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Abstract
Understanding material’s micro- and macrostructure is key to linking inner
structure information to large-scale physical properties and function. An
improvement of the microstructure during production processes can lead to
materials with enhanced physical properties or even to the development of
new classes of materials. In this paper, we develop an ‘accurate’ topological
model to describe the dual neighborhood structure of foams and other cellular
materials (e.g. plant cell clusters or polycrystalline materials like steel, rocks,
and ceramics) obtained by x-ray tomography, adhering to Plateau’s rules: four
pores meet at a vertex, and three meet along an edge. While the degree of
non-convexity in the pores is a priori unknown, our approach is designed
for structures without extreme geometric irregularities (e.g. tangled pores).
It provides meaningful combinatorial-numerical validation in such cases but
may not extend reliably to more complex geometries. To illustrate our method,
we analyze a sample of aluminum foam comprising 1911 pores. The resulting
abstract combinatorial foam structure partially aligns with that of the associated
power diagram—sharing 51.45% of the tetrahedra in the dual complex—but
also reveals significant deviations.
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1. Introduction

In its broadest sense, a foam is a structure comprising gas-filled pockets, commonly referred
to as pores or bubbles, enclosed by a continuous phase, whether it be liquid or solid. When the
surrounding medium is liquid, the gas-filled pockets are commonly known as bubbles, while
in a solid medium, they are termed pores. The liquid volume fraction (or solid volume fraction)
is defined as the ratio of the liquid phase (or solid phase) within the foam.

Foams exhibit characteristic structural patterns governed by Plateau’s laws, which describe
how the interfaces between bubbles or pores meet in equilibrium. In three dimensions, three
films meet along an edge at angles of 120°, and four edges meet at a vertex with tetrahedral
symmetry. These geometric rules, first formulated by Plateau [87] based on empirical obser-
vations and later proved by Taylor [99], are fundamental to understanding both the physical
and combinatorial structure of foams.

In the realm of 3D, the term liquid foam is specifically applied when the liquid volume
fraction falls within the range of 0 to 0.36. Once the liquid fraction surpasses 0.36, the system
is categorized as a bubbly liquid, where the bubbles essentially move independently of each
other (see [38, 48]). Similarly, the term solid foam is employed when the solid volume fraction
spans from O to 0.5, and the system is referred to as a porous solid beyond that point; refer
to [14]. This distinction arises from the significantly larger critical film thickness of metallic
foams (50-80 pm) [61, 95] compared to liquid foams (< 1-2 pm) [48]. Consequently, the solid
volume fraction in metallic foams can typically span a broad range.

Foams can be monodisperse, with pores (or bubbles) of equal volume, or polydisperse, with
pores of varying size. A foam is considered effectively monodisperse if the dispersity (the ratio
of standard deviation to mean of the pore diameter distribution) is less than 5% [47].

Different types of foams, such as polymeric [79] or metallic foams [39], also find applica-
tions in industry. Metallic closed-cell foams are typically produced by solidifying the molten
phase [11], resulting in a solid foam [41].

1.1. Structure and formation of metallic foams

The structure of metallic foams is notably more intricate than that of liquid foams, presenting
geometric challenges due to its dependence on various formation process parameters. Film
stabilization in the liquid state is facilitated by solid particles [9] or oxide networks [61]. The
movement of bubbles during structural rearrangements and coalescence is impeded by the sta-
bilizing influence of the solid phase. The evolving bubble films undergo oxidation, dependent
on the alloy composition, resulting in a corrugated skin during foam solidification [45].
Furthermore, processing parameters, including alloy composition, viscosity, surface ten-
sion, the blowing agent used, surrounding atmosphere, pressure, temperature profile, etc play
crucial roles in determining the final structure [40]. In instances where active gas sources
are employed (as in foams produced via the powder metallurgical route), some nucleated
neighboring bubbles may not receive gas due to the high Laplace pressure of small bubbles.
Consequently, gas preferentially diffuses to larger bubbles. The inner surface of these small
bubbles oxidizes over time, remains stable, and results in the formation of micropores or satel-
lite pores [81]. Following the observations of Ohgaki ef al [86] and Mukherjee et al [81], we
categorize pores with an equivalent diameter < 9.5 um as micropores and exclude them from
the analysis. These factors collectively contribute to the structural evolution of liquid metal
foams, with the foam pores typically becoming non-convex after solidification [8, 10].
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1.2. Geometric representations and diagrams

In scenarios involving very small bubbles and a high liquid volume fraction, the bubbles essen-
tially ‘appear’ as points in an ambient space. Here, the Voronoi decomposition of space cap-
tures the proximity information of individual bubbles. Notably, the independent bubbles in
a bubbly liquid tend to assume the shape of round balls due to the isoperimetric theorem
(see [98]). In such cases, the Apollonius diagram [20, 33, 50, 92, 103] or the Laguerre—Voronoi
(power) diagram [1, 54, 69, 74, 89, 104], both generalizing the standard Voronoi diagram, are
employed for space decomposition of the round bubbles. The Apollonius diagram, defined
via Euclidean distance, provides a more accurate description of bubbly liquid geometry, par-
ticularly as the liquid fraction approaches 0.36 (see figure 7). For a recent implementation to
compute the Apollonius diagram in 3D, see [103].

1.3. Application context and industrial relevance

The primary focus of this study is on metallic foams, specifically aluminum foams, and their
combinatorial representation. Metallic foams, characterized by a multitude of gas pores, are
lightweight engineering materials with remarkable physical and mechanical properties such as
low density, high stiffness, and energy absorption properties [84]. These materials are increas-
ingly used in transportation and energy applications for weight reduction and crashworthiness
[12]. Figure 1(left) illustrates an aluminum foam sample with 1911 pores, serving as a show-
case example discussed in detail throughout this paper, and figure 1(right) presents our cellular
description of it. The fabrication process of this foam sample is explained in section 4.

The production of metallic foam involves the introduction of gas bubbles into a metallic
liquid, leading to solidification. This is achieved through methods such as gas injection or
chemical reactions [13]. The resulting material comprises a metallic framework with voids.
Unlike other anisotropic materials like honeycombs, commercially available metal foams
typically display isotropic load distribution due to random pore distribution and a polydis-
persed Gaussian pore size distribution [57]. Recent advancements allow for the production of
aluminum-alloy foams with nearly monodisperse pore size distribution, catering to specific
applications [78, 85, 101]. In certain instances, achieving short-range order between pores
results in anisotropic properties [102].

14. Topological problem and research objectives

A key property of real-world foams is their low average face degree, or the average number
of neighbors per pore. While this value can be arbitrarily large in a general 3D geometric
decomposition (see [72]), studies by material scientists [75] and mathematicians [66] show
that in simple real-world foam configurations, the average face degree-and consequently, the
average vertex degree in the dual triangulation-typically ranges from 11 to 16, with most values
between 12.5 and 14.5.

The main objective of this study is to develop a topological model for describing the dual
neighborhood structure of cellular materials-specifically, metallic foams reconstructed from
x-ray tomography. We aim to create a model that adheres to Plateau’s rules and captures mean-
ingful structural information even when pores are not convex. Section 3 provides the necessary
groundwork for our computations, and section 4 delves into the production process of the foam
sample with 1911 pores. Following that, in section 5, we elucidate our topological modeling
of simple regular CW complexes, which serve as space decompositions for metallic foams,
particularly in cases involving general, non-convex pores. In sections 6 and 7, we discuss the
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Figure 1. Left: X-ray tomogram of an aluminum foam sample with 1911 segmented
pores. Each pore is shown in a distinct color solely for visual differentiation; the color
encodes no geometric or topological information. Right: Our combinatorial-topological
reconstruction of the sample as a 3D cellular complex. Each reconstructed cell is
assigned the same color as its corresponding pore in the tomogram to visually link input
and output. Axis ticks are in voxel units, where each voxel measures 41 pm per side.

(partial) reconstruction of a triangulated closed manifold from its graph. The main sections 8
and 9 are then devoted to a step-by-step description of our approach.

Although our primary case study involves metallic foams, the proposed model is applicable
to a broader class of materials exhibiting similar cellular structures-including polycrystalline
materials (e.g. steel, rocks, ceramics) and plant cell clusters-as long as they conform to the
combinatorial Plateau rules.

2. Related work

In computational geometry, an extensive body of literature is dedicated to computing gen-
eralized, abstract Voronoi diagrams (and their dual Delaunay decompositions) for various
2D objects beyond points or disks. This includes disjoint line segments [19], disjoint con-
vex polygons [76], pseudo-circles sets [55], and disjoint smooth convex objects [18]. For sets
of ellipses in 2D, [32] provides an exact computation of their Voronoi diagram.

Efficient algorithms that yield exact results for objects in higher-dimensional spaces R¢
are available for sets of points (Voronoi diagrams, [28]), sets of discs (power diagrams, [7]),
as well as for sets of line segments [18]. However, allowing non-convex objects introduces
challenges and artifacts, such as regions with pinch points, pockets, or disconnected regions;
refer to [4, 59] for a systematic study. Curved Voronoi diagrams of objects are closely related
to their medial axis [18].

In 3D, the computation of bisector surfaces between neighboring bodies is a well-explored
topic [31, 68, 106]. In general, regions bounded by bisector surfaces may not be homeomorphic
to three-dimensional balls; the boundary surfaces might exhibit pinch points or other complic-
ations (see [59] for 2D illustrations). When dealing with concrete objects in 3-space, the eval-
uation of surface reconstruction algorithms poses challenges. As highlighted by Cazals and
Giesen in [25], certain algorithms provide theoretical guarantees under specific conditions.
However, their behavior is unspecified when these conditions are not met. Evaluating their
performance on real data becomes a complex task.

A notable approach for general convex objects, beyond round balls or ellipsoids, involves
considering the set Voronoi cell. This cell comprises points in space closer to the boundary
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surface of a given body than to the surface of any other body. An algorithm in [93] com-
putes approximations of the set Voronoi decomposition for convex 3D bodies, converging to
the medial axis bisector surfaces as the resolution approaches infinity. Nevertheless, for non-
convex bodies, without controlled and locally adapted resolution, this approach may inaccur-
ately model the neighborhood structure, potentially leading to non-connected regions.

In practical scenarios, a foam occupies a bounded region in 3-space. However, for a cohesive
description and to mitigate boundary effects, we assume that a foam decomposes a closed
three-dimensional manifold M>. Two immediate choices for the underlying 3-manifold are the
three-dimensional sphere S* or the three-dimensional torus 7>. The latter is commonly used in
simulations, representing a cuboid with periodic boundary conditions to model (flat) Euclidean
space. On the other hand, the former is more suitable for analyzing measured data, where the
outer region of a bounded foam in R? is regarded, through inverse stereographic projection,
as a foam bubble in S* at infinity. Topologically, a foam cluster (including the outer region)
can be described as a simple regular CW complex (refer to the appendix and definition 1 for
formal definitions) decomposing the three-dimensional sphere S* (or some closed 3-manifold
M3).

Natural regular CW decompositions are associated with foams at specific volume fractions.
As the volume fraction approaches 1, the foam’s corresponding clipped Voronoi diagram [105],
along with the outer region, forms a simple regular CW decomposition of S3. This assumes
that the small pores are in general position. Similarly, for volume fractions within the ranges
0-0.2 and 0.36-1, the Apollonius and Laguerre—Voronoi diagrams for disks of varying sizes
in ‘general position’ result in simple regular CW decompositions. However, there is currently
no established model for foams with volume fractions between 0.2 and 0.36.

In this intermediate range, the standard approach for simulations and analyzing concrete
data involves replacing an individual (generally non-convex) pore of a given volume with an
equivalent sphere of the same volume centered at the barycenter of the original pore [62, 63].
Subsequently, the associated 3D Laguerre—Voronoi diagram or the 3D Apollonius diagram is
computed (with an algorithm for the latter described only recently [103]). While this approach
serves as a rough approximation of the corresponding cellular decomposition for the foam,
the non-convexity of individual pores can lead to swift inaccuracies in local and global results,
such as deviations in the numbers of neighbors of a pore and consequently the overall average
face number.

In this work, we introduce a novel topological approach to model the (dual) neighborhood
structure of a solid foam featuring (generally) non-convex pores within the solid volume frac-
tion range of 0.2 to 0.36. This serves as a foundational step to extract additional combinatorial
and geometric information from a foam sample, including determining the average face num-
ber and statistics on the geometric shapes and combinatorial types of individual associated
cells.

To achieve this, we compute the neighborhood graph of the foam pores, which forms a
generalized triangulation (see [23] for definitions). Its dual, a regular CW complex, decom-
poses space into fundamental building blocks. Each foam pore is approximated by the dual of
a triangulation vertex, enabling the assignment of a combinatorial polytope-potentially with
2-gonal faces-to each pore.

It’s crucial to emphasize that the output is not a uniquely determined decomposition, but
instead belongs to a class of decompositions that effectively capture the neighborhood structure
of the foam, up to local fluctuations and possible defects. This methodology draws parallels
with the idea of selecting a Delaunay triangulation from the set of all Delaunay triangulations
that triangulate a Delaunay decomposition of a point set not in general position.
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3. Combinatorial topology foundations

We begin with some basic definitions. A triangulation is neighborly if every pair of vertices
is connected by an edge, making its edge graph complete. In a triangulation, a set of vertices
X ={x1,..., %41} with n > 3 forms an empty n-simplex if every n-subset of X is a simplex in
the triangulation, while X itself is not. A triangulation is flag if it contains no empty simplices.
For equivalent definitions, see [6] and [73].

Recall that a CW complex is a topological space built by successively gluing cells of increas-
ing dimension (0-cells, 1-cells, 2-cells, etc) along their boundaries in a coherent way. A regular
CW complex is one where the closure of each cell is homeomorphic to a closed ball, and its
boundary intersects the complex in a union of lower-dimensional cells. A strongly regular
CW complex further requires that the attaching maps be homeomorphisms onto their images,
ensuring that every face relation is uniquely determined and that no identifications occur along
the boundary. This added regularity allows us to associate unambiguously a dual adjacency
graph to the structure, which is essential for modeling the connectivity of foam pores. Refer
to the appendix for technical definitions.

Our primary focus is on constructing the neighborhood structure of the pores in a nearest-
neighbor fashion. This involves incrementally adjusting a threshold ¢y, which in turn determ-
ines which pores are considered neighbors based on their distance being less than c;. Ideally,
this process yields a dual graph that forms the edge graph of a dual generalized triangulation,
formally called its I-skeleton. However, this path involves resolving various problems and
overcoming challenges in a heuristic manner.

Firstly, reconstructing a triangulation from its 1-skeleton is generally not possible. Extreme
cases include neighborly triangulations, where reconstruction is impossible, and flag triangu-
lations like Vietoris—Rips complexes, which guarantee reconstruction.

Warning: The Hauptvermutung [80, 91] states that triangulations of a given compact 3-
manifold are all connected by bistellar flips. Consequently, there is no clear distinction between
triangulations that can be reconstructed from their 1-skeleton and those where this is not pos-
sible. This implies that our approach is doomed to fail for arbitrary configurations of pores.

This consideration brings us back to real-world foams and other cellular materials. Having
a low average face degree implies that the triangulations we consider are far from being neigh-
borly and often exhibit flag patches, enabling partial local reconstruction. This reconstruction
serves as the backbone for a triangulation that is then completed by assessing further local
geometric information on the pores.

Secondly, when building the neighborhood graph, errors arise, including missing edges and
excessive edges, as discussed in section 7. Missing edges create holes in the triangulations,
which we address by allowing diagonal edges up to a second threshold, ¢, > ¢ to close quad-
rilateral holes for instance. In some cases, choices on which diagonal edges to pick result in
triangulations that differ locally.

This ambiguity does not impair material analysis, since we are primarily interested in
global topological and combinatorial statistics-such as average face degree, genus, or pore
connectivity-rather than a uniquely defined triangulation. Consequently, we define our output
as a member 7 of a class of triangulations T(cy,c;; E, F), where E denotes resolvable excep-
tions and F refers to unresolved failure cases.

This flexible, combinatorially-driven approach is preferable in practice for several reasons:

e It accommodates real-world noise and defects in tomographic data;
e It supports partial reconstruction where local conditions allow;
e It yields statistically stable outputs even when local triangulation choices varys;

6
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(b) () (d)

Figure 2. (a) A configuration of 33 two-dimensional foam pores, including 31 discs, one
ellipse, and one non-convex pore. (b) Voronoi diagram of the barycenters of the pores.
(c) Laguerre—Voronoi diagram associated with 33 area-equivalent disks centered at the
barycenters. (d) ‘Combinatorially correct’ cellular description. Two adjacent pores are
colored consistently across all panels to trace their structural representation. All other
pores are shown in neutral tones. Colors serve only to track these two specific pores
and do not reflect topological or geometric properties. A scale bar is not relevant in this
schematic illustration.

e And it reflects the structural redundancy and resilience seen in actual foams.

Definition 1. A simple regular CW decomposition of a closed 3-manifold M is a regular CW
complex homeomorphic to M3, where cells meet in threes around edges and in fours around
vertices.

This definition encodes the combinatorial aspect of Plateau’s rules. The boundary of a single
cell in a simple regular CW complex is a simple decomposition of the two-dimensional sphere
into p-gons with p > 2, such that three polygonal boundary pieces meet at every vertex. It’s
important to note that if all individual cells are simple, the cluster need not be simple. For
instance, if unit cubes tile some portion of size k x k x k of the integer grid in R?, and assuming
periodic boundary conditions, then the entire decomposition of the 3-torus into k> cubes is not
simple, even though each cube is simple.

Example 2. Figure 2 illustrates (a) 33 pores, comprising 31 discs, 1 ellipse, and one non-
convex shape bounded by the level curve x? + (y* —x)? = 0.1 of Coste’s example [17]. The
figure also presents (b) the Voronoi diagram of the barycenters of the pores, (c) the Laguerre—
Voronoi diagram of the equivalent disks replacing the pores, and (d) a ‘combinatorially correct’
cellular description of the pore configuration. The non-convex pore #1 in (a) is represented
by an 8-gon in (b), a 10-gon in (c), and correctly as a 12-gon in (d). The MATLAB extension
‘Power Diagrams’ by McCollum [77] was employed to compute the power diagram and, with
zero weights, derive the standard Voronoi diagram in both figures 2 and 3.

In example 2, the identification of neighboring pores is intuitive. However, in 3D, especially
for non-convex pores, defining ‘representing neighborhood structures’ becomes more intricate
and forms a fundamental aspect of our methodology.

Handling non-convex shapes necessitates certain adjustments. Instead of utilizing geomet-
ric polytopal complexes (as in Laguerre—Voronoi modeling) to represent pore configurations,

7
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(b) () (d)

Figure 3. (a) A configuration with 39 pores, (b) the corresponding Voronoi diagram,
(c) the corresponding Laguerre—Voronoi diagram, and (d) a ‘combinatorially correct’
cellular description. Two adjacent pores are highlighted consistently across all panels to
illustrate structural correspondence; colors are purely illustrative and carry no geometric
or topological meaning. A scale bar is not relevant in this schematic illustration.

we opt for describing the neighborhood structures of these configurations through abstract
simple regular CW complexes. Some cells within these associated CW complexes have digonal
faces (similar to an Apollonius modeling) and do not possess the combinatorial type of a poly-
tope; that is, the cells need not be polytopal complexes, but rather regular CW-complexes
(consult the appendix for definitions). Nevertheless, substantial portions of the representing
CW complexes for foam pores consist of abstract polytopal cells.

Definition 3. A pseudo-realization of an abstract simple regular three-dimensional CW com-
plex associated with a 3D configuration of pores selectively represents cells that are abstract
polytopes. This representation introduces vertices positioned at the average of the four bary-
centers of the pores where their representing cells meet. Subsequently, connections between
neighboring vertices are established using straight line segments.

For boundary vertices, where three boundary pores A, B,C meet, choose a representation
by computing the average of the barycenters of A, B,C plus the difference vector obtained by
subtracting the average of A, B,C, D from the average of A, B,C, where D is a mutual neighbor
of A, B,C towards the interior (usually, D is the unique mutual neighbor). Symbolically, this
can be expressed as

2-bary ({bary (A) ,bary (B) ,bary (C)}) — bary ({bary (A) ,bary (B) ,bary (C) ,bary (D)}).

To illustrate informative 2D examples, this definition can be adapted accordingly to
two dimensions. Refer to figures 2(d) and 3(d) for the corresponding two-dimensional
pseudo-realizations.

Example 4. Figure 3 displays a configuration featuring (a) 39 pores (36 disks and 3
non-convex pores), along with (b) the Voronoi diagram, (c) the Laguerre—Voronoi diagram,
and (d) a ‘combinatorially correct’ cellular description. Key observations include:

e In (a), pores # 1 and #2 are neighboring, yet they appear separated in the corresponding
Voronoi and Laguerre—Voronoi diagrams.
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Figure 4. Top left: The second-largest pore #356 (gray) with two neighbors (yellow and
blue). Top right: Its pseudo-realization from our reconstruction, which has 59 facets,
including two highlighted facets (yellow and blue) corresponding to intersections with
the pseudo-realizations of the yellow and blue pores. Bottom left: The Laguerre regions
of the gray and yellow pores, which are not identified as neighbors; the Laguerre cell
of the gray pore has 49 facets, and the blue facet (6-gon) marks the intersection with
the blue pore’s Laguerre cell. Bottom right: The Voronoi regions of the gray and yellow
pores, also not identified as neighbors; the Voronoi cell of the gray pore has 32 facets,
with the blue facet (5-gon) indicating the intersection with the blue pore’s Voronoi cell.

e The geometric indentation of pore # 1 into pore # 2 is irrelevant for the overall neighborhood
structure depicted in (d).

e The pseudo-realization (d) reveals an overlap in the pentagonal polygon representing pore
# 13 within the cellular neighborhood structure of (a). The edges of this polygon are high-
lighted in red.

The pseudo-realization of the foam’s neighborhood structure provides an overall view of
the complex’s structure, even though local voids (resulting from cells with digons being omit-
ted) or folds may exist. For instance, figure 11 illustrates two multi connected pores and their
pseudo-realized two-dimensional simple polytopal boundary spheres. The pseudo-realization
of the simple boundary 2-sphere corresponding to pore #448 is appropriately represented
as a surface on the visible side but exhibits two folds on the back side (not visible in the
figure). Further comparisons between our pseudo-realization and the corresponding Voronoi
and Laguerre cells of two selected pores are shown in figures 4 and 5. Both figures demonstrate
that our reconstruction identifies more neighbors for ill-shaped pores.

While a more precise visualization might involve connecting the vertices of cells with
curved segments rather than straight lines, our goal and output in this work are abstract CW
complex decompositions. We provide the pseudo-realization (of the entire complex or indi-
vidual cells) merely for illustrative purposes.
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Figure 5. Elongated pore # 1154 (left) with the pseudo-realization of our reconstruction
(middle) featuring 34 facets, while the associated Laguerre region (right) has only 13
facets.

In time-evolving simulations of cellular materials, employing tools like the surface evolver
[21], two prevalent models for representing the underlying geometry, combinatorics, and topo-
logy are (abstract) polytopal complexes or simple regular CW complexes [94]. This includes
simulations of foam complexes [34, 35] or polycrystalline metals [67, 72]. Such simulations
often entail dynamic alterations in cell structures, involving processes like merging, shrinking,
or disappearing. The incidence structure of the chosen model, whether polytopal or simple
regular CW complex, proves instrumental in tracking combinatorial changes and managing
topological transitions.

If, instead of starting with a predefined setup (as for the simulations), we want to assess real
foams, we immediately face the following question.

Problem 5. Given a configuration of pores, how can we accurately determine the incidence
structure of a corresponding cell decomposition?

Theorem 6. Let S be a simple regular CW decomposition of a closed topological 3-ball B C R?
intomcells Cy,...,C,,. Let By, ...,B,, C B be m closed and pairwise non-intersecting topolo-
gical 3-balls contained in the interior B of B. Then there exists a self-homeomorphism f of B
such that By cf! ((031), N ) cr! (é’m)for any permutation  of the set {1,...,m}.

Proof. First, we shrink each of the balls By, ...,B,, via a homeomorphism of B to standard
(round) balls By, ..., B,  of a suitably small radius € > 0. Second, using additional homeo-
morphisms, we adjust the coordinate values of the centers of the shrunk balls, allowing us to
freely and independently move them within B. Let f be the combined homeomorphism, and
f~!its inverse image.

Thus, for a given permutation 7, we can ensure that f{B.(;)) C é‘l,...,f(B,r(m)) C Gy,
which implies B 1y ' (C1),- -, Brm) S (Cn). O

Example 7. Consider the six balls By, ...,Bs C R? in figure 6(left), and a simple cell decom-
position of the entire ball B C R? into six cells Cy,...,Cs (middle). In the right part of the
figure, this cell decomposition is pulled back, where 7 (i) =i fori =1,...,6.

Theorem 6 establishes that, from a topological perspective, any simple regular CW decom-
position, provided it has the correct number of cells, is applicable for a given configuration of
pores. In the realm of physics, the conventional approach for ‘determining’ the combinator-
ial neighborhood structure of a 3D foam cluster involves substituting individual, potentially
non-convex pores with ‘equivalent spheres’ of equivalent volume (typically quantified by the
number of voxels in a CT scan of the cluster). In a subsequent step, the associated 3D Laguerre—
Voronoi (power) diagram is computed to generate a polyhedral representation of the cluster.
In certain scenarios, opting for the computation of the 3D Apollonius diagram may be more
appropriate. This is particularly true as the model relies on Euclidean distances to assess pore
proximity. However, it is worth noting that the resulting bisector surfaces between pores are

10
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Figure 6. A collection of pores (left) and an associated space decomposition (right) that
conforms to a predefined cellular decomposition (middle).

Figure 7. Four disks with corresponding Laguerre—Voronoi diagram (left) and
Apollonius diagram (right), along with their associated dual triangulations.

algebraic surfaces rather than flat polygonal faces. This characteristic introduces challenges
when it comes to visualizing individual pores and the overall cluster.

In figure 7, we observe that for a 2D example, the choice of the model can lead to distinct
identifications of neighboring pores. The physics of a system often suggests a natural model.
For instance, consider the gravitational force between two homogeneous balls in empty space;
in this scenario, a well-defined bisector surface marks the boundary between the two regions of
attraction for the two bodies (corresponding to the Apollonius diagram in this example). This
bistellar flip, representing the transition between the two dual triangulations in figure 7, is also
known as the T1 transformation. The T1 transformation is a process where two neighboring
bubbles swap a common edge to optimize local energy, and it is commonly employed in foam
studies to dynamically adjust the bubble configuration.

In the absence of a specific describing force and moving beyond simplified models using,
for example, disks or ellipses in 2D or balls or ellipsoids in 3D, especially when considering
non-convex pores, we aim to define a ‘neighborhood structure’ for a cluster of objects based
on their proximity. Naturally, pores that are ‘far apart’ should not be considered neighbors.
This consideration rules out decompositions covered by theorem 6 that involve pairs of far
apart pores as neighbors.

Consequently, our desired outcome is a (member of a) class of cellular decompositions
rather than a unique decomposition. This class encompasses all decompositions that globally
describe the cluster of pores but allows for local fluctuations, as illustrated in figure 7. This
approach offers two significant advantages:

1
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e Independence from a priori assumptions about the specific geometric shapes of the pores.
There is no requirement for the pores to be round balls, ellipsoids, or convex objects, as often
mandated by existing models in the literature.

e Independence, particularly in the case of measured data, from the specific voxelization and
resolution of the pores, with only minimal preprocessing considerations (refer to section 5.1).

We exemplify our approach by examining a specific sample of an aluminum foam with 1911
pores. The resulting abstract combinatorial foam structure aligns partially with that of the
associated power diagram but also exhibits notable differences.

4. Fabrication of an explicit aluminum foam sample

The study sample with 1911 pores was produced by means of gas injection into a melt: Alloy
slabs of pre-fabricated metal matrix composite Duralcan F3S20S alloy (aluminum alloy 359
+ 20 wt% SiC particles) were molten in a dedicated furnace (see figure 8) and diluted to
reduce the particle content to 11 wt% SiC. The temperature of the melt was measured in situ
using a thermocouple immersed directly within the melt. Further, gas was injected into the
melt through a rotating, thin, and bent cannula to obtain small bubbles with a narrow size
distribution. The introduction of synthetic air, comprising 20.5 vol% O,, was initiated sub-
sequent to the attainment of the target melt temperature of 670 °C. For cannula tip velocities
below 0.4 m-s~!, a pressure-regulated system was employed to maintain a consistent pres-
sure of 1300 mbar. Conversely, for higher cannula tip velocities, a gas flow control device
manufactured by Voegtlin, Germany, was utilized, operating within a flow rate range of 20
to 30 mln-min~!. The obtained foam was conserved by switching off the furnace and natural
cooling. Refer to [85] for a full description of the process.

X-ray tomography of the metal foam under investigation was performed using a laboratory
setup consisting of a microfocus x-ray source (spot size 5 um, at 100kV and 100 pA), a flat
panel detector (120 mm x 120 mm, pixel size 50 pm), both from Hamamatsu Photonics, Japan,
and a turntable from XHuber, Germany. The sample was rotated 360°, 1000 projections were
made and reconstructed into a volume with a voxel size of 25 ym. The setup is described in
detail in [85].

A median filter is used to remove noise from the reconstructed volumes and the pores are
segmented by a simple threshold. Since the material wall thickness between the gas phases lies
in part within the range of spatial resolution, some pores appear to be connected after segment-
ation. In order to separate these pores properly from each other, a watershed transformation is
carried out and the separated regions are consecutively numbered.

5. Topological modeling of clusters of pores

5.1 Modeling of individual pores

We are not overly concerned about the specific shapes of individual pores, as long as the entire
input constitutes a uniform foam having a volume fraction in the range 0.2-0.36. In such cases,
individual pores generally exhibit shapes akin to topological balls (not necessarily convex).
These pores are permitted to have small or even larger holes. At the level of voxelized input,
the boundaries of the pores need not be perfect spheres and can display various local defects.
Allowing such a general input enhances the resilience of our approach to local deformations
of the pores. This is possible because we primarily process combinatorial structure (with some
limited geometry), which facilitates a robust implementation.

12
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Figure 8. Left: Gas injection setup consisting of a furnace with a rotary feedthrough
and a motor; Right: Diagram of the curved cannula, illustrating the offset of the cannula
tip from the rotation axis. Reprinted from [85], Copyright (2021), with permission from
Elsevier.

Example 8. Figure 9(left) presents three pores from the study sample. In this illustration, the
blue pore exhibits a large hole, resulting in a (deformed) toroidal shape. While identifying and
removing tiny holes is straightforward through persistent homology computations, larger holes
might persist as features. However, for determining the neighborhood structure of the pores in
this example, the presence of the hole is inconsequential. This is because the green pore is a
neighbor of the red pore, regardless of whether the hole is filled. In alternative scenarios, this
may not hold true, necessitating the severance of the connection between the red and green
pores, as outlined in definition 9.

Definition 9. A valid input for a foam is a configuration of pores such that

e Each pore can be thickened into a topological ball in such a way that the interiors of all
resulting balls are pairwise disjoint,

e The pores are not linked, and

e The foam is uniform with a volume fraction between 0.2 and 0.36.

Example 10. In the case of a liquid foam, our definition would encompass scenarios where
a toroidal bubble is paired with a dumbbell-shaped bubble filling the hole, as discussed
in [97, 98].

In definition 9, the nature of a pore is not yet specified. A practical input from measurements
involves a 3D block, such as a 3D CT scan, containing a X b x ¢ voxels. Through a watershed
algorithm, each voxel is classified as either a metal (liquid) voxel or an empty (gas) voxel.
Subsequently, empty voxels are grouped into collections, forming gas bubbles of strongly-
connected voxels. Here, two voxels are strongly connected if there exists a path connecting
them, with the centers of the voxels as vertices and an edge representing a shared square face.
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Figure 9. Left: Toroidal pore #1376 (blue) alongside pores #1186 (red) and # 1496
(green). Right: Elongated pore #1154 (red) with numerous neighbors relative to its
volume; see figure 10(right). This configuration features a short excessive edge between
pore # 1245 (light-blue) and pore # 890 (yellow).

Strong connectedness in image processing is often referred to as 6-connectedness, indicat-
ing that in a 3D grid, a single cube has 6 neighboring cubes. This stands in contrast to 18-
connectedness and 26-connectedness, where neighboring cubes can share an edge or a vertex,
respectively. For computational aspects, refer to [37, 49, 88].

Definition 11. A pore is a strongly connected component of gas voxels.

For a pore, its boundary comprises the square faces of the pore voxels that are a face of
only one of the voxels in the pore. Generally, the boundary may not be a cubical surface and
can exhibit various defects.

It’s possible for two distinct pores to be connected (26-connected or even 18-connected) but
not 6-connected. In such cases, especially when one of the pores is composed of only a few
voxels, it could be an artifact from the watershed process. Another source for small bubbles,
aside from artifacts, is the presence of satellite bubbles, which may occur during the foam
formation process [81]. While satellite pores that form a ‘bridge’ between larger pores can be
physically relevant, isolated ones are typically negligible.

In our dataset of 1911 pores, each voxel has a length of 41 ym. We conducted a prepro-
cessing step to eliminate all strongly connected voxel clusters with fewer than 4189 voxels,
effectively excluding small pores whose equivalent spheres have a radius of at most 10 voxels
(equivalent to a diameter of 0.82 mm). Figure 10 illustrates the volume distribution of the 1911
pores, ranging from the smallest pore with 4300 voxels to the largest with 5151 369 voxels.
Table 1 provides the volumes and the number of neighbors (as determined by our reconstruc-
tion algorithm) for the largest pores and other selected pores from the sample.

5.2. Modeling of a cluster of pores

We revisit problem 5, focusing on decomposing a given 3-ball B containing a collection of
pores. In topology, several options exist for such decompositions, ranging from polytopal
complexes (e.g. clipped Voronoi diagrams or clipped Laguerre—Voronoi diagrams) [105] to
specific or general CW complexes, and even handle-body decompositions [46]. In our specific
context, the natural choice, consistent with decompositions for dry foams and Voronoi dia-
grams, is to consider the components as 3-balls and the decomposition of B as a CW complex
decomposition.
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Figure 10. Left: Volume distribution of the 1911 pores in the study sample; Right:
Correlation between the number of neighbors (determined by our reconstruction) and

the pore volume.

Table 1. Volumes and number of neighbors of the largest and other selected pores in the

sample.
Pore index Number of voxels Number of reconstructed neighbors
#448 5151369 107
#356 3886 091 59
#6063 2306342 70
#354 2282999 42
#1154 246658 34
#856 143 387 7
In a general CW complex decomposition of B into 3-cells By,...,B,, boundary identi-
fications among the balls B;, where i = 1,...,m, are permissible. This flexibility allows for

modeling structures like a toroidal pore, as illustrated in figure 9, where a ball is glued to
itself to create a 3-torus. However, when adhering to the conditions laid out in definition 9—
specifically, linked pores and the ability to thicken pores to disjoint 3-balls—we can confine
ourselves to the subclass of regular CW complexes. In contrast, subclasses such as strongly
regular CW complexes or polytopal complexes prove too restrictive for modeling diverse real-
world data.

Example 12. In figure 11, we showcase two pores (# 448 and # 663) from our study sample. In
our reconstruction, the representing 3-cells exhibit a distinctive feature: they intersect in three
shared polygonal 2-faces, highlighted in yellow. This contrasts with the usual requirement of
only one intersection in polytopal or strongly regular CW complexes. In essence, these two
cells are multi-connected, a characteristic evident in the dual complex through the presence of
a multi-edge.

The combinatorial aspect of Plateau’s rules constrains the modeling to a simple regular CW
complex, where the maximal faces of the dual cell complex consist of tetrahedra that are glued
together along their boundaries.

Definition 13. A generalized triangulation of a 3-manifold M (possibly with boundary) is a
regular CW complex decomposition of M into tetrahedra.
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Figure 11. Our reconstruction (right) reveals a multi connection between the pores on
the left, featuring pores # 448 (blue) and # 663 (red).

Figure 12. Left: Arrangement of five pores # 591 (black, a), #550 (red, b), #347 (yel-
low, ¢), #615 (green, d), and # 336 (blue, ¢) within the cluster. Right: Our reconstruction
of pore # 856 (black) exhibits 7 facets, while the corresponding Laguerre region features
19 facets (see figure 13). The neighboring pores are: #448 (orange), # 875 (blue), # 893
(red), #911 (magenta), # 924 (cyan), #929 (purple), and # 1137 (green).

In a generalized triangulation dual to a simple decomposition, the tetrahedra that are glued
together have no identifications on their individual boundaries. Nevertheless, the set of vertices
permits the presence of multiple edges, triangles, and tetrahedra.

Example 14. The dual generalized triangulation corresponding to the collection of five pores
a, b, c, d, and e in figure 12(left) comprises four tetrahedra: two instances of abcd and two of
abce. Additionally, there are two copies of the triangles bcd and bce. If the black pore a were
removed from the pore cluster, the two copies of the tetrahedron abcd would merge into the
single triangle bcd, and the two copies of abce would merge into the single triangle bce.

Example 15. Through manual inspection, we verified that our reconstruction algorithm suc-
cessfully identified all 7 neighbors of pore # 856, depicted in black in figure 12(right). The
neighbor count for the associated Laguerre region is 19. This discrepancy is primarily attrib-
uted to the presence of the substantial neighboring pore # 448 (orange): the equivalent sphere
of this pore does not obstruct the equivalent sphere of pore # 856 from detecting other spheres

16
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Figure 13. Scatter plot depicting the correlation between the pore’s neighbor count in
our reconstruction and the corresponding neighbor count in the Laguerre diagram. Color
intensity reflects data point frequency, with deeper red indicating higher occurrence. The
black line represents the reference y = x, while the green line shows the fitted trendline
obtained via a first-degree polynomial regression.

beyond pore #448. Consequently, the Laguerre region corresponding to pore # 856 becomes
adjacent to regions representing some of those spheres. This underscores a notable drawback
of using equivalent spheres to represent pores.

The deviations between our topological reconstruction and the power diagram arise from
fundamental differences in the modeling assumptions. Power diagrams impose convexity by
construction, assigning each cell to a region defined by weighted distance from a generator
point. This geometric rigidity cannot accommodate topological complexities such as non-
convex or multiply connected pores. Our combinatorial model, by contrast, is sensitive to
such features, and therefore captures structural relationships that a power diagram necessarily
omits. Figure 14 provides a quantitative comparison of the number of facets across different
geometric representations.

The 1-skeleton of the dual generalized triangulation forms a graph, with a vertex corres-
ponding to each pore. Edges, potentially multi-edges, connect pores that are (multi-)neighbors.
The main focus is the ‘reconstruction’ of the dual generalized triangulation, achieved through
the neighborhood graph and additional local geometric information. The primal simple regular
CW complex decomposition is subsequently directly derived from this triangulation.

As per theorem 6, any simple regular CW complex decomposition with m cells is topologic-
ally suitable for a collection of m pores without additional information. However, in practical
scenarios, pores situated far from each other are not considered neighbors. Thus, we ‘register’
pores as neighbors if their distance is less than a specified threshold c; (refer to section 8.2
for the heuristic distance computation between two pores). In figure 15(left), we visualize the
distance segments between pores—pairs of voxels corresponding to distinct pores, connected
by a segment if their distance is less than c¢;. The resulting neighborhood graph, displayed
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Figure 14. Normalized histogram comparing the number of facets in Voronoi cells,
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Figure 15. Initial adjacencies of pores # 663, #448, # 356 (left) are represented by red,
blue, and green distance segments, while the corresponding edges of the dual graph are
shown on the right.

in figure 15(right), features barycenters of pores as vertices and edges connecting neighbors
determined by the distance threshold.

The selection of the threshold c; significantly impacts the edges represented in the neigh-
borhood graph. A small threshold may lead to missing edges, overlooking connections between
pores. Conversely, a large threshold may incorrectly link pores as neighbors, even when
obstructed by other pores; see figure 9(right). These inaccuracies result in what can be referred
to as excessive edges.

Example 16. In figure 16(left), the Delaunay triangulation is shown for four points represent-
ing discs of equal radius. In the middle and on the right, the disk centers form a square, and
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Figure 16. Delaunay triangulation (left), missing edge (middle), and excessive edge
(right).

Figure 17. Example of foam pores with dual graphs in the shape of an octahedron, a
pentagonal bipyramid, and a hexagonal bipyramid.

one disk is replaced by an ellipse of equal area. The ellipse has a vertical orientation in the
middle image and a horizontal orientation on the right.

In our methodology, pores are considered neighbors when their distance is less than the
threshold c;. In the middle image, if c; is at most the length of the diagonal of the square, the
vertical diagonal becomes a missing edge, which would be added first to complete the trian-
gulation as c¢; increases. On the right, if ¢; exceeds the length of the diagonal, both diagonals
are included, but the vertical one is excessive. This is because the ellipse and the right disk are
closer to each other than the top and bottom discs, so they get connected earlier for smaller
values of c;.

Example 17. In figure 9(right), an excessive edge is registered between the light-blue and the
yellow pore, despite the presence of the red pore between them. Missing edges occur, for
example, in configurations like those in figure 17, which involve pores in octahedral positions
or in the positions of bipyramids over a pentagon or a hexagon, respectively (see [65]).

5.3. Dual graphs of cellular manifolds and reconstructibility

Let K¢ be a triangulation of a closed d-dimensional manifold M? in the form of an abstract
simplicial complex. A combinatorial approach to defining a ‘dual complex’ for K¢ involves
the dual block complex (K%)* [83] (see also [42, 51]). For each vertex v € K¢, the closed dual
block D(v) is the union of all simplices containing v in the barycentric subdivision sd(K?) of
K“ and their faces. The main difficulty is that D(v) might not be a topological cell, i.e. it may

not be homeomorphic to the d-dimensional ball B.
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Consider the example where X472 is a combinatorial homology (d — 2)-sphere. The double
suspension theorem of Edwards [30] and Cannon [24] implies that the double suspension
susp(susp(X29~2)) of X¢~2 is homeomorphic to S¢. If d > 5 and ¥¢~2 is not homeomorphic to
5972, susp(susp(X9~2)) is a non-PL triangulation of S [15]. Consequently, the collection of
(open) dual blocks for the non-trivial original faces of a triangulation K¢ of a d-manifold M¢
may not form a CW complex decomposition of M?.

If K¢ is a triangulation of a combinatorial d-manifold-meaning a triangulation in which the
link of each vertex is a combinatorial sphere (see [22])-the blocks 5(\)) of vertices v form
proper topological cells. However, for general manifolds with d > 4, the (d — 1)-dimensional
vertex links may fail to be polytopal spheres, i.e. they might not be realizable as boundary
complexes of simplicial d-polytopes. This presents an obstruction to defining a dual polytopal
complex for K.

Definition 18. The dual graph G(C) of a simple regular CW decomposition C of a compact
d-manifold M is the graph on the maximal cells of C as vertices, with an edge connecting two
cells C,D € C whenever they intersect in a common (d — 1)-dimensional cell.

Dancis [26] established that a compact homology d-manifold M?, triangulated as a sim-
plicial complex K¢, is uniquely determined by its (L%J + 1)-skeleton. For even d, if the d/2-
homology of K¢ vanishes or, in the case of orientability, is a finite group, then K¢ can be recon-
structed from its d/2-skeleton. Given our focus on reconstructing triangulations of manifolds
from their graphs, Dancis’ result predominantly confines reconstructibility to triangulations of
the 2-sphere S2.

In fact, triangulations of all other surfaces, whether orientable or non-orientable, may con-
tain a complete subgraph K,, r > 6, in their 1-skeleta or even be neighborly (see [52, 90]),
hindering reconstruction (locally or globally).

Example 19. For d > 3, the d-dimensional boundaries 9C,(n) of the (d+ 1)-dimensional
cyclic polytopes C,y1(n) on n-vertices have a complete 1-skeleton, thus yield neighborly tri-
angulations of the d-dimensional sphere S¢. Reconstructions of these triangulations from their
graphs are not possible. Using the spheres 9C,11(n) as summands in connected sums gives
non-reconstructible triangulations for every PL manifold M¢. For d = 3, Walkup [100] proved
that every closed 3-manifold admits neighborly triangulations.

In contrast to the aforementioned negative results, several significant subclasses of triangu-
lations do allow for reconstruction from their 1-skeleta:

e Flag triangulations of manifolds are reconstructible.

e Barycentric subdivisions of arbitrary triangulations are reconstructible since barycentric
subdivisions are flag.

e Elementary subdivisions, where every facet is subdivided, are reconstructible, although these
triangulations are not flag.

The reconstruction of a flag simplicial complex K from its 1-skeleton involves representing
it as the clique complex of that 1-skeleton, i.e. K = Clique(Skel; (K)). For a general simpli-
cial complex K, it holds that K C Clique(Skel; (K)). In the extreme case where Skel; (K) is
the complete graph K, on n vertices, the resulting clique complex is the (n — 1)-dimensional
simplex, Clique(Skel; (K)) = A, _1.

As conjectured by Perles and proven by Blind and Mani [16], any simple d-polytope can be
reconstructed from its 1-skeleton; refer to Kalai [53] for a simple proof. However, our inputs
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are not the graphs of simple polytopes but the dual graphs of simple regular CW decomposi-
tions of compact 2D or 3D manifolds, serving as the 1-skeleta of the dual triangulations.

6. 2D reconstruction

The crux of Dancis’ reconstruction of a triangulation K¢ of a d-manifold M from its k-skeleton
is determining whether a subcomplex N* of K9, isomorphic to the boundary of a (k+ 1)-
simplex, bounds a (k + 1)-simplex in K¢, for k > [‘51]; see [26, main lemma 10]. In the context
of a triangulation K? of the 2-sphere S2, this entails deciding for every 3-clique # in the graph
Skel; (K?) whether it constitutes a triangle of K2 or not.

6.1. Reconstruction of triangulations of S?
The following lemma is immediate and also follows from the work of Dancis [26].

Lemma 20. Let K? be a triangulation of S*, and let t be a triangle of Clique(Skel; (K?)) with
a vertex set V(t). Then, the graph Skel; (K?*) — V(t) is connected if and only if t is a triangle of
K?; otherwise, t is an empty triangle.

Proof. Let ¢ be a triangle in Clique(Skel; (K?)). The boundary Ot of ¢ triangulates a 1-sphere
in K2 and, according to Jordan’s curve theorem, divides K? into two discs. If 7 is not a tri-
angle of K2, then the two discs contain interior vertices, each separated by the 1-sphere 0,
resulting in Skel; (K?) — V(¢) being disconnected. To establish that if # is a triangle of K2, then
Skel; (K?) — V(t) is connected, we leverage the fact that removing a triangle from K2 produces
a triangulated disk with boundary 0¢. According to Steinitz’ theorem [96], the graph of this
disk is 3-connected. O

By applying lemma 20 to a triangulation K of S?, we can readily determine which triangles
in the clique complex Clique(Skel; (K?)) belong to K* and which do not.

6.2. Dual graph based certification for 2D triangulations

Later in this paper, we address situations where an input graph G does not precisely represent
the 1-skeleton of a 3-sphere triangulation K. These variations manifest as either missing edges
or excessive edges. During an ‘incremental reconstruction’ of K from G, we identify and
iteratively address missing edges or excessive ones.

To begin, we replace the utility of lemma 20 (used in the reconstruction of K2 of the 2-sphere
S? from its 1-skeleton) with local checks. These checks either

e certify a 3-clique ¢ € Clique(Skel; (K?)) as a triangle of K2,
e decertify t by marking it as an empty triangle, or
e label ¢ as undecided.

In a triangulation K2 of a surface M?, every edge e lies in exactly two triangles of K and, con-
sequently, in at least two 3-cliques of Skel; (K?). If e lies in exactly two 3-cliques of Skel; (K?),
these two 3-cliques must be triangles of K2, thus certified by the edge e. The link of a vertex
vin K? is a triangulated 1-sphere with |V(linkg (v))| = deg(v) > 3. In the case of deg(v) = 3,
the three 3-cliques of Skel;(K?) containing v must be triangles of K. Consequently, every
vertex of degree 3 certifies the three triangles it is contained in.
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Algorithm 1. 2D Certification Algorithm.

Input: The 1-skeleton Skel; (K*) of a triangulation K2 of a surface M
Output: Lists C, D, and U of certified, decertified, and undecided 3-cliques of Skel; (Kz)

0. Initialization. We initialize C = D = () and U = { € Clique(Skel; (K?)) : |f| = 3 }. For every edge
e of Skel; (K?), let C(e), D(e), and U(e) be the respective subsets of C, D, and U of cliques that
contain the edge e. An edge e of Skell(Kz) is unprocessed if it lies in no certified 3-clique, is
touched if it lies in exactly one certified 3-clique, and processed if it lies in two certified 3-cliques
of Skel, (K?).

1. Germs for certification.

(1) Every vertex v of degree 3 certifies the three 3-cliques it is contained in as triangles of K 2

(ii) Every edge e that is contained in exactly two 3-cliques certifies these as triangles of K2.

2. Certification and decertification via edges e.

(i) If |C(e)| =2 and |U(e)| > 1, then the 3-cliques in U(e) can not be triangles of K* and thus can
be marked as decertified.

(i) If |C(e)| = |U(e)| = 1, then the only triangle ¢ in U(e) has to be a triangle of K> and thus can
be removed from U(e) and added to C(e). As a consequence, the other two edges of ¢ become
touched if they were unprocessed and processed if they were touched before, respectively.

(iii) If |C(e)| = 0 and |U(e)| = 2, then the two triangles in U(e) have to be triangles of K* and thus
can be removed from U(e) and added to C(e). As a consequence, the other edges of the two
triangles become touched if they were unprocessed and processed if they were touched before,
respectively.

(iv) Repeat Steps (i)—(iii) until no further progress is made.

3. Decertification via splitting. Pick a 3-clique ¢ € U (in some order, only once) and check if 7 splits
Skell(Kz) into two components; if so, then ¢ is an empty triangle of K> and can be marked as
decertified, i.e. t is removed from U and added to D, then Steps 2 (i)—(iv) are repeated (after updating
U(e) and D(e) for each of the three edges e of 7). Process all remaining 3-cliques of U until no further
progress is made.

4. QOutput. Return the lists C, D, and U.

Remark 21. The 2D Certification Algorithm accurately certifies triangles of K? in the initial
Steps 1(i)+(ii). Steps 2(1)—(iii) leverage the condition that each edge in a triangulated surface
belongs to precisely two triangles. Step 3 aids in identifying separating 3-cliques.

For a triangulation K2 of a general surface S, a separating 3-clique in K? implies an empty
triangle. However, when S = S2, a 3-clique is separating if and only if it is an empty triangle,
as per lemma 20. Thus, In the case of S = 52, Step 3 alone suffices to distinguish between
triangles and empty triangles.

Nevertheless, we intentionally execute Steps 1-2 first. This strategy is particularly bene-
ficial for general surfaces S # S, where these initial steps can yield positive certificates for
specific surface patches.

Theorem 22. For a triangulation K* of the 2-sphere S?, the 2D Certification Algorithm out-
puts a list of certified triangles corresponding to the triangles of K*. The decertified 3-cliques
represent the empty triangles, and the list of undecided 3-cliques is empty.

Proof. If the triangulation K is flag (i.e. has no empty triangles), then all triangles are certified
in Step 1 (ii). Otherwise, according to lemma 20, each empty triangle in K? allows a split
of K? into two components, denoted as P> and Q?, such that K> = P?#(?, representing the
connected sum of the two components. This repeated splitting along empty triangles results in
components with no empty triangles. The total resulting pieces can be organized in a binary

22



Modelling Simul. Mater. Sci. Eng. 33 (2025) 075015 | Sabik et al

tree structure, with each piece as a node; two nodes at the same level are connected summands
of their lowest common ancestor.

The leaves Z;, with i € {1,...,s}, fall into two categories: either Z; = 9A; or Z; is flag.
For an empty triangle 7 in K?, we have K*> = Z;#Q?, where j € {1,...,s} and Z; has no empty
triangles. In the subsequent steps, all triangles of Z;, except for ¢, are certified either in Step 1
(i)if Z; = OAsz orin Step 1 (ii) if Z; is flag. The empty triangle ¢ gets decertified later, either in
Step 2 (i) or later in Step 3. Consequently, faces of the neighboring piece Z; to Z; are certified
through the repetition of Step 1 (ii). This approach ensures that triangles in the leaf pieces are
certified in the initial round. Following that, the inner pieces are sequentially certified until
all triangles in K? are certified, and all empty triangles are decertified, leaving no undecided
triangles. O

Theorem 23. For aflag triangulation K* of a surface S, the 2D Certification Algorithm returns
the list of certified triangles as the triangles of K>, with empty lists for both decertified and
undecided triangles.

Proof. In a flag triangulation K? of a surface S, there are no vertices of degree 3—apart from
the tetrahedron triangulating the 2-sphere. The 2D Certification Algorithm terminates with
Step 1 (ii) since every edge is contained in exactly two 3-cliques of K?. O

In general, a triangulation of a surface need not be reconstructible from its graph.

Example 24. Let K be the unique neighborly vertex-minimal 6-vertex triangulation of the
real projective plane RP? (up to combinatorial isomorphism, see [64]). In this case, Skel, (K?)
is the complete graph K, and Clique(Skel; (K?)) is the 5-simplex As on 6 vertices. The 2D
Certification Algorithm marks all triangles of As as undecided.

Example 25. Let K? be a flag triangulation of a surface M?, and let L? be a neighborly trian-
gulation of a surface N? # S. For the connected sum K>#L?, the 2D Certification Algorithm
certifies all triangles of K? and returns the triangles of L? as undecided (except for the triangle
at which the connected sum is taken, which is marked as decertified). Hence, although the
entire triangulation may not be fully reconstructible, certain patches can still be reconstructed
successfully.

A locally planar triangulation (in the most general sense) of a surface M? # S is a trian-
gulation of M? for which its edge-width, the minimal length of a non-contractible cycle, is at
least four [2, 3]. In topological graph theory, locally planar triangulations are often considered
with larger edge-width [27].) Such triangulations generalize flag triangulations in the sense
that there can be empty triangles, but every such splits the surface, a property detectable by
the 2D Certification Algorithm.

Theorem 26. A locally planar triangulation K* of a surface M* # S? is reconstructible from
its 1-skeleton.

Example 27. Let K2 be a neighborly triangulation of a surface M? other than the 2-sphere. In
this case, K2 is not locally planar. If we consider the triangulation L? obtained by subdividing
each triangle of K2, then L? is also not locally planar. Nonetheless, L is reconstructible from
its 1-skeleton.

6.3. 2D certification for decompositions with boundary

In practical scenarios, a cluster of pores typically occupies a confined region in Euclidean
space. To prevent degeneracy in 2D, we make the assumption that the pores forming the cluster
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Figure 18. A collection of 2D pores and their adjacency list.

cover a two-dimensional disk. Including the outer region as an extra pore guarantees a simple
regular CW decomposition of the 2-sphere S2.

In figure 18, a cluster comprising nine pores, with the outer region represented as the 10th
pore, is shown alongside the dual graph of the pores stored as an adjacency list. In this instance,
each 3-clique of the dual graph corresponds to a triangle in the dual triangulation. This allows
us to reconstruct the cell structure of the pore cluster from the dual adjacency graph. The result-
ing dual triangulation, in conjunction with the primal cellular decomposition, is reconstructed
as an abstract combinatorial object.

7. 3D reconstruction

In the context of voxelized tomography data for metallic foam samples, the dual graphs con-
structed for static thresholds often contain missing and excessive edges, categorized as ‘errors’;
refer to section 8 for details. Before addressing these complications in an adaptive manner,
we initially explore the (partial) reconstruction of triangulations, treated as abstract simplicial
complexes, for closed 3-manifolds in section 7.1. Subsequently, in section 7.2, we incorporate
local geometric information to reconstruct geometric triangulations of triangulated 3-balls B>
within Euclidean 3-space R3.

71. Dual graph based certification for 3D triangulations

Let K3 be a triangulation of a closed 3-manifold M>. For every edge e € K>, the link of e,
denoted as linkgs (), forms a cycle. We have the inclusions:

linkg: (€) < Skel; (linkcyigue(sket; (k7)) (€)) < linKegique(sket, (k7)) (€) -

The 1-complex L(e) := Skel; (linkcjique(skel, (k%)) (€)) consists of the cycle linkgs (e), possibly
along with extra chords or vertices and edges, and may not be connected in general.

If K? is a neighborly triangulation with the vertex set V(K?), then the clique complex of
Skel; (K?) isa (|[V(K?)| — 1)-simplex, i.e. Clique(Skel; (K?)) = Ay (gs)—. In this case, a com-
binatorial reconstruction of K3 from its graph is not possible.

Lemma 28. If K> is a flag triangulation of a closed 3-manifold, then
e Clique(Skel; (K?)) = K3,
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o L(e) = linkgs(e),

e there are no k-cliques in Skel| (K>) of size k > 5,

o the list of facets of K> is given by all 4-cliques in Skel, (K*), and

e every 3-clique in Skel|(K?) is a triangle of K> that is contained in exactly two tetrahedra
of K.

Theorem 29. Let K> be a triangulation of a closed 3-manifold M, and let q be a 5-clique in
the I-skeleton of K>. Then either K> = 0/, or at most four out of the five 4-subcliques of q
are tetrahedra of K>. In case exactly four 4-subcliques of q are tetrahedra of K>, one of the
vertices of q has degree 4 in Skel; (K?).

Proof. Let N* < K? be the subcomplex formed by the four-element subsets of g that appear
as tetrahedra in the triangulation K 3_1f all five four-element subsets of g are contained in N 3
then N3 is simplicially isomorphic to the boundary of a 4-simplex 9A4. Consequently, A, is a
closed, full-dimensional submanifold of M?, implying M> = 9A, and hence K> = N* = 9A,.

If N3 # 0A, and exactly four 4-subcliques of g appear in N3, then there is exactly one
vertex, denoted v, that appears in each of those four 4-subcliques. The link of v in K* consists
of the 3-element subsets formed by removing v from the four 4-subcliques, which form the
boundary of a 3-simplex Aj. Since the link of v is a 2-sphere, it follows by the same reasoning
above that the link in K* consists solely of these four 3-element subsets, implying that v has
degree 4 in Skel; (K?). O

Corollary 30. Let K> # Oy be a triangulation of a closed 3-manifold M?. Additionally, let g
be a 5-clique in the 1-skeleton of K> where each vertex of q has a degree of at least 5 in the
1-skeleton of K>. Then, at most three out of the five 4-subcliques of q are tetrahedra of K>.

For a triangulation K of a closed 3-manifold M> and a vertex v € K>, the complex links (v)
is a triangulated 2-sphere, and we have the inclusions

linkgs (v) < Skels (linkeyique(skel, (k7)) (v)) < linKciique(skel, (k7)) (V) -

Definition 31. A triangulated r-sphere contained in an s-dimensional simplicial complex L’
(with s > r) is Hamiltonian if it contains all the vertices of L°.

Trivially, linkgs(v) is a Hamiltonian 2-sphere in link¢jigue(skel, (k7)) (V) and enumerating
all triangulated Hamiltonian 2-spheres in L(v) := Skel (linkcjique(skel, (7)) (v)) is possible and
yields all candidate spheres for linkgs (v) [60, 70].

The 3D Certification Algorithm correctly certifies and decertifies 4-cliques in Skel; (K?),
identifying tetrahedra or missing 3-faces. Similar to the two-dimensional case, it may conclude
with some undecided 4-cliques. As previously mentioned, the algorithm’s performance may be
suboptimal for general triangulations, but we focus on triangulations with an average vertex
degree ranging from 11 to 16, ensuring computational feasibility. For triangulations dual to
space decompositions induced by foam structures, there are patches in which the algorithm is
effective, allowing for a partial reconstruction of K* from its 1-skeleton Skel; (K*). Figure 19
illustrates a high-level flowchart of algorithm 2.

Step 1 (i) of the algorithm, checking if the link of an edge has a unique cycle, is a straight-
forward test. For Step 1 (ii), we iteratively collapse edges that are not included in any cycle
until no further collapses are possible, followed by the removal of all vertices with degree 0.
The order of Steps 2-5 is interchangeable. In our implementation, whenever C, D, and U are
updated, we aim to leverage this information locally for incident vertices, edges, and 4-cliques.

For Steps 2 and 3, we employ a brute-force approach, given that the links in the triangulation
we are interested in (both one- and two-dimensional) typically contain few cycles. Step 4
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Figure 19. Flowchart of algorithm 2.

is executed when the information about 4-cliques in a 5-clique is updated. Step 5 is often
implicitly covered by previous steps.

If a vertex v in K™ has a degree of 4, this vertex certifies the four tetrahedra it is part of. This
certification is implicitly verified by Step 1 (i) as a trivial scenario where the edges incident to
v have a degree of 3.

In the situation where the link of a vertex v in K* contains a 3-clique ¢ that splits the link,
the 4-clique v ¢ is not a face of K*. Such 4-cliques are appropriately decertified in Step 3.

Example 32 (Cross configuration). Consider a flag triangulation K of a closed 3-manifold
M?. Let abc and abd be two adjacent triangles that both appear in the link of a vertex v and
also in the link of a vertex w# v. If we add the edge cd to Skel;(K?), the resulting graph
represents, in general (without considering combinatorial isomorphisms in specific examples),
the 1-skeleton of two distinct triangulations of M?. Both triangulations include the additional
tetrahedron abcd. In one case, the vertex v sees the triangles abc and abd, while in the other
case, v sees the triangles acd and bcd. Conversely, for the vertex w, the scenarios are reversed.
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Algorithm 2. 3D Certification Algorithm, Part I (Combinatorial Conditions).

Input: The 1-skeleton Skel; (K*) of a triangulation K> of a closed 3-manifold M>
Output: Lists C, D, and U of certified, decertified, and undecided 4-cliques of Skel; (K3 )

1. Initialization. Initialize C = D = §) and U = {g € Clique(Skel; (K%)) | |¢| = 4}. For each edge e
of Skel; (K3), define C(e), D(e), and U(e) as the respective subsets of C, D, and U of cliques that
contain the edge e. Assign values 1 or 0 to edges f € L(e) based on whether e * flies in C or D,
respectively. No value is assigned to an edge f € L(e) with e xf € U. Define
Li(e) := {f € L(e) |fhasvalue 1} and Lo(e) := {f € L(e) | fhasvalue 0}.

Similarly, for a vertex v and a triangle t € L(v), assign values 1 or O to # based on whether v * ¢
lies in C or D. Define the sets L; (v) and Lo(v) as above.

2. Germs for certification and decertification via links of edges.

(i) For every edge ¢ of K>, if L(e) contains a unique cycle Z, then move e * f to C for every f € Z,
and move e * g to D for every g € L(e) — Z.

(ii) For every edge e of K>, let T, be the union of all cycles in L(e). Assign 0 to every
g€ L(e) — T, and move e * g to D.

This step is illustrated in figure 20.

3. Certification and decertification via links of edges e.

(i) Let E be the set of edges obtained as the intersection over all cycles in L(e) — Lo(e) that
contain all the edges of L;(e). Assign 1 to every g € E and move e * g to C.

(ii) Let E be the union of the edges of all cycles in L(e) — Lo(e) that contain all the edges of
Li(e). Assign O to every g € L(e) — Lo(e) — E and move e x g to D.

4. Certification and decertification via links of vertices v. Similar to Step 2, for links of vertices
we have L; (v) C linkgs (v). Inspect the union and the intersection of Hamiltonian 2-spheres in L(v)
to certify and decertify 4-cliques of Skel; (K>).

5. Decertification via 5-cliques. If a 5-clique has no vertex of degree 4 in Skel; (K3 ) and three of its
five 4-cliques have been certified, then (by theorem 29) decertify the remaining two 4-cliques.

6. Decertification via 4-cliques (splitting). Pick a 4-clique ¢ € U and check if g splits Skel; (KS)
into two components. If so, move ¢ to D.

7. Iteration and output. Repeat Steps 2—5 until no further progress is made. Then return the lists C,
D, and U of certified, decertified, and undecided tetrahedra, respectively.

1 1
0
0 1 ]
Figure 20. Top row: Different configurations of edge links L(e) along with assigned

values to edges. Bottom row: Values assigned in red are deduced after applying Step 2
of algorithm 2.

Example 32 illustrates that local modifications to the graph of a triangulation K> of a closed
3-manifold M> can pose combinatorial challenges, impeding the reconstructibility of the tri-
angulation from its 1-skeleton Skel; (K?).
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Figure 21. Flowchart of algorithm 3.

72. Dual graph based certification for geometric 3D triangulations

In this section, we integrate geometric information into the 3D Certification Algorithm.

Figure 21 illustrates a high-level flowchart of algorithm 3. In general, this algorithm may
not succeed in fully reconstructing the geometric triangulation of a 3-ball from its 1-skeleton.
Consider, for instance, a simplicial 3-polytope P with vertex set V. By selecting a point in
the interior of P and forming the join of that vertex with the boundary (triangles) of P, a
triangulation K of P is obtained. Removing any tetrahedron from K results in the same 1-
skeleton as K? itself.

Theorem 33. Let X be a finite set of points in R? in general position with |X| > 4, and K> be
a geometric triangulation of the point set X, i.e. K> is a triangulation of conv(X). Then K is
reconstructible from Skel; (K?).

Proof. A 4-clique ¢ of K? is decertified if conv(q) contains another point of X or if conv(q)
is pierced by an edge of Skel; (K?).

28



Modelling Simul. Mater. Sci. Eng. 33 (2025) 075015 | Sabik et al

Algorithm 3. 3D Certification Algorithm, Part II (Geometric Conditions).

Input: The 1-skeleton of a geometric triangulation K* of a three-dimensional ball B in R®, with the
vertices of K> in general position
Output: Lists C, D, and U of certified, decertified, and undecided 4-cliques of Skel; (K3)

0. Initialization. Run algorithm 2 on Clique(Skel; (K*)), with the individual steps restricted to interior
vertices and interior edges. This produces lists C, D, and U of certified, decertified, and undecided
4-cliques, respectively.

1. Geometric decertifications. Let a,b,c,d be distinct vertices forming a 4-clique ¢ in
Clique(Skel; (K*)).

(i) Decertification by containment. If there is a vertex v of K> in conv(a,b,c,d), then v decertifies
¢, and ¢ is moved to D.

(ii) Decertification by piercing one triangle. Let v be a vertex outside conv(a,b,c,d) and av an
edge of Skel, (K*). If av and conv(b, c,d) non-trivially intersect, av decertifies conv(b, ¢, d) and
q is moved to D.

(iii) Decertification by piercing two triangles. Let v,w be vertices outside conv(a,b,c,d) and
vw an edge of Skel;(K*). If vw non-trivially intersects conv(a,b,c) and conv(a,b,d) of
conv(a,b,c,d), vw decertifies these triangles and g is moved to D.

2. Iteration and output. Repeat Steps O (without the initialization Step 0 of algorithm 2) and 1 until
no further progress is made. Then return the lists of certified, decertified, and undecided tetrahedra.

Since conv(g) C conv(X), conv(g) must be covered by the tetrahedra of the triangulation
K? of conv(X). If conv(g) neither contains other vertices of X nor is pierced by an edge of
Skel; (K?), then ¢ might still lie within another tetrahedron, leading to the decertification of
that tetrahedron. Alternatively, g could be covered by at least two other tetrahedra. In the latter
case, one of the triangles of the covering tetrahedra is pierced by g, leading to the decertification
of those tetrahedra.

The only remaining possibility is that g is a tetrahedron of K, and thus is covered by itself.
Hence, after executing algorithm 3, K? is reconstructed by considering all undecided tetrahedra
to be certified. O

Corollary 34. Set S be a set of points in R? in general position. Then the Delaunay triangu-
lation DT(S) of S is reconstructible from its 1-skeleton Skel; (DT(S)).

Example 35. As a test case for algorithms 2 (combinatorial) and 3 (geometric), we generated
a Poisson—Voronoi diagram for 1000 points with dual Delaunay triangulation K* and a face
vector f = (1000,7427,12785,6357).

In this sample, 927 vertices are interior, and 73 lie on the boundary of the convex hull of
the 1000 points. The graph Skel; (K*) has 7427 edges and contains 9104 4-cliques, of which
6357 are tetrahedra of K*. Additionally, Skel; (K?) has 1406 5-cliques, 25 6-cliques, and no
7-cliques.

We restrict the combinatorial steps of algorithm 2 to interior edges and vertices. As a
result, 4078 4-cliques of Skel; (K?) are certified as tetrahedra of K> (i.e. 64.15% of the tet-
rahedra), and 538 4-cliques get decertified. Approximately 25.45% of the links of interior
edges in Clique(Skel; (K?)) have a unique cycle and are entirely reconstructed in Step 1 (i) of
algorithm 2. Eventually, 8.41% of the links of interior vertices are reconstructed.

Algorithm 3 decertifies the remaining 4-cliques that are not tetrahedra of K*, leading to a
full reconstruction of K>.
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8. Adaptive determination of the graph G of a dual generalized 3D triangulation

The input in the following is a collection of pores as specified by definition 11. Each pore is a
strongly connected union of gas voxels.

8.1 Preprocessing

In our showcase example of 1911 pores, each pore contains at least 4300 voxels. Smaller
pores were removed in a preprocessing step for two reasons. Firstly, very tiny conglomerates
of strongly connected voxels with up to 10 voxels were removed as noise. Secondly, satellite
pores, as discussed in the introduction, were eliminated. In the showcase example, the voxel
size is 41 pm, and an equivalent ball with a volume of 4300 voxels has a radius of approxim-
ately 0.41 mm.

8.2. Computation of an upper bound to the distance of two pores

Given two non-convex pores as distinct strongly connected collections of voxels C and D, their
voxelized distance, denoted as d(C, D), is the minimum distance between any voxel in C and
any voxel in D,

d(C,D) =min{d(x,y) |xeC,ye D},

where the distance d(x,y) between two voxels x and y is the distance between their centers.

However, computing this exact distance is computationally expensive. Instead, we use an
upper bound, dyp (C, D), determined as follows. We employ a method inspired by the Newton—
Raphson method, starting from a voxel xy € C and traversing a zigzag path xoy1X1y2X2 - - - ViXk
of voxels (see figure 22). Here,

ey €{z€D |d(xi_1,z) <d(xi_1,y) Vy € D} is a voxel in D with minimal distance to voxel
xi—1 € C,and
o x; €{z€C |d(z,y;) <d(x,y)) VxeC}.

In case of multiple choices, we randomly select the voxels x; and y;.

In our computations, we set k =3 and randomly choose four starting voxels xo € C, includ-
ing (in an abuse of notation) the barycenter of C. Additionally, we exchange the roles of C and
D. The upper bound d,,(C,D) is the minimum distance over the distances d(x3,y3) for the
considered zigzag paths between the pores C and D. Thus, d,,(C, D) serves as an upper bound
to d(C, D). While computing d(C, D) would take O(|C|-|D|) time, we compute dy,(C,D) in
O(|C|+|D|) time.

8.3. Determination of boundary pores

The metallic foam sample discussed in this work is cuboid-shaped, measuring 1033 x 1221 x
398 voxels with a nearly square base and small height (see figure 1). Notably, the sample
includes a large pore with voxels on both the top and bottom sides, prompting the question of
distinguishing between pores on the boundary and in the interior.

To represent pores, we use their barycenters. The boundary of the convex hull of the finite
set of barycenters X € R? can indicate which pores are on the boundary (with barycenters as
boundary vertices). However, this approach has drawbacks, such as distant pores becoming
neighbors on the boundary due to long edges of the convex hull, while pores with barycenters
just inside the convex hull are considered interior pores.
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Figure 22. A zigzag path to obtain an upper bound dy, (C, D) of the voxelized distance
between two pores.

1000

Figure 23. The alpha complex for the barycenters of the pores of the foam sample. Axis
ticks are in voxel units, where each voxel measures 41 pm per side.

For a more refined boundary description, we employ alpha complexes, introduced by
Edelsbrunner et al in 1983 [29]. Assuming points in X are in general position, for each x € X,
we consider an r-ball B, (x). The alpha complex Alpha(r,X) is the nerve complex of the union
of sets U,(X) = {B,(x) NV, |x € X}, where V, is the Voronoi region of x € X. In extreme cases,
lim,_,o Alpha(r,X) = X, while lim,_, o, Alpha(r, X) yields the Delaunay triangulation of X with
the convex hull of X as the boundary.

For our purposes, we stop incrementing » when Alpha(r,X) becomes a triangulated 3-ball
(figure 23), which occurs when » = 88 voxel side lengths for this foam sample, where a voxel
side length equals 41 pm. For similar samples, values for r ranged between 73 and 135, partly
depending on CT scan resolution. In our sample, 917 out of a total of 1911 pores are determined
as boundary pores, while 994 are interior pores.
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Figure 24. A sample of 2D pores and the main steps to reach a cellular decomposition.

8.4. 2D sketch of the main steps

Figure 24 provides a 2D overview of the primary steps executed in 3D to derive a dual tri-
angulation and a corresponding primal cell decomposition. In figure 24(a), a set of pores is
depicted along with their barycenters.
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Step (a)—(b): Transitioning from figures 24(a) and (b), the alpha shape computation iden-
tifies boundary pores (shown in darker gray).

Step (b)—(c): Utilizing d,p, we establish connections (dashed edges) between pairs of
pores C and D when d,,(C,D) < ¢;. Isolated interior pores are connected to their nearest
neighbor with dotted edges.

Step (c)—(d): In the triangulation of a 2D disk (or a 3D ball), every interior vertex should
have a degree of at least 3 (or at least 4, respectively). Transitioning from figures 24(c) and
(d), vertices with a degree less than 3 have additional edges greedily added, starting with the
shortest each time. The order in which edges are added is indicated by the labels 1 to 7.

Step (d)—(e): For each vertex, its current vertex link is determined. If it is not a closed
cycle, the next shortest edge that reduces the number of connected components of a link is
added globally. In this step, edges of length at most ¢, are added. This addition might lead to
some few excessive edges, the removal of which requires an additional step in 3D. This step
is not shown here as it lacks a 2D counterpart.

Step (e)—(f): Further edges of length at most ¢z are added in this step to close remaining
holes in the links, along with addressing any potentially occurring additional excessive edges.

Step (f)—(g): Figure 24(g) displays the resulting set of edges. Through certification and
decertification, a dual triangulation is determined. Components consisting solely of boundary
pores are removed as outliers.

Step (g)—(h): Spikes of boundary pores are collapsed, resulting in a triangulated disk (or
ball in 3D). The primal cell decomposition is presented in figure 24(h).

Our choice of a greedy approach in Steps (¢)—(d), (d)—(e), and Step (e)—(f) for con-
structing an abstract graph requires justification. In 2D, a closely related geometric problem is
the minimum-weight triangulation (MWT) problem, proven to be NP-hard by Mulzer and Rote
[82]. The MWT problem involves finding a triangulation of a finite set of points S C R? in gen-
eral position with the smallest total edge length. Each candidate triangulation of S triangulates
the convex hull of S and has the same fixed number of edges.

In 3D, our scenario involves a finite set of pores, and we aim to represent them as ver-
tices in an abstract graph, essentially the 1-skeleton of a three-dimensional dual generalized
triangulation. Unlike the fixed number of edges in the 2D MWT problem, in 3D, candidate
triangulations may vary in the number of edges, and the graphs can include multiple edges.

Mulzer and Rote [82, figure 2] show that different optimal triangulations can exist for the
2D MWT problem, such as those obtained by retriangulating a 2D strip at its two ends and
propagating the triangulation through the strip. However, for the 2D MWT problem, the (-
skeleton [58]—a graph consisting of particular edges—is part of every optimal triangulation
for a suitable choice of 5 [56, 82].

In Step (b)—(c), we introduce the concept of a ‘backbone network’, composed of edges that
should belong to every ‘generic’ triangulation dual to a ‘homogeneous’ metallic foam sample.
In our showcase sample, the edges of length less than ¢; constitute 57% of the final triangu-
lation, representing a significant portion. Therefore, the greedy approach to fill in the holes in
Steps (d)—(e) and (e)—(f) has a high likelihood of deviating from ‘an optimal triangulation’
only by local fluctuations.

8.5. Adaptive computation of nearest neighbors

If the homogeneous foam sample is significantly larger than the average or maximum pore
diameter, pores that are spatially distant from each other do not qualify as neighbors in the
foam. Therefore, potential neighboring pores for a given pore include all pores located within
a specified distance from that pore. This scenario is addressed in the literature, treating it as an
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extension of the nearest neighbor searching problem; for a comprehensive survey, refer to [5].
A common strategy involves dividing the space into a regular grid of cubes and checking points
in nearby cubes to determine whether they fall within a specified range from an initial point.

In our foam sample, spanning 1221 voxels in length, the pores exhibit an average diameter
of 63.5 voxels, with a minimum diameter of 20.2 voxels and a maximum of 214.3 voxels.
Given the substantial size and variability, the grid approach was not feasible, and we opted
for a straightforward iteration over all pairs of pores. However, at the voxel level, we only
calculate d,,(C, D) when the distance between the barycenters of two pores is constrained by
the sum of their equivalent ball radii plus ten times the threshold distance ¢y, i.e.

d(bary (C),bary (D)) <1(C)+r1(D) + 10c;.

We iteratively adapt the threshold parameter c;, starting from ¢; = 2 voxels. (Note that the
minimum distance between two voxels from distinct strongly connected components is at least
/2 x the voxel side length.) For each candidate pair of pores C and D, we evaluate whether
dup(C,D) < c;. If this condition is met, we register C and D as neighbors.

After constructing the adjacency graph for a given ¢;, we compute the average degree deg,,,
over all interior vertices. If deg,, < 6, we increment c; (by one voxel or a resolution-dependent
constant) and repeat the process. The procedure halts as soon as deg,, > 6 for the first time.

This stopping criterion is not meant to match a theoretical average precisely but is instead
chosen to ensure that the initial graph is sufficiently dense. In our experience, graphs reaching
this density threshold contain enough correct adjacencies to allow subsequent combinatorial
steps (e.g. edge certification via local topology) to identify and recover missing edges or prune
excessive ones.

To fulfill Step (b)—(c) of section 8.4, we additionally connect each isolated (interior or
boundary) pore C to its nearest neighbor D. The resulting graph G represents each pore C as
vertex ¢ € V(G). Before connecting the isolated pores, the average vertex degree was 7.702,
increasing to 7.715 afterward.

8.6. Degree requirement for edges

Further incrementing c; until achieving an average vertex degree between 11 and 16 would
be disadvantageous, as it introduces unwanted excessive edges that locally impede the graph
from representing the 1-skeleton of a triangulation. Instead, we strategically continue adding
edges where needed.

Consider an edge cd in G where at least one of the corresponding pores C or D is an interior
pore. In the hypothetical case where G forms the 1-skeleton of a triangulated 3-ball as a sim-
plicial complex K, the link of every interior edge e in K is a cycle of length at least 3. If the link
of ¢d in Clique(G) has fewer than three vertices, it indicates a potential oversight of mutual
neighbors to cd, unless ¢ and d share exactly two neighbors e and f, where ef forms a double
edge in the link of cd within a simple regular CW decomposition. Although rare, this scenario
may occur, such as when a small pore is enclosed by two large pores (see figure 12). In the
general case, we examine neighbors of ¢ and d that are not mutual neighbors. Let b be a vertex
representing a pore 3, adjacent to only one of ¢ or d in G. For all such vertices, we pick the
one, say by, that minimizes the distance to the other vertex c or d. If this distance is smaller
than 2c;, we register by, as a mutual neighbor to both ¢ and d by adding the edge by,c or
bmind to G, respectively.

As outlined in Step (c)—(d) of section 8.4 for the 2D situation, we iterate over all edges in
G with a degree less than 3, selecting the overall shortest edge that, upon addition, increases
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\\ ////

Figure 25. Two examples of vertex links Lg(v) of a vertex v in the clique complex
Clique(G).

the degree of a low-degree edge. This process is repeated until no candidate edges with lengths
at most 2¢; remain.

It’s worth noting that during this step, the criterion of adding an edge only if the distance
between two pores is at most 2¢; may result in retaining some edges with a degree less than 3.
The degree of such edges is either increased later by subsequent steps, or their link is recog-
nized as a digon.

8.7 Detection of holes in vertex links

Let K> be a triangulation of a closed 3-manifold, and v be a vertex of K>. Then, links (v) is
a triangulated 2-sphere, and linkgs (v) < linKejigue(skel, (7)) (V) The complexes linkgs (v) and
L5 (v) := linKciique(skel, (x2)) (v) have the same number of vertices, but Lf;(v) can have addi-
tional edges, triangles, or higher-dimensional faces, for instance, when Skel; (K?) forms a com-
plete graph.

Consider an edge e = ab in L, (v) that does not belong to linkgs (v). In this case, vertices
a and b are connected by e in K 5; but e lies within the interior of K> — stargs (v). If abc is an
empty triangle in linkgs (v), then abe is part of Clique(Skel, (K*)). Additionally, if abc and
abd are triangles in linkg: (v) and cd is an edge in Clique(Skel, (K?)), then acd and bed form
triangles in L, (v), but they are not triangles in linkgs (v).

Consider the graph G obtained from section 8.6, with v being a vertex of G, and LE(v) :=
linkcjigue(c) (v). Each vertex v of G is geometrically represented by the barycenter of the cor-
responding pore. However, LZ(v) might contain ‘holes’ due to missing edges, preventing it
from forming a triangulated 2-sphere; refer to figure 25 for visual examples of such links. In
the following, we aim to heuristically close these holes, taking care to avoid false fill-ins.

Consider an edge e =ab in L (v). The edge e is loose if it is not part of any triangle in
L% (v), and free if it is included in exactly one triangle of L{;(v). Loose and free edges are
natural candidates for bounding holes. However, as illustrated in figure 25(left), the link L (v)
of a vertex v might exhibit holes bounded by cycles containing edges that belong to two (or
more) triangles of L (v), as exemplified by the edges ab, ag and bc in figure 25(left).

Definition 36. An edge e in L;(v) is exposed if it is either loose, free, or if it is part of a
unique inclusion-maximal clique A in L (v) such that conv(v, ¢) forms a boundary triangle of
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Algorithm 4. Hole Detection in Vertex Links.

Input: Graph G on barycenters of pores as its vertex set V, with edges corresponding to neighboring
pores (as identified so far)

Output: Updated graph G on V with added edges to close holes in vertex links

1. Vertex loop. Loop over vertices v of G corresponding to interior pores and consider their vertex
links L (v) = linkcjigue(c) (v)-

2. Cycle computation. For each link, compute all admissible cycles on the set of exposed edges.

3. Candidates gathering. For each admissible cycle, consider all cycle chords and chords connecting
collapsed vertices to cycle vertices.

4. Edge addition. Select the overall shortest candidate with a length of at most 6¢1, add it to G, and
update the affected vertex links accordingly.

5. Iteration. Repeat until no further candidate edge of length < 6¢; is left.

the convex hull conv(v,A). In other words, the edge e lies on the shadow of conv(A) as seen
from v.

Let e be an exposed edge that lies in a unique 4-clique A in LG (v). Geometrically, there are
two possible cases for this. The shadow of A, as seen from v, is either a triangle or a square.
We refer to the former as a pyramid configuration and the latter as a cross configuration. It is
important to note that the distinction between pyramid and cross configurations may not always
be accurate, especially for elongated, non-convex pores where the positions of the barycenters
can vary with further stretching. However, these two configurations and their shadows have
proven to be very helpful in our implementation.

In figure 25(left), the 4-clique abfg forms a pyramid with shadow ab, ag, and bg, whereas
the shadow of the 4-clique bchi consists of the four edges bc, bh, ci, and hi. Only the shadow
edges ab, ag, and bc of the two 4-cliques abfg and bchi are exposed, as the other ones are
included in further triangles of L (v).

If an edge e belongs to two inclusion-maximal 3-cliques in Lg;(v), it is not exposed and is
not considered as a candidate edge for a hole. However, in the link L (v) of v, the two triangles
containing e could potentially be folded up, creating a hole along e that we do not detect at
this stage. Our restriction to exposed edges has proven effective, and any missed holes were
later identified and closed when G was extended through the addition of other edges.

Let H be the subgraph consisting of all exposed edges of L (v). We successively collapse
away free vertices (of degree 1) of H to obtain a graph H’'. In H', we enumerate all cycles of
length at least four. If a cycle of H’ has a chord, as in figure 25(right), we discard it. If the
removal of a cycle of H' disconnects H, we discard it as well. If a cycle bounds a triangulated
disk in Lg(v), then we do not consider it. At this point, this condition prevents the closure
of a vertex link in the case that this link consists of only one triangulated disk; this will be
addressed later in section 8.12. The remaining cycles of H' are called admissible.

Now, we gather candidate missing edges to close an admissible hole. These include all
chords connecting non-adjacent vertices of the hole. Additionally, if there are any trees of free
vertices that were collapsed away, we consider all edges connecting a vertex in those trees to
a non-adjacent vertex on the admissible cycle.

Next, we iterate over all the gathered candidate missing edges for every vertex v in G and
each admissible cycle in Lf;(v). We select the shortest edge, provided its length is at most 6¢1,
and add it. Subsequently, we update the list of admissible holes and candidate missing edges
accordingly, and add the shortest among them if its length remains within the limit of 6¢;.

The aforementioned steps are outlined in algorithm 4.
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Figure 26. (Left) The purple pore and the red pore are separated by the blue, yellow,
and green pores. (Middle and Right) The purple pore and the red pore are neighbors.

8.8. Adding edges to close edge links

Consider an edge e = uv in a triangulation K> of a closed 3-manifold. The link of e in K is
a triangulated 1-sphere, represented as a cycle, and this cycle is contained in the link of e in
Clique(Skel; (K?)).

Now, assume that e is an edge of G with at least one interior vertex. We explore the case
where L (e) := linkcjique(c) (€) is acyclic, aiming to gradually add edges to G to ensure that
linkcjique() (€) eventually contains a cycle. Let N(u) and N(v) be the sets of neighbors of u and
vin G, respectively. Additionally, define N(u,v) := N(u) N N(v) as the set of vertices that are
mutual neighbors to both u and v-in other words, N(u,v) constitutes the vertices of the link
L% (e) of e in Clique(Skel; (K%)).

Next, we gather candidate missing edges:

e ur for r € N(v), but r ¢ N(u,v), with d(u,r) < 2¢;,
o vs for s € N(u), but s ¢ N(u,v), with d(v,s) < 2¢,
e rsfor r,s € N(u,v), but rs is not an edge of Lf(e), with d(r,s) < 2c¢;.

We select the shortest edge from the above options, iterating over all edges e with an acyclic
link, and add it to G. This process is repeated until no further edge of length at most 2¢; can
be added.

Similar to section 8.6, the constraint of adding only edges with a length of at most 2c¢;
maintains the possibility of digonal edge links.

8.9. Adding degree-3 edges

In a triangulation K of a closed 3-manifold, an edge e = uv of degree 3 is a candidate edge for
a bistellar flip that removes this edge; see [15]. In this step, we consider the opposite direction
where we have two 4-cliques, uabc and vabc, in G, as registered in the previous steps, for
which uv is not an edge of G. In other words, the edges of the two 4-cliques form a bipyramid
with apices u and v over a triangle abc. Figure 26 illustrates three such configurations, selected
from our showcase sample, with the five pores: a in blue, b in yellow, ¢ in green, u in red, and
v in pink. In the left case, the purple pore and the red pore are separated by the blue, yellow,
and green pores, whereas in the middle and right cases, the purple pore and the red pore are
neighbors. In the latter two cases, the three edges ab, ac, and bc form a triangular hole, and uv
is considered a missing edge. We add the edge uv to G whenever the distance between u and
v is at most 3¢;.
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This step impacts the average degree of a vertex and, consequently, the average face degree
of the primal simple regular CW decomposition. Thus, depending on the threshold 3¢, the
average degree should be considered as an interval rather than a fixed number.

In the case where a 3-clique is contained in more than two 4-cliques, we check the distance
for every pair of additional vertices. Similar to previous steps, no exact decision can be made
regarding whether to add a respective edge uv, as non-convex pores can have spikes, etc which
might lead to a wrong decision and perhaps excessive edges—a situation we need to address
later in section 8.11.

8.10. Detection of further holes in vertex links

In the previous two steps, additional edges were introduced, potentially enabling the detection
of further holes in the vertex links within Clique(G). However, instead of merely re-executing
the procedure outlined in section 8.7, we slightly relax the condition stipulated in that step,
which mandates that a cycle should consist solely of exposed edges. If such a cycle is not
found in a vertex link, we explore maximal paths in that vertex link composed exclusively of
exposed edges. If the two endpoints of such a path are connected by an edge in the link, we
anticipate this non-exposed edge to close the maximal path into a potential hole. Once again,
we iterate over all vertex links and all potential chords of the identified cycles, selecting the
shortest chord with a length of at most 5¢; to be added to G.

As highlighted earlier in section 8.7, if an edge e is part of two triangles within a vertex
link, these two triangles could be folded, as seen from the vertex. Consequently, even though
not strictly combinatorially exposed, e could be ‘geometrically exposed’ and aid in closing a
hole.

8.11. Removal of excessive edges

Commencing with the graph G as outlined in section 8.5, the introduction of edges to G in
sections 8.6 through 8.10 may introduce conflicts. In section 8.5, we initially incorporate all
edges with lengths not exceeding the threshold ¢y, as well as edges linking isolated pores to G,
without consideration of the relative positions of the pores-whether geometrically or combin-
atorially in the clique complex. This indiscriminate incorporation of edges in section 8.5 stems
from the initial lack of sufficient information on the vertex links within the clique complex of
G to judiciously determine the reasonability of including specific edges. The primary objective
of this section, as well as section 9.4, is to pinpoint potential surplus edges and eliminate them.

In a flag triangulation K of a closed 3-manifold, each 4-clique of Skel; (K?) constitutes a
tetrahedron of K>, and there are no cliques of larger size. For Delaunay triangulations dual to
Poisson—Voronoi diagrams, as observed experimentally in section 1, k-cliques with k > 7 are
infrequent. Consequently, in the graph G constructed thus far, it is prudent to examine all 6-
cliques to identify potential conflicts caused by a single edge within such a clique, which might
warrant its removal as an excessive edge. This examination will be conducted in section 8.15.
However, it is plausible that we have overlooked some edges in G at this stage due to unre-
solved holes. As a precautionary measure, and before scrutinizing 6-cliques, we perform a
more general check. In this check, we iterate over all vertices w of G and consider pairs (¢, )
comprising triangles ¢ = abc and edges e = uv in LG (w) = linkcjigue(g) (W) that intersect geo-
metrically. This intersection occurs when the triangle bary(.A)bary(B)bary(C) intersects the
edge bary (U )bary()). The objective is to establish conditions ensuring that the three pores A,
B, and C act as separators for the pores ¢f and V.
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Figure 27. Three pairs of (edge, triangle) from Step 8.11.

Figure 27 illustrates three configurations, each consisting of six pores, from the showcase
sample. In these configurations, the vertex-w pore is rendered in transparent gray, while the
a-, b-, and c-pores are in yellow, blue, and green, and the u- and v-pores are in red and purple,
respectively.

In figure 27(left), the a-, b-, and c-pores fail to act as separators for the u- and v-pores,
even though the edge bary(U{)bary()V) intersects the triangle bary(.A)bary(53)bary(C), albeit
marginally. To account for this, we declare an edge e =uv in LF(w) to be excessive if there
exists a triangle abc in L (w) such that:

e The edge bary({f)bary(V) intersects the triangle bary(.A)bary(5)bary(C), say at a point P.

e The barycentric coordinates of P in the segment bary (I )bary()), denoted as « and 3, satisfy
03<a,8<07.

e The distance between bary(U{) and bary(V) is greater than each of the distances
bary(A)bary(B), bary(A)bary(C), and bary(B)bary(C), i.e. uv is not short at a local scale.

e The distance between bary (/) and bary()) is at least 2¢y, i.e. uv is not short with respect to
the threshold c¢;.

In figure 27(left), the edge uv is not removed because the second condition is not satisfied.
However, in both the middle and right configurations, the edge uv is removed. In these cases,
a pore with a tentacle connects two distant pores, prompting us to adjust G by disconnecting
the red and purple pores, respectively.

To prevent the excessive removal of edges in this step and mitigate any bias introduced by
the choice of the initial vertex w for which triangles and edges of its link are inspected, we glob-
ally collect candidate excessive edges uv and order them by their length d(bary(U/), bary())).
The longest such edge is then removed first, and this process is iterated until no more candidate
excessive edges remain. The loop only considers pairs (¢, ¢) where both ¢ and e are faces of
some link L (w), focusing the search for excessive edges on a local configuration of pores.

8.12. Detection of further holes in vertex links: round 2

We revisit the procedure outlined in section 8.10, this time employing a larger threshold of 10c;
to address any remaining holes, and allowing the boundary of a triangulated disk to qualify as
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a candidate hole. It is crucial to note that edges removed as excessive in any previous step are
prohibited from being reintroduced.

8.13. Hamiltonicity of vertex-links and detection of digonal faces

Let K3 be a triangulation of a closed 3-manifold, and consider a vertex v in K*. As men-
tioned earlier, the complex linkgs(v) is a triangulated 2-sphere, and it is a subcomplex of
linkyigue(skel, (k7)) (V). Specifically, for a graph G to represent the 1-skeleton of a triangu-
lation of a closed 3-manifold, it is required that for every vertex v in G, the 2-skeleton
Skel (linkcjigue(cy (v)) must include a triangulated 2-sphere, and its vertex set must match the
set of vertices in link¢jique(g) (V)-

Definition 37. A finite two-dimensional simplicial complex K? is termed Hamiltonian if it
contains a triangulated 2-sphere with its vertex set being the vertices of K2. Such a sphere is
referred to as a Hamiltonian 2-sphere.

This is an immediate relaxation of only requiring that K> contains a homology 2-cycle
that ‘passes’ through all vertices. However, in the case where G is a complete graph, as we
would have for the 1-skeleton of a neighborly triangulation of a closed 3-manifold, L (v) =
linkcjigue(c) (v) is a simplex, and thus Skel, (L{;(v)) is Hamiltonian but lacks non-trivial homo-
logy 2-cycles.

Additionally, our definition of ‘Hamiltonian’ differs from requiring that the 1-skeleton of a
higher-dimensional complex should contain a Hamiltonian (edge-)cycle, as discussed in [36].

It follows directly from definition 37 that if the link complex L;(v) for some vertex v of G
is not Hamiltonian, then G cannot be the 1-skeleton of a triangulated 3-manifold.

To check whether Lf(v) is Hamiltonian, an exhaustive enumeration can be employed.
Assuming n is the number of vertices of L(v), a triangulated 2-sphere on n vertices has a
face vector f = (n,3n — 6,2n — 4). Therefore, we need to identify 2n — 4 out of the triangles
of LE;(v) to form a 2-sphere. As the set of triangles of L;(v) is a subset of the set of all triangles
on the n vertices, an adaptation of the enumeration procedure outlined in [71] will either return
a Hamiltonian 2-sphere or determine that L (v) is not Hamiltonian.

For larger links L, (v), this exact computation can be expensive, but it is not essential for our
purposes. As shown in figure 28 for the graph G of our showcase sample, as computed in the
previous sections, the number of triangles in a link essentially lies between 2n — 4 and twice
that number. However, there are two link outliers with n =5, one with four and one with five
triangles, falling below 2 -5 — 4 = 6 triangles. For these two cases (and also for a few others
with larger n), we assess below that they have digonal faces, allowing them to undercut the
number 2n — 4.

Since most links of vertices in the clique complex have between 2n — 4 and 4n — 8 triangles,
it can be checked heuristically in most cases whether L (v) contains a Hamiltonian 2-sphere
or not using the following steps (0) and the reductions (i)—(iii):

e Step 0: If LG (v) has a vertex w for which its link in L (v) contains no cycle, we declare the
link L (v) as not good and stop.

e Step i: If Lf;(v) has a vertex w for which its link in Lf;(v) is a 3-clique, we can delete w
from L (v), performing a bistellar flip that removes w. The resulting reduced complex then
contains a Hamiltonian 2-sphere on n — 1 vertices if and only if L (v) contains a Hamiltonian
2-sphere on n vertices.

e Step ii: If L (v) contains a 4-clique abced in which two nonadjacent edges, say ab and cd,
are each contained in exactly two triangles of Lf;(v), then we pick one of the edges, say ab,
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Figure 28. A scatter plot of the number of triangles in links of interior vertices in the
clique complex. The solid line corresponds to 2n — 4 triangles, which is the number
that a triangulated 2-sphere with n vertices has. The dashed line represents twice that
number.

as a free edge and remove it, effectively collapsing the tetrahedron abcd. Again, the reduced
complex contains a Hamiltonian 2-sphere if and only if LE(v) contains a Hamiltonian 2-
sphere.

We first perform (i) steps as long as possible, and then after each (ii) step, retry (i). If we find
a (not necessarily unique) Hamiltonian 2-sphere this way, we regard the link of v as good.

If the exhaustive search steps (i) and (ii) fail to find a Hamiltonian 2-sphere in LS (v), we
create a copy of the current link and continue with additional collapses:

Step iii: If LS (v) contains a 4-clique abed where one (or more) of its edges, say ab, is contained
in exactly two triangles (abc and abd) of LS (v), we once again take ab as a free edge to collapse
away the tetrahedron abed by removing ab from L (v). If the reduced complex contains a
Hamiltonian 2-sphere, then L (v) contains a Hamiltonian 2-sphere. However, the converse
need not hold.

If a Hamiltonian 2-sphere is found, the link Lg(v) of v is considered good. If not, we restart
with the processed link after performing the (i) and (ii) steps and initiate a backtrack search
for a Hamiltonian 2-sphere on the remaining triangles. A time limit of 20 s is imposed on this
search. In our showcase example, there were only two cases where the time limit was reached:
one for the largest pore with 107 neighbors (which, upon manual inspection, still had a hole in
its link and was later identified as multiconnected) and another pore with 19 neighbors, where
a Hamiltonian 2-sphere was not detected in its link within the time limit due to the high number
of triangles.

If a Hamiltonian 2-sphere is not found after the steps (i) + (ii) + (iii) + backtrack search,
or if a timeout occurs, the link Lg(v) of v is considered not good, and these links are collected.
The following additional check is then performed:

Step iv: [Digon situation] If a vertex v has a link L (v) that is not good, we iterate over all
vertices in Lg(v). If there exists a vertex u in Lf;(v) with only four or five neighbors in the
entire graph G, we examine whether the link Lf; () has a cycle (e.g. if L (u) is the boundary
of a tetrahedron). If Lf;(#) does not have a cycle, we test whether the removal of the edge vu
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makes the updated link Lf, , (v) Hamiltonian, and possibly also the links of other neighboring
vertices to u. If so, we term the corresponding pore U/ as a ‘football pore’ and temporarily
remove u from G. In this case, Lg;(u) contains a multi-edge, and a correct reconstruction of I/
would contain digonal facets.

For instance, in figure 12(left), the link of the blue pore, v, contains only one triangle, red—
black—yellow, that includes the black pore. The black pore, u, has only four neighbors in G
(red, yellow, blue, and green pores), and this configuration causes the link of the blue pore to
be not good.

In our showcase sample, only three configurations with digonal faces were found in Step
(iv) above. One involved a center black pore with four neighbors, and the other two had a center
pore with five neighbors (two on one side and one on the other). Removing these three football
pores resolved the link difficulties caused by digonal faces in our showcase sample. We store
these removals to reinstate the respective pores later for the computation of the average face
number. By focusing on vertices u with only four or five neighbors in G in our search, we might
overlook more general configurations involving football pores. However, such configurations
are expected to be rare, occurring mainly for small pores enclosed by very large pores.

For the remaining collected not-good links, the next step is to attempt adding edges to close
further holes, thereby potentially making additional links Hamiltonian.

Step v: [Addition of edges] If v is a vertex with a not-good link L (v), it may be due to missing
connections between v and a vertex w not yet in L (v) or between two vertices r and s in LS (v)
that should be connected. Candidate edges include those of the form vw, where w is a second
neighbor of v (i.e. not in the link L (v) but connected to v in G by a path of length two), and
edges rs that connect not-yet-connected vertices of LZ(v). The length of these edges must be
at most 10c;, and their addition to G must make the link of v Hamiltonian.

All these candidate edges are collected for all vertices of G having not-good links, and the
shortest one is selected and added to G. Subsequently, the graph G and affected vertex links
are updated.

8.14. Adding long edges to close remaining holes

In the 2D sketch shown in figure 24(g), the link of the largest pore forms a path that might be
closed by introducing a long edge between its end-vertices.

Revisiting the procedure outlined in section 8.7, we now examine candidate edges with
lengths up to 20c;. The process involves iteratively selecting the shortest candidate edge,
updating the configuration, and repeating as needed.

8.15. Removing not needed edges from 6-cliques

To streamline the subsequent computation of the dual triangulation, we undertake the removal
of edges in this step, focusing on those that may not be strictly necessary. The process involves
iterating over all 6-cliques and examining each edge vw within a 6-clique. We test whether the
removal of this edge from G maintains the Hamiltonicity for the links L (v), Lg;(w), and Lg; (u),
where u is a mutual neighbor of v and w. From the resulting set of candidate edges, we select
the longest one, eliminate it from G, and subsequently update both G and the impacted links.
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Figure 29. Comparison of the link of a vertex v in the clique complex: after completing
step 8.5 (left), after building the adjacency graph by step 8.15 (middle), and in the final
reconstructed triangulation (right).

8.16. Overview and other foam samples

Different foam samples might necessitate adjustments to the thresholds kc; corresponding to
various k values. However, for several samples akin to our showcase example, we obtained
comparable results with the aforementioned choices.

8.17 Computational complexity and scalability

The Hamiltonian 2-sphere detection step is a central component of our certification algorithm
and involves identifying spanning 2-spheres in the links of vertices. This task is computation-
ally challenging in general, as finding Hamiltonian cycles in graphs is NP-hard. However, in
our setting, these tests are applied locally-typically on link graphs with 10 to 25 vertices-which
keeps the problem tractable in practice.

Algorithm 4, which evaluates cycles in vertex links, is also computationally expensive. This
step requires computing all cycles in certain induced subgraphs, a process that can grow expo-
nentially in the worst case. Though heuristics and pruning help limit the number of candidate
cycles, this step remains one of the primary bottlenecks in the pipeline.

For the aluminum foam dataset containing 1911 pores, the full reconstruction process-
including all combinatorial and topological tests-was completed in approximately 19 h on
a MacBook Pro with an M1 chip and 16 GB of RAM (single-threaded implementation in
Python). Memory usage remained modest throughout since the algorithm relies solely on local
combinatorial operations.

While the method performs reliably for medium-sized datasets (up to a few thousand pores),
scalability to significantly larger systems (e.g. >10 000 pores) would require further optimiz-
ation. Potential improvements include: (1) parallelization of local computations, (2) memoiz-
ation of frequently encountered link configurations, and (3) use of physical constraints (e.g.
expected face degrees) to reduce the combinatorial search space.

Figure 29 depicts the progress of reconstructing the link of an interior vertex; left: the link
of the vertex after recording the initial adjacencies in Step 8.5. This link is evidently non-
Hamiltonian. Middle: the link in the clique complex after completing Step 8.15, presenting
multiple choices for Hamiltonian cycles. Right: the link in the triangulation we construct in
section 9.

In table 2, we provide the statistics of the adjacency graph after each step in this section,
excluding the final step, which will be discussed in the next section.
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Table 2. Progress of individual steps in constructing an adjacency graph.

Number of Number of Number of Average degree of

Step added edges  removed edges  all edges interior vertices
8.5 Adaptive computation 6431 0 6431 7.72
of nearest neighbors

8.6 Degree requirement for 2126 0 8557 10.58
edges

8.7 Detection of holes in 2031 0 10588 13.24
vertex links

8.8 Adding edges to close 483 0 11071 13.62
edge links

8.9 Adding degree-3 edges 102 0 11173 13.76
8.10 Detection of further 95 0 11268 13.77
holes in vertex links

8.11 Removal of excessive 0 56 11212 13.70
edges

8.12 Detection of further 69 0 11281 13.78
holes in vertex links (repeat)

8.13 Hamiltonicity of 17 0 11298 13.79
vertex-links and detection of

digonal faces

8.14 Adding long edges to 2 0 11300 13.80
close remaining holes

8.15 Removing not needed 0 12 11288 13.78
edges from 6-cliques

9.4 Repairing remaining 0 11 11277 13.76

problematic vertex links

9. Building the generalized triangulation

Let G denote the graph introduced in the preceding section, specifically for our showcase
sample. In the subsequent discussion, we maintain G as a constant (at least temporarily; only
in section 9.4 will we eliminate additional edges from G as excessive edges). Through the pro-
cesses outlined in the prior section, the majority of links among interior vertices in Clique(G)
are Hamiltonian, with only a few exceptions. These exceptions may arise due to factors such
as a pore being multi-connected to a neighboring pore, digons in its link, or boundary effects.

The objective of this section is to establish a consistent generalized triangulation, denoted
as K3, for the entire sample region, treating it as a 3-ball on the vertex set of G, with the graph
G as the 1-skeleton of K*. However, given the heuristic nature of our approach and the limited
assumptions on the input data, we may not achieve a consistent triangulation for every interior
vertex. The subset of vertices for which we encounter difficulties in constructing their vertex
stars is referred to as the fail part in our output.

9.1. An initial partial triangulation

Start with Lg;(v) = linkciique(c) (v). The optimal scenario is when L (v) forms a triangulated
2-sphere. In such instances, LE(v) is either the boundary of a tetrahedron or is flag*.
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Figure 30. Left: Barycenter locations of the 109 pores with triangulated 2-sphere links
in the clique complex; the eight colored dots highlight those with tetrahedral links.
Middle: Locations of the 259 pores featuring flag* links in the final triangulation. Right:
Locations of 88 (out of 1223) 5-cliques whose tunnels are changed.

For our featured sample, 109 vertices have their links determined this way, with eight ver-
tices having the boundary of a tetrahedron as their link, and 101 having flag* links. The distri-
bution of links by size is as follows:

4:8,6:10,7:8,8:8,9:8,10:19,11:13,12:15,13:6,14:4,15:4,16:2,18:1,19: 1.

Figure 30(left) illustrates the barycenter locations of these 109 pores. If two pores are neigh-
bors, they are connected by an edge. The eight red dots represent pores with tetrahedral links.
Figure 30(middle) displays a plot of the 259 pores with flag* links in the final triangulation,
including the 101 flag* pores from the left image. Once again, pores are connected by an edge
if they are neighbors. The distribution of these flag* pores is critical to our approach, forming
a backbone network throughout the sample, enhancing the likelihood of successfully recon-
structing links for additional neighboring pores. The larger holes in figure 30(left) correspond
to the locations of the largest pores in the sample, with the three largest ones (as in figure 15)
and their connecting edges to flag* pores indicated in red, green, and blue in figure 30(middle).

The pore with the flag* link comprising 19 vertices is highlighted in black in figure 31(left),
accompanied by visualizations of its link (middle) and its pseudo-realization (right). The black
pore has the pink pore as one of its neighbors; as determined by our reconstruction. The spike of
the pink pore influences the positioning of the representing vertex (barycenter) for the pink pore
in our visualization of the black pore’s link, causing it to be situated notably to the right. Despite
the somewhat non-convex, hummingbird-like shape of the pink pore, the reconstruction of this
link is easily accomplished owing to its flag*-ness.

In the more general case, if Lg;(v) is not a triangulated 2-sphere but includes a unique
Hamiltonian 2-sphere N2, we determine N? using algorithm 2. The resulting N? can be either
a stacked flag® 2-sphere or a stacked sc* 2-sphere (refer to [72] for further details).

If LY (v) has more than one Hamiltonian 2-cycle, this may arise from a local cross config-
uration, as illustrated in example 32 and discussed in section 8.7. In the presence of a single
cross, vertex v is part of a 5-clique where the cross forms a K4 in Lg;(v), leading to two distinct
Hamiltonian 2-cycles in L (v)-each utilizing two of the four triangles of the 4-clique.

More generally, if vertex v has a Hamiltonian link L;(v) and is situated in one or several
k-cliques where k > 5, then L;(v) is likely to contain more than one Hamiltonian 2-sphere.
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Figure 31. Left: The black pore has the pink pore among its 19 neighbors. Middle: The
link of the black pore with 19 vertices (depicted as a central thickened dot) showcases
the barycenter positions of the pores. The right-most dot signifies the pink pore, while
the red dots denote boundary pores. Right: Pseudo-realization of the simple polytope
representing the black pore.

Table 3. Progress along the individual steps in constructing a triangulation.

Statistics on the graph G: Number of Properly Properly Number of
- Number of certified reconstructed reconstructed changed
interior vertices: 991 4-cliques links of links of tunnels
- Number of interior edges: 8080 interior edges interior
- Number of 4-cliques: 10878 vertices

- Number of 5-cliques: 1223
- Number of 6-cliques: 0

Initial 109 interior vertices 1436 12.48% 11% -
with complete links

Combinatorial results of 4498 41.98% 17.66% —
algorithm 2

Geometric improvements by 4804 46.57% 20.79% —
algorithm 3

Algorithm 5: Intermediate 8299 97.02% 80.93% 0
result with default tunnels

Algorithm 5: Final result with 8328 98.18% 90.72% 88
changed tunnels

Step 9.3: Repairing remaining 8337 99.72% 97.66% 0
problematic edge links

Step 9.4: Repairing remaining 8337 99.81% 99.19% 0

problematic vertex links

We initiate algorithm 2 followed by algorithm 3 on the graph G representing our showcase
sample. The initial 109 vertices v with L(v) as a triangulated 2-sphere account for 11% of
the interior vertices. These are part of the 17.66% of interior vertices for which Lf;(v) contains
a unique Hamiltonian 2-sphere, as determined by algorithm 2. However, algorithm 3 demon-
strates limited progress, merely enhancing the fraction of successfully reconstructed vertex
links to 20.79% (refer to table 3). In contrast, if G represented the 1-skeleton of a geometric
triangulation K> for a convex 3-ball, algorithm 3 would facilitate the complete reconstruction
of the triangulation K* from its 1-skeleton. The subsequent section explores the reasons behind
the suboptimal performance of the geometric checks in algorithm 3 within the context of the
showcase sample.
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Figure 33. (Left) Possible configuration where edge dv pierces the empty triangle abc
and decertifies it. (Right) Possible configuration where edge dv fails to decertify triangle
abc but instead wrongly decertifies a neighboring triangle.

9.2. 5-cliques and tunnels

In the configuration shown in figure 32(left), we observe five interconnected pores forming
a K5 in G. Their barycenters form a bipyramid over a triangle, with the red, dark blue, and
green pores forming the base triangle and the yellow and light blue pores forming the apices
(figure 32 right). Due to the non-convexity of the yellow pore, we have a ring formed by
the green, light blue, and yellow pores, with the connection between red and dark blue pores
forming a ‘tunnel’ through this ring.

This observation prompts us to modify the initial geometric tunnel de (with respect to the
barycenters of the pores) through the empty triangle abc to the tunnel ab through the empty
triangle cde. According to corollary 30, only three out of the five tetrahedra of K5 can be present
in a triangulation (unless one of the vertices of the K5 is of degree 4 in G). In algorithm 3, step
1(ii) decertifies two of the five possible tetrahedra of a Ks, which is effective for geometric
triangulations but may lead to erroneous decisions in our specific situation.

Figure 33 illustrates a K5 for a central vertex v, along with its link (in gray). Assume that the
highlighted triangle abc is an empty triangle. Then, depending on the locations of the barycen-
ters of the pores, the edge dv either pierces the triangle abc (figure 33 left), thereby decertifying
it, or fails to decertify abc and instead erroneously decertifies a neighboring triangle (figure 33
right). If we make errors of this kind for multiple Ks’s, our reconstruction process may reach
an impasse.

To make matters worse, we might mistakenly decertify a tetrahedron abcd geometrically if
for some pore e neighboring, say, pore d, the edge de intersects the triangle abc, even though
the five pores a, b, c, d, and e do not form a Ks. See figure 34 for an example of such a
configuration.

This presents us with a quandary. Algorithm 3 is an effective tool for reconstructing a tri-
angulation from its graph in the case of geometric triangulations of convex 3-balls, such as
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Figure 34. Example of a configuration where edge de intersects triangle abc, leading to
the erroneous decertification of tetrahedron abcd despite the pores not forming a Ks.

Delaunay triangulations dual to Poisson—Voronoi diagrams. However, it fails when applied to
the graph G, where the vertices are positioned at the barycenters of the pores. To resolve this
issue, we propose a modified approach that omits steps 1 and 2 of algorithm 3, which involve
general decertifications. Instead, we focus on 5-cliques (excluding those with a degree-4 ver-
tex) for which corollary 30 establishes that at most three of their five 4-cliques can be present
in a triangulation. For each 5-clique, we initially set its tunnel geometrically as its default tun-
nel. However, we allow the tunnels to be modified if this leads to local improvements for the
involved vertex links.

In the event that an interior vertex v of G has degree 4 and its link L(v) is Hamiltonian,
meaning L (v) is the boundary of a tetrahedron, then we decertify this tetrahedron as a special
combinatorial case identified in Step 1(i) of algorithm 3. For any other 5-clique abcde of G
with vertices a, b, ¢, d, and e (barycenters of pores), the convex hull conv(a,b,c,d,e) either
forms a tetrahedron or a bipyramid over a triangle.

In cases where conv(a,b,c,d,e) forms a bipyramid over a triangle, we select the corres-
ponding geometric tunnel as the default tunnel. If conv(a,b,c,d,e) is a tetrahedron (with all
vertices having a degree of at least five), we randomly choose one of the ten possible tun-
nels combinatorially as the default tunnel. Each default tunnel choice leads to the decerti-
fication of two tetrahedra. We gather these tetrahedra and remove them from Clique(G) to
derive a reduced complex R C Clique(G). For each vertex v in G, linkg(v) C L;(v) holds true.
However, the selection of default tunnels might inadvertently puncture linkg (v) due to incorrect
decertifications, thus creating holes, even though the link L (v) was originally Hamiltonian.

We identify all vertices v where L;(v) is Hamiltonian, but linkg(v) is not, and place them
in a set V0. Subsequently, we attempt to close the holes for the vertices in V;,,, by adjusting
tunnels. We organize the set V,o, as a list, sorted in ascending order based on the weighted
distance of a pore’s barycenter from the overall barycenter of the cuboid in our showcase
sample.

Consider a vertex v belonging to V,,, with linkg(v) being non-Hamiltonian. As discussed
earlier in section 8.7, we identify exposed vertices of linkg(v) lying in exposed edges of the
link. We then examine all 5-cliques containing v and an exposed vertex of linkg(v). For each
such K5 denoted as vabcd, we determine the intersection A = {v,a,b,c,d} N Vyon. Since there
are (g) = 10 combinatorial choices for a tunnel in a 5-clique, we have nine options, apart from
the initially chosen tunnel, to change the tunnel.

For each of these nine tunnel change possibilities, we verify whether the chosen tunnel
removal excludes v from V), and, consequently, from A. Among these options, we select the
one that never adds any of the vertices of the K5 to A while minimizing the size of A. In other
words, we adopt a greedy approach to tunnel changes: we opt to change a tunnel if
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Algorithm 5. Compute a Partial Simplicial Complex Triangulation.

Input: Abstract graph G from section 8, where vertices represent pores of a metallic foam, subset Gy
of interior vertices of G, and pore barycenters Gpary
Output: Lists C, D, and U of certified, decertified, and undecided 4-cliques of G

0. Initialization. Set C, D, and U as the output of algorithm 2 applied to G.

1. Default tunnel selection. For each K5 in G without a vertex of degree 4, choose its default tunnel,
thereby decertifying two out of five 4-cliques in each such Ks.

2. Algorithm rerun with default tunnels. Rerun algorithm 2 on the reduced complex with the
default tunnels until no further progress is made.

3. Collection of vertices with bad links. Identify interior vertices v in G with Hamiltonian L (v) but
non-Hamiltonian links in the reduced complex.

4. Tunnel modification. Change tunnels until no further progress is made.

5. Result return. Return the updated lists C, D, and U.

(i) the link of v is repaired,
(i) no new holes are introduced for other vertices in linkg(v), and
(iii) the net effect, measured as the reduction in the total number of vertices with non-
Hamiltonian links in linkg(v), is maximal among the available options.

This strategy prevents us from getting stuck in loops but may result in leaving the link of v
unrepaired as we move on to the next vertex in V,,,. However, the repair of v may occur later
when it appears in the link of another vertex w. In such a case, v is removed from the set A’
corresponding to w and also from V.

The remaining vertices of A’ that remain unrepaired after changing a tunnel in a 5-clique
containing w may have experienced some improvement, addressing one of their issues but not
all. We gather all vertices of A’ that were processed before w and prioritize checking them
before moving on to the next vertex in the sorted list V;,, following w.

As mentioned earlier, algorithm 3 encounters challenges when decertifying graphs G that
do not represent the 1-skeleta of geometric triangulations. In the case of our graph G, the
algorithm erroneously decertifies 37 tetrahedra not situated in 5-cliques. These inaccuracies
persist when algorithm 2 is rerun, preventing the correction of these erroneous decertifications.
Consequently, only 20.79% of interior vertex links are properly reconstructed, as detailed in
table 3.

In contrast, when restricting geometric decertification to 5-cliques exclusively, combined
with the selection of default tunnels and the subsequent rerun of algorithm 2, we achieve
an 80.93% proper reconstruction of interior vertex links. Further improvement to 90.72% is
accomplished by modifying 88 tunnels, where each change met the improvement criteria out-
lined earlier. The corresponding 5-cliques with changed tunnels in our showcase sample are
depicted in figure 30(right), showing a sparse distribution across the sample.

9.3. Repairing remaining problematic edge links

Based on the current results following the execution of algorithm 5, as outlined in table 3,
98.18% of the interior edges now possess a triangulated 1-sphere as their link. In contrast, only
90.72% of the vertices have a triangulated 2-sphere as their link. For the remaining vertices
without a triangulated 2-sphere link, the vertex-links are often approximate spheres, potentially
featuring only a few vertices w in the link of v where the link of the corresponding edges vw
is not a triangulated 1-sphere.
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Our focus now shifts to rectifying these edge links that fall short of being triangulated 1-
spheres. Given the manageable number of such edges, we employ a brute force approach to
address these link issues.

The process begins with an edge e = uv identified with a faulty link. Let V, denote the set
of mutual neighbors of vertices u and v, and G, represent the subgraph induced by V, in G.
Additionally, C, denotes the set of simple cycles in G,., computed selectively based on the
sparsity of G,—a condition usually met for the foam structures in our input.

Among the cycles in C,, we gather those that do not disconnect the links of u or v within
the partial triangulation established so far. This subset of C, serves as the pool of candidates
for potential links of edge e in a proper triangulation. Iterating over these candidates, let C
be one such cycle. Temporarily adjusting the triangulation so that C becomes the link of e
(by adding and removing necessary tetrahedra for this purpose), we compute the difference
between the edges in the neighborhood of e that have had their links repaired and those that
have had their links compromised. This serves as a metric to monitor potential improvements.
We select the cycle maximizing this metric with this maximum being positive, considering a
similar metric for repaired vertex links as a tie-breaker (i.e. the difference between the vertices
in the neighborhood of e that have had their links repaired and those that have had their links
compromised), and modify the triangulation accordingly.

If no such cycle is found, we examine whether e qualifies as a multi-edge. To determine
this, we temporarily remove edge e from the triangulation and compute the links of vertices u
and v. If each link contains more than one hole, and these holes coincide, we categorize edge
e as a multi-edge.

In our study sample, this step identifies one pair of multi-connected pores, illustrated in
figure 11.

9.4. Repairing remaining problematic vertex links

After excluding multi-connected vertices and digons, 97.66% of interior vertices now exhibit
proper links. Once again, we employ a brute force methodology to identify potential excessive
edges in the links of the remaining interior vertices with non-proper links. For a given ver-
tex v with a non-proper link, the candidates are edges uv with distant corresponding pores,
dup(U,V) > c1, and the removal of edge uv repairs the link of v without impairing any links
in its vicinity. Following the approach outlined in section 8, we eliminate the candidate edge
with the most distant corresponding pores, update the list of candidates, and iterate until no
further candidate edges remain.

10. Limitations and conclusion

After implementing Step 9.4, the majority of interior vertices in our study sample now exhibit
proper links. However, certain cases necessitate manual investigation to identify local obstruc-
tions preventing them from achieving proper links. Figure 35 highlights three limitations of
our reconstruction method:

o Failure to identify excessive edges due to small pore distances: The green and yellow
pores are incorrectly identified as connected despite being separated by a thin layer of the
dark blue pore.

o Failure to detect multi-connections: The dark blue and red pores are not correctly identified
as having a multi-connection.
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Figure 35. Limitations of the proposed reconstruction method.

e Inaccurate pore distance estimation: The estimated distance between the dark blue and
light blue pores (15.91 ¢, as computed via the method outlined in section 8.2) is significantly
different from the actual distance (4.35¢y).

Typically, the first limitation is addressed in Step 9.4, while the second is captured in Step 9.3.
However, the simultaneous occurrence of both in the same vicinity is the primary cause of the
failure.

Another potential fail case might arise when, during computation and with the increase in ¢,
and ¢, we encounter a larger clique in the dual graph, i.e. a complete subgraph. Theoretically,
this can happen, as the Delaunay triangulation of a point set can be neighborly [43]. However,
cliques K, with r > 7 are infrequent. We conducted Delaunay triangulations for 100 Poisson
point processes in 3D, each consisting of 1000 points, and identified a 7-clique in only four of
those samples.

Failure can also occur when a foam (or another cellular material) exhibits a genuine defect,
meaning that, at a local level, the material loses its cellular structure. We identify and out-
put these failure cases F. Further analysis is then required, which may involve enhancing our
approach with additional heuristics (incurring extra computational cost) or physically assess-
ing whether the material indeed has a genuine defect.

To assess the robustness of our method, we applied it to additional x-ray tomography data-
sets beyond the aluminum foam sample discussed in detail. These included real-world metallic
foams with varying degrees of pore polydispersity and structural noise. Across these samples,
the reconstruction success rate ranged from 97% to 100%. We also tested the method on syn-
thetic foams generated via Laguerre—Voronoi tessellations, where the underlying ground-truth
topology is known. In all synthetic cases, the reconstruction rate was 100%. These results con-
firm the generalizability and accuracy of our algorithm across both empirical and controlled
settings.

In conclusion, a systematic analysis is essential to evaluate the geometric, topological struc-
ture, and combinatorial arrangement of foam pores, correlating these aspects with physical
properties. The method presented in this paper approximates foam pores with combinatorial
polytopes by leveraging neighborhood graphs and generalized triangulations, defining a ‘com-
binatorial profile’ of the foam. This enables meaningful computations of metrics such as the
average face degree and the distribution of combinatorial pore types.

By providing a structured framework for analyzing foam topology, this approach bridges
the gap between geometric reconstructions and combinatorial representations, offering a robust
tool for studying disordered cellular materials. Understanding the combinatorial structure of
foams is crucial for applications in material science, where properties such as mechanical
strength and thermal conductivity are closely tied to pore connectivity. Moreover, this method
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lays the groundwork for more advanced reconstructions by integrating additional geometric
and physical data, making it a valuable step toward more precise modeling of real-world foams.
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Appendix. Cellular decompositions of manifolds

In topology, general cellular complexes are typically described as CW complexes (see [44]),
with topological balls serving as their building blocks. Specifically, each cell ¢ is homeo-
morphic to a k-dimensional (open) ball B = {x € E* | ||x|| < 1} in a Euclidean space E* for
some k.

A CW complex X is a Hausdorff topological space decomposed into a disjoint union of open
cells ¢, satisfying two key conditions:

e Closure-finiteness: Let the (k — I)-skeleton X;_; of X be the union of all cells of X of
dimension at most k — 1. Then, for any open k-cell ¢ of X, there exists a continuous map
fo:B*={x€ E*|||x|| <1} — X on the closed ball B* such that f.(B*) = ¢ and f.(B*), the
closure of c, intersects only finitely many cells of X;_;. The restriction f| ot Of Je to the

boundary OBF of By is called the attaching map for c. o
e Weak topology: A subset ¥ C X is closed in X if and only if Y Nf.(B¥) is closed for every
cell ¢ of X, meaning Y intersects the closure of each cell in a closed set.

CW complexes follow an inductive building procedure, commencing with a discrete set of
points called vertices. Subsequently, 1-cells, called edges are attached, followed by 2-cells, and
so forth. The continuous maps that incorporate cells need only adhere to the specified restric-
tions, often enabling economical decompositions of topological spaces as CW complexes. For
instance, the d-dimensional sphere S? can be decomposed into a CW complex with only two
cells: one zero-dimensional cell and one d-dimensional cell, where the entire boundary of the
latter is mapped to the single vertex under the attaching map. o

Regular CW complexes are CW complexes for which f: B¥ — f(B¥) C X is a homeomorph-
ism for every cell ¢ of X, indicating that the closure of a cell ¢ in X is a closed ball. In such
complexes, two cells may intersect in disjoint sets, potentially of different dimensions. For
example, in one-dimensional regular CW complexes viewed as graphs, parallel edges can exist.

Strongly regular CW complexes extend the regularity condition by ensuring that any two
closed cells intersect in a single closed cell, which may be empty. These complexes can be
combinatorially encoded through the incidence structure of their cells.
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Polytopal complexes are a subset of strongly regular CW complexes, with the added require-
ment that the closure of every k-cell is realizable as a k-dimensional polytope. A polytopal
complex is called pure if all of its inclusion-maximal faces share the same dimension.

Generalized triangulations of d-manifolds, whether with or without boundaries, are col-
lections of d-simplices whose (d — 1)-faces are affinely glued together in pairs, resulting in
a complex that is homeomorphic to the d-manifold (see [23]). For instance, identifying both
vertices of a single edge provides a generalized triangulation of the 1-sphere S'.

While CW complexes are permitted to have infinitely many cells and can even be of infinite
dimension, for the purpose of our discussion, we exclusively focus on finite CW complexes
characterized by a finite number of faces. When considering decompositions of Euclidean
spaces E?, we also allow for (possibly non-bounded) polyhedral cells, which are intersections
of finitely many closed half-spaces.
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