider
numerical simulations of the model as a function of the coupling strength 𝑘 and phase 𝜙𝑘. Depending on
their values, different motions of the vortex cores are observed, e.g. periodic, and quasi-periodic. Each type
of dynamics can be classified according to the symmetry property shown by the trajectories. In this respect,
the transition between different types of motion corresponds to a symmetry-breaking process and we describe
it as a bifurcation process. Fixing the value of the coupling constant phase, we found that there is a range of
coupling constant strength in which the periodic and quasi-periodic motions coexist and both are stable. This
bistability is an interesting phenomenon in connection to research on neuromorphic circuits based on STNOs.
1. Introduction

Spin-Torque Nano-Oscillators (STNOs) are promising candidates for
the design and the realization of electric current tunable oscillators
suitable for various applications in Information and Communication
Technologies [1]. A central topic in this area is studying and controlling
the dynamics of two or more coupled STNOs. Considerable research
has been carried out in the analysis of synchronization of STNOs as
this phenomenon is instrumental for increasing the oscillators emit-
ted power [2–5]. More recently, increasing attention has been paid
to the study of coupled STNOs in connection with spintronic-based
neuromorphic computations [6–8].

In this work, we consider the dynamics of two identical cylindrical
STNOs, with the free layer in the vortex state [9], that are linearly and
symmetrically coupled. The magnetization oscillations in the STNOs
are a consequence of the dynamics of the two vortex cores that are
excited by the currents injected in the oscillators. The geometries and
the excitation conditions of the STNOs are such that each of them is
rotationally symmetric. In this situation, the physical system has two
symmetries: it is invariant under the exchange of the oscillators and
with respect to simultaneous and equal rotations of both oscillators
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with respect to the respective axes of symmetry. The breaking of these
symmetries has an important role in the qualitative dynamics of the
system and leads to the presence of coexisting stable steady oscillatory
states. In this respect, by using a combination of analytical and numeri-
cal results, we explore how, in the presence of coexisting stable regimes,
a particular steady state can be reached by changing the strength of
the coupling between STNOs. This possibility of controlling coupled
oscillator dynamics by changing the coupling strength is relevant to
neuromorphic computation where coupling strength plays the role of
an artificial synaptic weight [6,8].

From the modeling point of view, magnetization vortex evolutions
in the free layers of the STNOs are described by the method of collective
variables [10,11]. This leads to coupled Thiele-like equations [12]
governing the evolution of the position of the vortex cores [13–15].
Considering the rotational symmetry of each STNO and by using appro-
priate normalizations, the equations describing the coupled dynamics
of the vortex cores can be rewritten as the equations of two identical
coupled Stuart-Landau oscillators [16]. The Stuart-Landau oscillator
(SLO) is a canonical model to study self-oscillations and the dynamics
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of two coupled SLOs is the standard model to study mutual synchro-
nization of two oscillators. More specifically, we consider the case of
linear and symmetric coupling which can be justified on the basis of
general theoretical considerations [17], for moderately small deviations
of the vortex core from the rest position. In this context, the coupling
is controlled by a single complex-valued parameter. The limit of weak
coupling (small coupling coefficient) can be studied by assuming con-
stant oscillation amplitudes with the model of phase oscillators [16].
This model enables to study mutual synchronization [18]. When the
coupling strength is increased the dynamics of the oscillators have to be
analyzed by taking into account also the oscillation amplitudes evolu-
tion [15,19]. In this case, the dynamics is richer and novel phenomena
arise in the bifurcation patterns of the dynamical system. In this respect,
it has been recently studied the solutions of coupled SLOs exhibit
exchange symmetry breaking while keeping the rotational symmetry of
the solution [20]. This phenomenon along with the possible symmetry
breakings of the rotational symmetry of the solution is central in this
study. The guiding idea is to use the breaking of symmetries to identify
and control coexisting steady states as a function of the coupling
strength.

2. Mathematical model

We consider a system of two interacting and identical STNOs driven
by injected electric currents as sketched in Fig. 1. The interaction of the
two STNOs can be realized by means of different physical mechanisms
such as direct electrical connections, electromagnetic fields generated
by the STNOs, or systems of antennas inductively coupled with the
oscillators [21]. In the present work, however, this aspect is not crucial
as the described phenomenon does not depend on the specific physical
nature of the coupling. Regarding the physical structure of STNOs,
these are multilayered cylindrical structures that include ferromagnetic
‘fixed layer’ and ‘free layer’, separated by a nonmagnetic spacer. The
fixed layer, with constant magnetization, acts as a spin polarizer for
the injected electric current. Both the fixed layer magnetization and
the direction of current flow are parallel to the axis of the cylindrical
structure (out-of-plane direction). The free layer is where magneti-
zation changes under the influence of external excitations and the
magnetization dynamics is governed by the Landau-Lifshitz-Gilbert-
Sloncewski equation governing the dynamics of magnetization in the
free layers:
𝑑𝒎
𝑑𝑡

− 𝛼𝒎 × 𝑑𝒎
𝑑𝑡

= −𝒎 × 𝒉eff + 𝝉ST , (1)

where 𝒎 is the free layer magnetization unit-vector, 𝑡 is time expressed
in units of (𝛾𝑀𝑠)−1 (𝛾 = 2.21×105 s−1 A−1 m is the absolute value of the
gyromagnetic ratio and 𝑀𝑠 is the free layer saturation magnetization),
𝛼 is the Gilbert damping. The effective field 𝒉eff = −𝛿𝑔∕𝛿𝒎 is the
variational derivative of the micromagnetic free energy 𝑔[𝒎] given by

𝑔[𝒎] = 1
𝑉 ∫𝑉

[ 𝑙2ex
2
(∇𝒎)2 −

𝒉𝑚 ⋅𝒎
2

− 𝒉𝑎 ⋅𝒎
]

𝑑𝑉 , (2)

where 𝑉 is the free layer volume, 𝑙ex =
√

2𝐴∕(𝜇0𝑀2
𝑠 ) is the exchange

length of the material (𝐴 is the exchange constant), 𝒉𝑚 is the magne-
tostatic field, 𝒉a is the field due to the injected currents and to sources
external to the free layer under examination. The last term in Eq. (1)
is given by 𝝉ST = 𝛽𝒎 × (𝒎 × 𝒆𝑧) is the spin-torque term, where 𝒆𝑧 is
the unit vector in the out-of-plane direction. The parameter 𝛽 plays the
role of normalized injected current density such that 𝛽 = 𝜎 𝐽∕𝑀𝑠, 𝜎 =
ℏ𝑃∕(2𝜇0|𝑒|𝐿𝑀𝑠) is the spin-torque efficiency (ℏ is the Planck constant,
𝑃 is the polarization factor, 𝜇0 is the vacuum permeability, 𝑒 is the
electron charge) and 𝐿 is the thickness of the free layer. Field-like spin
torque is neglected. The geometry of the system is such that magnetiza-
tion in the free layer is in magnetic vortex state, and gyration of vortex
core around its rest position (fundamental mode) are driven by the
spin-torque effect associated with the spin-polarized injected currents.
2

Fig. 1. Sketch of coupled Spin-Torque Nano-Oscillators (STVOs). The upper layers are
the free layers of the STNOs with magnetization in vortex state (bell-shaped symbols)
and the lower layers are the fixed layer of the STNOs with magnetization (black arrows)
pointing along the 𝑧-direction. The parameter 𝑘 represents the strength of the coupling.

Vortex dynamics is described by a Thiele-like equation governing the
dynamics of the vortex-core positions in the two STNOs.

The Thiele-like equation is obtained from Eq. (1) by introducing,
as a set of collective variables, the vortex core positions in the free
layers [10], and by considering the appropriate vortex ansatz [22]
𝒎𝑘(𝝆𝑘, 𝑡) = 𝒎𝑉 (𝝆𝑘, 𝐱𝑘(𝑡)), with 𝑘 = 1, 2, for the free layer of both
oscillators, where 𝝆𝑘 is the in-plane position vectors and 𝐱𝑘 are vortex
core displacements from the center of the free layers measured in units
of the radius 𝑅 of the STNOs. This leads to the following equation
governing the evolution of the vortex cores dynamics [12,14] :

𝒆𝑧 ×
𝑑𝐱𝑘
𝑑𝑡

+ 𝜔𝐱𝑘 + 𝑎
𝑑𝐱𝑘
𝑑𝑡

+ 𝛽𝑐𝒆𝑧 × 𝐱𝑘 + 𝒇C . (3)

In Eq. (3), 𝜔(x, 𝛽) is the natural frequency of the conservative vortex
oscillations associated with the free energy of the vortex 𝑤(x, 𝛽) as
follows [23]:

𝜔(x, 𝛽) = 1
x
𝑑𝑤
𝑑x

(x, 𝛽) . (4)

The third and fourth term in Eq. (3), are respectively associated to
damping and spin-torque effects. In this respect, 𝑎(x, 𝛽) is the damping
constant and 𝑐 is a parameter which can be estimated by the formula
𝑐 = 𝜋∕(𝑆𝑔0) where 𝑔0 = 2𝜋𝑝∕𝑆 is the so-called gyrofactor, 𝑝 is the vortex
polarity, and 𝑆 = 𝜋𝑅2 is the free layer cross-section. The fourth term in
Eq. (3), 𝒇C(𝐱1, 𝐱2) is the term describing the coupling of the two STNOs.
The specific form of this term depends on the nature of the coupling.

By vector multiplying both sides of Eq. (3) by 𝒆𝑧 and using the fact
that the quantity 𝑎, 𝛽 and 𝒇C are small quantities with respect to 𝜔,
Eq. (3), can be transformed in the following form
𝑑𝐱𝑘
𝑑𝑡

= 𝜔(x𝑘, 𝛽)𝒆𝑧 × 𝐱𝑘 − 𝑎(x𝑘, 𝛽)𝜔𝐱𝑘 + 𝛽𝑐𝐱𝑘 + 𝒃𝐶,𝑘(𝐱1, 𝐱2) , (5)

where 𝒃𝐶,𝑘(𝐱1, 𝐱2) = −𝒆𝑧 × 𝒇C(𝐱1, 𝐱2). In the case when the vortex
displacement 𝐱1, 𝐱2 are small enough, and under the assumption of sym-
metric coupling, on the basis of general considerations about coupled
systems [17], it is possible to consider that the coupling function has
the following linear form:

𝒃𝐶,1 = 𝐾 ⋅
(

𝐱2 − 𝐱1
)

, (6)

𝒃𝐶,2 = 𝐾 ⋅
(

𝐱1 − 𝐱2
)

, (7)

where 𝐾 is a 2 × 2 matrix given by the following expression

𝐾 =
[

𝑘𝑑 −𝑘𝑐
𝑘𝑐 𝑘𝑑

]

(8)

By making use of the natural association of two-dimensional vectors 𝐱𝑘
with complex number 𝑧𝑘, the coupled Eqs. (9), can be written as
𝑑𝑧1
𝑑𝑡

= (𝜆 + 𝑗𝜔0 + 𝛾|𝑧1|
2)𝑧1 + 𝑘𝑒𝑗𝜙𝑘 (𝑧2 − 𝑧1)

𝑑𝑧2 = (𝜆 + 𝑗𝜔 + 𝛾|𝑧 |

2)𝑧 + 𝑘𝑒𝑗𝜙𝑘 (𝑧 − 𝑧 ) ,
(9)
𝑑𝑡 0 2 2 1 2
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where 𝜆 = 𝛽𝑐 − 𝑎𝜔0, 𝜔0 = 𝜔(𝟎, 𝛽), 𝛾 = −𝑎𝜔1 + 𝑗𝜔1, with 𝜔1 the
coefficient weighting the nonlinear shift of the frequency with the
vortex displacement, namely 𝜔 = 𝜔0 + 𝜔1|𝑧|

2, 𝑘 =
√

𝑘2𝑐 + 𝑘2𝑑 , and
𝜙𝑘 = arctan(𝑘𝑐∕𝑘𝑑 ).

We remark, that although Eq. (9) has been derived considering the
coupled dynamics of two magnetic vortices, its range of applications
can be extended to several types of coupled oscillators [24], as well as
the conclusions we derive from it in the following sections.

3. Classification of the oscillating solutions

The system of equations so obtained has been investigated in the
literature [17,19–21,24]. Its structural properties come directly from
the symmetries of the physical system that it models. In particu-
lar, it remains unchanged under the reflection transformation, namely
(𝑧1, 𝑧2) → (𝑧2, 𝑧1). This means that, given a solution (𝑧1(𝑡), 𝑧2(𝑡)), we
can get another solution under the same transformation. Such property
is a direct consequence of the invariance of the physical system when
the two STNOs are exchanged. The other property is the invariance of
the equations under equal rotation of both complex variables in the
respective complex planes, namely 𝑧𝑖 → 𝑒𝑗𝜃 𝑧𝑖 where 𝜃 is the rotation
angle and 𝑖 = 1, 2. This property is a consequence of the fact that the
physical system does not change under equal rotation of both STNOs
around the 𝑧-axis.

The system of Eq. (9) has two invariant manifolds. The first is the
two-dimensional subspace of (𝑧1, 𝑧2), which is four-dimensional, such
that 𝑧1 = 𝑧2. The dynamics of the coupled oscillator system for initial
conditions 𝑧1(0) = 𝑧2(0) is described by the following Stuart-Landau
(SL) equation:
𝑑𝑧
𝑑𝑡

= (𝜆 + 𝑗𝜔0 + 𝛾|𝑧|2)𝑧 . (10)

The solution to this SL equation is called the symmetric solution and
can be expressed in analytical form [25]. The SL equation is also known
as Hopf bifurcation normal-form [26] since it shows a Hopf bifurcation
at the equilibrium 𝑧 = 0 when 𝜆 = 0. Steady and stable self-oscillations
with radius 𝑟 = |𝑧| =

√

−𝜆∕𝛾𝑟 are observed for 𝜆 > 0 and 𝛾𝑟 = ℜ[𝛾] < 0,
here ℜ[.] is the real part operator. This stability property has to

be referred to perturbations on the manifold 𝑧1 = 𝑧2. In general,
the conditions 𝜆 > 0 and 𝛾𝑟 < 0 do not guarantee the stability for
the symmetric self-oscillations. The symmetric self-oscillation remains
unchanged under equal rotation in the complex plane of both complex
variables. For this, they are said to be 𝑆1-symmetric. They also have
the exchange symmetry property, namely they remain unchanged by
the reflection transformation. In the following, this self-oscillation will
be termed 𝑆1-S P-mode.

The other invariant manifold is the two-dimensional subspace of the
space (𝑧1, 𝑧2) such that 𝑧1 = −𝑧2. The dynamics of the coupled oscillator
ystem for initial conditions 𝑧1(0) = −𝑧2(0) is described by a SL equation
see Eq. (10)) with the following parameters: 𝜆 → 𝜆̃ = 𝜆−2𝑘 cos𝜙𝑘 and
0 → 𝜔̃0 = 𝜔0 − 2𝑘 sin𝜙𝑘. Self-oscillations on this manifold are said to
e antisymmetric. Notice that the existence of stable antisymmetric self-
scillations on the manifold 𝑧1 = −𝑧2 is connected to values of coupling

strength and phase. Antisymmetric self-oscillations are 𝑆1-symmetric
and they have broken exchange symmetry. This means that if you apply
the reflection transformation to one antisymmetric oscillation state, the
result is new antisymmetric oscillation. A further application of the
reflection transformation brings the oscillatory state to the initial one.
This self-oscillation will be termed 𝑆1-BA P-mode.

In addition to symmetric and antisymmetric self-oscillations, Eq. (9)
admits a third class of self-oscillations with 𝑆1-symmetry that has a
more general form of broken exchange symmetry: 𝑧1(𝑡) = 𝜎𝑧2(𝑡), where
the constant 𝜎 = |𝜎| 𝑒𝑗𝜙𝜎 ∈ C. Like antisymmetric self-oscillations, this
kind of self-oscillations can only exist in pairs. This self-oscillation will
be termed 𝑆1-B P-mode.

In our numerical investigations, which will be discussed in detail
in the next section, we observe a fourth type of solution that is with
3

𝜔

broken 𝑆1-symmetry and with broken exchange symmetry. This type
of solution corresponds to a quasi-periodic oscillatory state. This type
of oscillation will be termed Q-mode.

In the following, we characterize the transitions between different
types of oscillations as a consequence of a bifurcation process. In
this respect, let us write the system of Eq. (9) in polar coordinates
(𝜌1, 𝜌2, 𝜙1, 𝜙2) as in the following:

̇ 1 = (𝜆̂ + 𝛾𝑟𝜌
2
1)𝜌1 + 𝑘𝜌2 cos(𝜙𝑘 + 𝜙) ,

̇ 2 = (𝜆̂ + 𝛾𝑟𝜌
2
2)𝜌2 + 𝑘𝜌1 cos(𝜙𝑘 − 𝜙) ,

𝜙̇1 = (𝜔̂0 + 𝛾𝑖𝜌
2
1) + 𝑘

𝜌2
𝜌1

sin(𝜙𝑘 + 𝜙) ,

𝜙̇2 = (𝜔̂0 + 𝛾𝑖𝜌
2
2) + 𝑘

𝜌1
𝜌2

sin(𝜙𝑘 − 𝜙) ,

(11)

where 𝜆̂ = 𝜆 − 𝑘 cos𝜙𝑘, 𝜔̂0 = 𝜔0 − 𝑘 sin𝜙𝑘 and 𝜙 = 𝜙2 − 𝜙1. In this
form, we recognize that the independent dynamic variables are three,
namely 𝜌1, 𝜌2, 𝜙. This fact is expected due to the invariance of Eq. (9)
when the complex variable 𝑧1, 𝑧2 are rotated by equal angle in the
respective complex planes. The equation governing the dynamics of 𝜙
can be easily obtained by taking the difference between the fourth and
third equations. In this way, we get the following equation:

𝜙̇ = 𝛾𝑖(𝜌22 − 𝜌21) + 𝑘
(

𝜌1
𝜌2

sin(𝜙𝑘 − 𝜙) −
𝜌2
𝜌1

sin(𝜙𝑘 + 𝜙)
)

. (12)

he set of equations made by the first two of Eqs. (11) and (12) is
articularly convenient because P-modes correspond to equilibria 𝜌̇1 =
̇ 2 = 𝜙̇ = 0. Therefore the study of the bifurcations involving P-modes
an be reduced to a local bifurcation analysis. The linearized equations
f motion in the space (𝜌1, 𝜌2, 𝜙), that will be used for local bifurcations
nalysis, are given by the following ones:

𝜌̇1 =(𝜆̂ + 3𝛾𝑟𝜌21) 𝛿𝜌1 + 𝑘 cos(𝜙 + 𝜙𝑘) 𝛿𝜌2
− 𝑘𝜌2 sin(𝜙 + 𝜙𝑘) 𝛿𝜙 ,

𝜌̇2 =𝑘 cos(𝜙𝑘 − 𝜙) 𝛿𝜌1 + (𝜆̂ + 3𝛾𝑟𝜌22) 𝛿𝜌2
+ 𝑘 𝜌1 sin(𝜙𝑘 − 𝜙) 𝛿𝜙 ,

𝛿𝜙 =𝛺𝜌1𝛿𝜌1 +𝛺𝜌2𝛿𝜌2 +𝛺𝜙𝛿𝜙 ,

(13)

where

𝛺𝜌1 =𝑘𝜌2

(

1
𝜌22

sin(𝜙𝑘 − 𝜙) + 1
𝜌21

sin(𝜙𝑘 + 𝜙)

)

− 2𝛾𝑖𝜌1 ,

𝛺𝜌2 = − 𝑘𝜌1

(

1
𝜌22

sin(𝜙𝑘 − 𝜙) + 1
𝜌21

sin(𝜙𝑘 + 𝜙)

)

+ 2𝛾𝑖𝜌2 ,

𝛺𝜙 = − 𝑘
(

𝜌1
𝜌2

cos(𝜙𝑘 − 𝜙) +
𝜌2
𝜌1

cos(𝜙𝑘 + 𝜙)
)

.

(14)

The set of Eq. (13) are in the form 𝛿𝒙̇ = 𝑱 (𝒙) ⋅ 𝛿𝒙, where 𝒙 = (𝜌1, 𝜌2, 𝜙),
and 𝒙̇ = 𝟎. The local bifurcation analysis is based on the variation as
a function of the coupling strength of the eigenvalues of the Jacobian
matrix 𝑱 (𝒙).

In the next section, the bifurcation mechanisms responsible for the
transition between the presented oscillatory dynamics will be inves-
tigated numerically and with analytical techniques according to the
approach presented in this section.

4. Results

The two STNOs considered have the following physical and geomet-
rical parameters: radius 𝑅 = 100 nm, thickness 𝐿 = 5 nm, saturation
magnetization 𝑀𝑠 = 800 kA∕m, gyromagnetic ratio 𝑔𝑟 = 28GHz∕T,
exchange stiffness 𝑙ex = 5.7 nm and Gilbert damping 𝛼 = 0.02. From
hese parameters, the following ones correspond in Eq. (9) [27]: 𝜔0 =
0.0177, which in dimensional units corresponds to about 2𝜋250MHz,

1 = 0.25𝜔0, and 𝑎 = 0.0246. The features of the two linearly coupled
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vortices nonlinear dynamics have been investigated by numerical in-
tegration of Eq. (9) with varying 𝑘. In particular, we did a numerical
analysis where we changed it quasi-statically and kept its phase fixed.
In this context, quasi-static means that for each value of the coupling
strength the dynamic is integrated for a large enough time interval
to assume that a steady oscillatory regime, even in the presence of
non-periodic oscillations (Q-mode), is reached. From the dynamics at
regime the maxima of |𝑧1| and |𝑧2| are recorded. We refer to these
quantities in the figures shown in the following as extreme of |𝑧|. The
inal condition of a simulation is used as the initial condition for the
ext simulation where the coupling strength has a different value. Fig. 2
hows the extreme of |𝑧| as a function of 𝑘. Depending on the value of 𝑘
ifferent types of oscillations are observed. The following fixed param-
ters are used: 𝜆 = 0.15 𝑎𝜔0, and 𝜙𝑘 = 0.4𝜋. In the figure, each branch
f the diagram corresponds to an icon whose meaning is indicated in
ig. 3. For 𝑘 = 0, the two SL equations are uncoupled and then they
ave the same dynamics but with an arbitrary phase difference which
s set by the initial condition. The regime self-oscillation is an 𝑆1-B P-

mode when the initial phases of the two complex variables are different.
In this respect, an 𝑆1-S P-mode is observed when the initial phases are
the same. For 0 < 𝑘 < 𝑘𝑡 two 𝑆1-BA P-modes are observed. One can be
obtained by reflection from the other. Therefore, 𝑘 = 0 corresponds to
a pitchfork bifurcation. This can be verified from Eq. (13) by observing
that the determinant of the Jacobian matrix vanishes, which is due to
the fact that one of the eigenvalues is equal to zero. Moreover, for a
very small value of the coupling strength we expect that self-oscillations
are characterized by 𝜌1 = 𝜌2 which from Eq. (11) is possible when
𝜙 = 𝜋. In the presence of 𝑆1-BA P-modes, we have steady oscillations
with |𝑧1| = |𝑧2| = |𝑧| =

√

−(𝜆 − 2𝑘 cos𝜙𝑘)∕𝛾𝑟. This explains why in
ig. 2 the extreme of |𝑧| decreases when 𝑘 is increased. For 𝑘𝑡 < 𝑘 < 𝑘𝑐
imulations show a stable Q-mode. The transition 𝑆1-BA P-mode→Q-

mode occurs for 𝑘 = 𝑘𝑡, that corresponds to a Neimark-Sacker or torus
bifurcation [26]. The value of 𝑘𝑡 can be found by setting to zero the real
part of the eigenvalue of 𝑱 (𝑧1 = −𝑧2). This derivation can be found in
Ref. [20], and it permits to arrive to the following relation:

𝑘𝑡 =
𝜆

4 cos𝜙𝑘
. (15)

n the range 𝑘𝑡 < 𝑘 ≤ 𝑘𝑐 the dynamic of the coupled oscillators in terms
f the polar coordinates covers a torus manifold. This is because such
n oscillation mode has frequency components which in general have
ot a rational ratio (see Fig. 6). The time necessary to cover the torus
anifold is theoretically infinite but if the integration time is large

nough, the covering becomes almost complete. As already mentioned
he Q-mode neither possesses 𝑆1-symmetry nor exchange symmetry.
owever, once the torus is covered, if we project the solution onto

he respective complex planes corresponding to the two STNOs, we
iscover that these symmetries are recovered. This is a very interesting
opic, but a deeper discussion on it is out of the scope of this work. For
= 𝑘𝑐 the Q-mode approaches to the 𝑆1-S P-mode. After that, an 𝑆1-B
-mode is observed. In the following, we give more details about this
ransition, but before that, we focus on what happens when 𝑘 is further

increased. The 𝑆1-B P-modes remain stable for 𝑘𝑐 < 𝑘 < 𝑘𝑝. For 𝑘 = 𝑘𝑝
they merge into the symmetric one stabilizing it. For 0 < 𝑘 < 𝑘𝑝 the 𝑆1-S
P-mode is stable only against perturbations occurring on the invariant
manifold 𝑧1 = 𝑧2. In this respect, in the three-dimensional space
(𝜌1, 𝜌2, 𝜙) this oscillation corresponds to a saddle equilibrium point. For
𝑘 > 𝑘𝑝 the 𝑆1-S P-mode becomes stable against any perturbation in the
four-dimensional space. Therefore, 𝑘 = 𝑘𝑝 corresponds to a pitchfork
bifurcation, where the value of 𝑘𝑝 can be found by setting to zero the
real part of the eigenvalue of 𝑱 (𝑧1 = 𝑧2). Such derivation is given in
Ref. [20] and it produces the following relation:

𝑘𝑝 = −𝜆(cos𝜙𝑘 + (𝛾𝑖∕𝛾𝑟) sin𝜙𝑘) . (16)

If 𝑘 is decreased from a value 𝑘 > 𝑘𝑝, the dynamics will occur on the
invariant manifold 𝑧 = 𝑧 even for values 𝑘 < 𝑘 . The coexistence of
4

1 2 𝑝
Fig. 2. Extreme of |𝑧| as a function of the coupling strength 𝑘. The symbols on the
igure are specified in the table in Fig. 3. Continuous lines indicate that the respective
scillation is stable while a dashed line indicates that it is unstable. The vertical black
ashed lines specify the value of 𝑘 where a transition between two different types of
scillation is observed.

Fig. 3. Legend for the symbols used to identify the several oscillations observed in
numerical simulations. The distinction is made on the basis of 𝑆1-symmetry, exchange
symmetry, phase 𝜙 and ratio of the orbit radius for the two STNOs. The acronym f.o.t
stays for function of time.

different (in terms of symmetry properties) stable oscillatory regimes
is found by repeating the same kind of simulations where 𝑘 is first in-
creased and then decreased in a range such that max 𝑘 < 𝑘𝑝. Therefore,
the initial condition used for the first simulation of the sequence at
decreasing 𝑘 has to be a 𝑆1-B P-mode. In this way, we discover that for
𝑘ℎ < 𝑘 < 𝑘𝑐 there is the coexistence of stable 𝑆1-B P-modes and the Q-
mode. When 𝑘 is decreased starting from a 𝑆1-B P-mode, the transition
to the Q-mode occurs at a value 𝑘 = 𝑘ℎ < 𝑘𝑐 . This coexistence produces
the hysteresis loop shown in Fig. 4, which has not been investigated
elsewhere.

Let us discuss in more detail the transitions observed for 𝑘 = 𝑘𝑐 and
for 𝑘 = 𝑘ℎ. In the first case, when 𝑘 takes values close to 𝑘𝑐 , the time
evolution of the amplitudes |𝑧1|, |𝑧2| is similar to that shown in Fig. 5.
We also observe from numerical simulations that as 𝑘 approaches 𝑘𝑐 the
sensitivity to initial conditions increases. By analyzing in the frequency
domain this phenomenon, we see that for 𝑘𝑡 < 𝑘 < 𝑘𝑐 the spectrum of
𝑧𝑖(𝑡) is multi peaked, and as 𝑘 approaches 𝑘𝑐 it becomes continuous.
This is shown in Fig. 6. Then, when for 𝑘 > 𝑘𝑐 the oscillations become
𝑆1-B P-mode, and as a consequence of that the spectrum becomes single
peaked. A fine scanning in a range of 𝑘 very close to 𝑘𝑐 reveals that for
𝑘 = 𝑘 there is a contact between the Q-mode and the 𝑆1-S P-mode.
𝑐
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Fig. 4. Extreme of |𝑧| as a function of the coupling strength 𝑘. The symbols on the
figure are specified in the table in Fig. 3. Continuous lines indicate that the respective
oscillation is stable while a dashed line indicates that it is unstable. The vertical black
dashed lines specify the value of 𝑘 where a transition between two different types of
oscillation is observed.

In the three-dimensional space (𝜌1, 𝜌2, 𝜙) this process corresponds to
a limit cycle, corresponding to the Q-mode, that breaks on a saddle
point corresponding to the 𝑆1-S P-mode. The bifurcation mechanism
responsible for the inverse transition occurring at 𝑘 = 𝑘ℎ is different
from the one just discussed. In order to investigate it, we first compute
the 𝑆1-B P-mode as a solution of the system of equations 𝒙̇ = 𝟎, where
𝒙 = (𝜌1, 𝜌2, 𝜙). This calculation is made by programming a suitable
Newton–Raphson routine (NR) starting from a non-symmetric initial
solution, namely (𝜌1, 𝜙1) ≠ (𝜌2, 𝜙2). In this process, the numerical
continuation method is used, namely the final solution of the NR
corresponding to a certain value of 𝑘 is used as the initial solution
for the next calculation where the coupling strength has a different
value. The consistency of our calculations is shown in Fig. 7 where
the extreme of |𝑧| obtained from numerical time integration and those
corresponding to 𝑆1-symmetric self-oscillations computed with the NR
are compared. Once the point in the (𝜌1, 𝜌2, 𝜙) space corresponding to
the 𝑆1-B P-mode is determined, we use it to compute the eigenvalues of
the Jacobian matrix when 𝑘 is decreased. In this way, we find out that
among the three eigenvalues, one of them is real and negative and the
real parts of two of them for 𝑘 > 𝑘ℎ are negative, vanish at 𝑘 = 𝑘ℎ,
and for lower values of 𝑘 become positive. This bifurcation process
corresponds to a subcritical Neimark-Sacker bifurcation [26]. The set
of bifurcation, when the coupling strength is changed, is now complete.
The next question is what happens to this picture when the phase of the
coupling is changed. In Fig. 8 the phase diagram of the bifurcations in
the plane (𝜙𝑘, 𝑘) is shown. For values of the coupling constant phase
𝜙𝑘 > 0.17𝜋, the sequence of bifurcations observed by changing 𝑘 is
the same as for the case 𝜙𝑘 = 0.4𝜋 previously discussed. The range
of coupling strength values in which there is a stable Q-mode, for a
fixed value of the coupling phase 𝜙𝑘, can be estimated by taking the
difference 𝑘𝑐 (𝜙𝑘) − 𝑘𝑡(𝜙𝑘). On the other hand, the range of coupling
strength values in which there is a stable 𝑆1-B P-mode, for a fixed
value of the coupling phase, can be estimated by taking the difference
𝑘𝑝(𝜙𝑘) − 𝑘ℎ(𝜙𝑘). Therefore, the range of coupling strength values in
which there is the coexistence of these two types of oscillations can
be estimated by taking the difference 𝑘𝑐 (𝜙𝑘) − 𝑘ℎ(𝜙𝑘). New bifurcation
curves for values of the coupling constant phase 𝜙𝑘 ≤ 0.17𝜋 emerge.
They are plotted in the figure in light green and blue. These curves
are obtained by analyzing the zero crossing of the real part of the
eigenvalues of 𝑆1-B P-mode when the coupling constant strength is
changed. They correspond to sub-critical Neimark-Sacker bifurcations.
In the presence of these bifurcations, the range of coupling strength
5

Fig. 5. Time evolution of |𝑧(𝑡)| for both STNOs for 𝜙𝑘 = 0.4𝜋 and 𝑘 very close to 𝑘𝑐
from the left. The dashed lines indicate the symmetric oscillation.

Fig. 6. Spectrum of 𝑧1(𝑡) as a function of the coupling constant. The same spectrum
is obtained by considering 𝑧2(𝑡). The vertical black dashed lines specify the value of 𝑘
where a transition between two different types of oscillation is observed. The spectrum
is plotted on a logarithmic scale.

values in which the coexistence between 𝑆1-B P-modes and the Q-mode
changes. If we imagine repeating the numerical experiment where the
coupling strength is first increased up to a value smaller than 𝑘𝑝(𝜙𝑘) and
then decreased, such coexistence range is squeezed to zero if the green
curve intercepts the curve 𝑘 = 𝑘ℎ(𝜙𝑘) (yellow curve in the figure). This
aspect is still under investigation and will be discussed in more details
in a future publication.

5. Conclusion

In this work, the nonlinear dynamics of two linearly coupled with
free layers in the vortex state have been investigated when the coupling
between the oscillators is changed. Several regimes of oscillations are
observed and they have been classified according to the symmetry
properties that they possess. The transitions between different types
of oscillations have been explained in terms of bifurcation processes.
By using combined analytical and numerical techniques we are able to
draw the phase diagram in the plane (𝜙𝑘, 𝑘), where the region where
several types of oscillations can be observed. We found that for a
fixed value of coupling constant phase, there exists a range of coupling
constant strength values in which there is bistability of different types
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Fig. 7. Extreme of |𝑧| as a function of the coupling strength 𝑘. Continuous lines indicate
the 𝑆1-symmetric self-oscillations computed with the Newton–Raphson routine, while
the dashed lines indicate the oscillations computed by numeric integration of Eq. (9).
The vertical black dashed lines specify the value of 𝑘 where a transition between two
different types of oscillation is observed.

Fig. 8. Phase diagram of the dynamical system (9) in the plane (𝜙𝑘 , 𝑘). The inset
indicates two additional Neimark-Sacker bifurcations occurring on the 𝑆1-B P-modes.

of oscillations and therefore there is a hysteretic relation between the
type of oscillation observed and the value of the coupling constant
strength, and this range changes as the phase changes. For small values
of the coupling constant phase, there are bifurcation processes that
first reduce and then annihilate the range of coupling constant strength
where there is coexistence.

In conclusion, we believe that this study represents a step toward a
deeper comprehension of the nonlinear dynamics of coupled STNOs. As
we have shown, the role of the coupling between oscillators is crucial.
Indeed, for a fixed device, a proper coupling value allows observing
several different and eventually coexisting oscillatory regimes. This can
be of utmost importance for microwave technology and neuromorphic
computing systems based on STNO technology. On the other hand,
our study will be of help to scholars for future investigations where
the number of coupled devices is larger than two or where nonlinear
6

models of coupling are used.
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