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Bayesian optimization with Gaussian process surrogates is a popular approach

for optimizing expensive-to-evaluate functions in terms of time, energy, or compu-

tational resources. Typically, a Gaussian process models a scalar objective derived

from observed data. However, in many real-world applications, the objective is a

combination of multiple outputs from physical experiments or simulations. Convert-

ing these multidimensional observations into a single scalar can lead to information

loss, slowing convergence and yielding suboptimal results. To address this, we pro-

pose to use multi-output Gaussian processes to learn the full vector of observations

directly, before mapping them to the scalar objective via an inexpensive analytical

function. This physics-informed approach retains more information from the un-

derlying physical processes, improving surrogate model accuracy. As a result, the

approach accelerates optimization and produces better final designs compared to

standard implementations.

I. INTRODUCTION

Bayesian decision theory with Gaussian processes (GPs) has become a powerful machine

learning tool for approximating and optimizing cost functions in physical processes [1–4].
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Using Bayesian conditioning on all observed data, GPs construct a probabilistic surrogate

model of the objective function. This enables accurate predictions in regions of the param-

eter space with sufficient data but also allows to quantify uncertainty in regions where data

is scarce. Bayesian optimization (BO) strategies use this uncertainty information for strate-

gically balancing exploration of the parameter space with exploitation of high-performance

regions. Typically, this improves the optimization efficiency and reduces the number of

required evaluations to find the globally optimal solution [3, 4].

The balanced exploration and exploitation of the parameter space works best for medium-

dimensional problems with typically 4 to 15 parameters. In higher dimensions with abundant

local minima, the global search for optimum becomes impractical due to the exponential

growth of the parameter space known as curse of dimensionality. In these cases, local

gradient-based strategies like the quasi-Newton L-BFGS [5] or SLSQP [6] are often more

suitable.

BO is particularly valuable for costly objective functions – whether in terms of time,

computational resources, or energy consumption – where the gain of reducing the required

number of iterations outweighs the computational overhead of training and evaluating GPs.

In nanophotonics, for example, optimizing device designs often involves minimizing a cost

function derived from the solution of Maxwell’s equations. Thus, the optimization requires

repeated calls to numerical solvers which are computationally demanding [7–9].

The GP’s accuracy has a strong impact on the performance of BO. The next sample to be

evaluated is chosen at the maximum of some acquisition function. The acquisition function

uses the GP’s probability distribution to determine the utility of an evaluation. For the case

of a minimization, this utility is large if the mean of the distribution is sufficiently small

(exploitation) or if the uncertainty is sufficiently large (exploration). Inaccurate predictions

of the mean or uncertainty can thus deteriorate the local convergence or the balance between

exploration and exploitation.

In order to increase the fidelity of the predicted distributions, we propose to leverage the

knowledge of physical inputs to the objective function. Throughout this work, we denote

by f(p) : X → Rk a vector-valued observable coming from a numerical simulation or mea-

surements of a physical experiment, and by g(p) : X → R a scalar-valued objective function

constructed from the components of f(p). Here, p ∈ X ⊆ Rd is the tunable parameter vec-

tor in a d-dimensional search space. To bring the problem into practical light, we consider a
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typical inverse design problem in nanophotonics. The scalar objective g(p), which is to be

minimized over the search space spanned by the device’s geometric parameters collected in

vector p, is commonly defined as the deviation from the desired functionality of the device.

For example, in the inverse design of the beam-splitter, which we describe in detail in sub-

section IVA, the objective function g(p) quantifies the deviation from a perfectly uniform

distribution of optical power carried by diffraction orders. In this case, the power fluxes

associated with each diffraction order are collected into the vector-valued observable f(p),

and the scalar objective g(p) is defined as the variance among the components of f(p).

In this work we show, that training the GP on values of g while neglecting the individual

components of the observable f is associated with an information loss and thus limits the

efficiency of classical BO. On the other hand, multi-output GPs trained on observations

of f produce multivariate-normal predictions that can be used to determine more faithful

estimates of the distribution of possible values of g and thus improve the performance of

BO.

The concept of BO for general composite functions has been introduced by Astudillo and

Frazier [10]. They propose to train multi-output GPs to learn a multivariate normal random

variable f̂(p) ∼ N (µ(p),Σ(p)) of observables. The general mapping f̂ 7→ ĝ leads then to a

non-Gaussian, non-analytical distribution of ĝ. However, the acquisition functions such as,

for example, expected improvement, can be evaluated numerically through a Monte-Carlo

scheme.

For the case of minimizing a Chi-squared deviation g(p) =
∑k

i=1 (fi(p)− ti)
2 to a target

vector t = (t1, · · · , tk)⊤, Uhrenholt and Jensen [11] proposed to train k independent GP

models that predict Gaussian distributions f̂i(p) ∼ N
(
µi(p), σ

2
i (p)

)
, 1 ≤ i ≤ k. The distri-

bution of the random variable χ̂2(p) =
∑k

i=1

(
f̂i(p) − ti

)2
is approximated by an analytic

non-central Chi-squared distribution in order to define analytic acquisition functions. The

approach works well for a moderate number of output dimensions k. For inverse measure-

ment applications with k > 100 measurement results, the use of k independent GPs leads to

large computational costs and seriously underestimates the probability of finding small Chi-

squared values. Plock et al. have extended the approach to large k values by introducing

an effective degree of freedom k̃ < k and using a multi-output GP with a shared covariance

function [12].

In this work, we consider the optimization of physical systems based on a minimization of
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an objective g(p) that depends in an arbitrary nonlinear manner on the vectorial physical

response f (p) of the system [10]. We benchmark this physics-informed BO method against

standard BO using a single-output GP and other heuristic optimization methods on three

real-world problems from distinct engineering domains. We provide explanations for the

observed superior optimization performance of physics-informed BO by analyzing the pre-

diction accuracy of its surrogate.

This article is structured as follows: In section II, for the sake of completeness, we introduce

the notation and the standard theory around single-output BO. Section III details the pro-

posed physics-informed method and highlights its key benefits and possible shortcomings.

Section IV presents numerical experiments drawn from real-world engineering applications

which demonstrate the significant advantages of physics-informed BO. We discuss the ob-

served results and conclude the work in section V.

II. SINGLE-OUTPUT BAYESIAN OPTIMIZATION

This section provides a concise overview of standard Bayesian optimization utilizing

single-output Gaussian processes.

A. Single-output Gaussian process

Bayesian inference starts with a definition of the prior distribution over functions which

reflects our assumptions about the objective before any data is observed [1, 3]. In the context

of GPs, the prior is specified by a mean function µ : X ⊆ Rd → R and a positive definite

covariance function k : X × X → R. Here we consider the common choice of a constant

mean function

µ(p) = µ0, (1)

and a stationary 5/2-Matérn covariance function [13]

k(p,p′) = σ2
0

(
1 +

√
5 d+

5

3
d2
)
exp

(
−
√
5 d
)
, (2)

that depends only on the variance σ0 and the relative distance d between the points p and

p′

d(p,p′) =

√√√√ d∑
i=1

(pi − p′i)
2

l2i
(3)
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normalized by length scales l1, · · · , ld for each dimension. For any finite set of points P =

[p1, ...,pN ], the random function values ĝ(P ) = [ĝ(p1), · · · , ĝ(pN)]
⊤ follow a multivariate

normal (MVN) distribution

ĝ(P ) ∼ N (µ,K) with

µ = [µ(p1), · · · , µ(pN)]
⊤ = µ01, (4)

K = [k(pi,pj)]1≤i,j≤N , (5)

where µ and K denote prior distribution mean vector and covariance matrix of points in P ,

respectively. We consider partitioning the set P = Pt∪Pq into the subset Pt of points with

known objective values g(Pt) (training points) and the subset Pq of query points. Using

Bayesian inference, the conditional distribution of the function values at the query points

g(Pq) is

P (g(Pq) | g(Pt)) =
P (g(P ))

P (g(Pt))
, (6)

where P (·) is the probability density function of an observation. This conditional MVN

distribution has the closed form [1, 3]

ĝ(Pq) | g(Pt) ∼ N (µ′,K ′) with

µ′ = µ01q +K⊤
tqK

−1
tt (g(Pt)− µ01t) , (7)

K ′ = Kqq −K⊤
tqK

−1
tt Ktq. (8)

Here, 1q and 1t are vectors with entries 1 of dimension ∥Pq∥ and ∥Pt∥. Kqq and Ktt are the

covariance matrices of points in Pq and Pt, respectively. Ktq denotes the cross-covariance

matrix between the points in Pt and Pq, while µ
′ and K ′ represent conditional mean vector

and covariance matrix, respectively.

The prior distribution, and thus the conditional posterior distribution, depend strongly

on the values of the hyperparameters for the mean µ0, the variance σ
2
0, and the length scales

l1, · · · , ld. Therefore, these are adapted to the data by choosing values that maximize the

probability density P (g(Pt)) with ĝ(Pt) ∼ N (µ01t,Ktt).

The inversion of the covariance matrix Ktt of the training points is not done directly.

Instead, a Cholesky factorization is performed for the sake of better numerical stability. This

linear algebra operation, required at every iteration of BO, has a computational complexity

of O(T 3), in the number of training points T .
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B. Optimization policy and acquisition function

Bayesian optimization is a sequential algorithm; given the T training points in the search

space X , the algorithm selects a next training point pT+1 that maximizes an acquisition

function [2]. This function describes the utility of a training point and is designed to guide

the search for the optimum by balancing exploration (sampling in areas of parameter space

with high uncertainty) and exploitation (sampling in areas where the function is predicted

to be optimal). The goal is to reduce the number of expensive objective function evaluations

needed to find the global optimum by using information from previous evaluations. In the

benchmark examples presented in section IV, each optimization run entails a series of calls

to the numerical solver. For the particular problems considered, a single call may take from a

few seconds to several minutes. However, as the numerical problem becomes more complex,

it is not uncommon for a single evaluation to require several hours, even when executed on

high-performance computing architectures. One of the most common acquisition functions

is expected improvement (EI), defined as:

αEI(pq) = E [min (0, gmin − ĝ(pq))] , (9)

where gmin = min{g(p1), · · · , g(pT )} is the best objective evaluation observed so far. Using

Eqs. (7) and (8) to obtain the normal distribution for ĝ(pq) (setting Pq = [pq]), the

expression (9) is analytically tractable.

The principle of single-output BO is summarized in Fig. 1.
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⋮

Physical 

response ����

Input parameters �
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⋮

�	

⋮

⋮

Query to maximize 

acquisition function


��� � Φ ����

Predictions



����
Single-output 
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��

FIG. 1: Principle of single-output Bayesian optimization: The physical response of an expensive

black box is mapped to an objective value g(p). A single-output GP is trained on each evaluated

sample [g(p1), · · · , g(pT )]. The acquisition function is maximized by querying the GP obtaining

Gaussian predictions ĝ(pq).

III. PHYSICS-INFORMED BAYESIAN OPTIMIZATION

In many optimization scenarios, the physical output of the process under investigation is

vectorial. Examples are spectral, temporal or angular responses of a physical system. For

the optimization of the system, the response f(p) is mapped to a scalar value, i. e.

g(p) = Φ(f(p)) (10)

to be minimized (or maximized). The mapping Φ : Rk → R often includes quadratic differ-

ences to a target response, but can in general have any form. It formalizes how individual

components of f(p) are combined into the scalar objective g(p). For example, in the beam-

splitter case, subsection IVA, Φ computes the variance among the diffraction order power

fluxes. In the BEC transport optimization problem, subsection IVB, Φ maps the dynamical

properties of the condensate to the final energy objective. Finally, in the color-optimization

of the perovskite solar cells, subsection IVC, the learned p-dependent variables are mapped

into a color-distance measure that serves as the scalar objective. Training a GP only on

mapped values g(Pt) = [g(p1), · · · , g(pT )] leads to a loss of information. For example, the

Chi-squared deviation g(p) =
∑k

i=1 (fi(p)− ti)
2 to a target response t = (t1, · · · , tk)⊤ can-

not have negative values, while the MVN conditional distribution for ĝ(Pq) described by

Eqs. (7) and (8) has always a non-vanishing density for negative values [11]. Moreover, a

linear approximation of the outputs fi(p) can be used to obtain a higher-order quadratic
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approximation of g(p).

By training a multi-output GP on the physical response of the system, this information

loss can be significantly reduced. This section describes the extension of single-output GPs

to multi-output GPs and the mapping of their predictions in order to determine the value

of the acquisition function.

A. Multi-output Gaussian process

To define a multi-output GP, we specify a multi-output constant prior mean function

µmo : X ⊆ Rd → Rk as

µmo(p) = µ0. (11)

The multi-output prior covariance function kmo : X × X → Rk × Rk is defined as

kmo(p,p
′) = K0 · κ(p,p′), (12)

where K0 is a constant symmetric positive semi-definite k× k matrix describing the covari-

ance between the outputs, and κ(p,p′) describes the correlation between points in X [14, 15].

We use the same definition as in Eqs. (1), (2), only with σ2
0 = 1 (the variance of all outputs

is explained fully by K0).

In analogy to Eqs. (7) and (8), Bayesian inference leads to a MVN distribution for the

vectorial output at different query positions Pq. For evaluating the acquisition function, we

only need the posterior for a single query point Pq = [pq]. The conditional MVN posterior

for that single point evaluates to

f̂(pq) |Ft ∼ N (µ′,K ′) with

[µ′]i = [µ0]i +
T∑

m,n=1

κ(pq,pm)
[
K−1

tt

]
mn

(fi(pn)− [µ0]i) , (13)

K ′ = K0

[
1−

T∑
m,n=1

κ(pq,pm)
[
K−1

tt

]
mn

κ(pn,pq)

]
. (14)

Here, Ft =
[
f1(p1), · · · , f1(pT ), fk(p1), · · · , fk(pT )

]⊤
denotes the vector of training data and

Ktt is the T×T correlation matrix of the training points. Moreover, µ′ and K ′ represent the

conditional mean vector and the covariance matrix evaluated at a point pq with the indices

n and m running over all training data. We note, that due to the multiplicative definition
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of the covariance function in Eq. (12), the conditional mean [µ′]i for each channel 1 ≤ i ≤ k

is independent of observations fj(pm) in other channels j ̸= i.

As for the single-output case, the hyperparameters are chosen to maximize the probability

density of the training data P (Ft), where F̂t ∼ N (µ0 ⊗ 1T ,K0 ⊗Ktt). For optimizing µ0,

we consider terms of the log-probability that depend on µ0,

log [P (Ft)] =− 1

2

k∑
i,j=1

T∑
m,n=1

Xim

[
K−1

0

]
ij

[
K−1

tt

]
mn

Xjn + const.,

with Xim =fi(pm)− [µ0]i.

(15)

At the maximum, we have ∂ log [P (Ft)] /∂[µ0]i = 0. This yields the optimal value

[µ0]i =

∑T
m,n=1

[
K−1

tt

]
mn

fi(pn)∑T
m,n=1

[
K−1

tt

]
mn

. (16)

Likewise, the optimal choice of the k× k matrix K0 of the covariance hyperparameters can

be obtained in closed form as [16]

[K0]ij =
1

T
Y ⊤

i K−1
tt Yj with Yi = [fi(p1), · · · , fi(pT )]

⊤ − µ0. (17)

We note, that for a moderate number of outputs k, the overhead of a multi-output GP for

f(p) over a single-output GP for g(p) is not significant, as discussed by Plock et al. [12].

The reason is that the correlation κ(p,p′) between points p,p′ ∈ X in the search space

is assumed to be identical for all k × k outputs of the multi-output covariance function

(see Eq. (12)). The additional computational overhead arises from the estimation of the

posterior mean for each output defined in Eq. (13), due to the different data across the

channels coming from components of the vector-valued observable f(p). The corresponding

computational cost scales as O(k · T 2) with the number of training points T compared to

O(T 2) for a single-output GP. In some cases, the correlation lengths (i.e. the length scales

defined in Eq. (3)) can differ between the outputs. Then, it can be preferable to split the

multi-output GP into a set of independent single or multi-output GPs [17, 18].

B. Optimization policy and acquisition function

Generally, the random variable ĝ(pq) = Φ
(
f̂(pq)

)
is non-Gaussian and has no closed

form that would allow to evaluate the acquisition function in Eq. (9) analytically. In this
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case, one can determine the expectation value by Monte-Carlo sampling. That is, one

draws S i.i.d. samples (e. g. S = 104) from the distribution described by Eqs. (13)

and (14) – or from the distributions of the set of independent single or multi-output

GPs, and from the drawn samples
[
f̃1(pq), . . . , f̃S(pq)

]
one computes the mapped sam-

ples
[
g̃1(pq), . . . , g̃S(pq)

]
=
[
Φ(f̃1(pq)), . . . ,Φ(f̃S(pq))

]
. In most cases, the mapping Φ can

be computed efficiently and can be even vectorized, such that it does not lead to a sig-

nificant computational overhead. With these samples, one can approximate the expected

improvement as

αEI(pq) ≈ α̃EI(pq) =
1

S

S∑
i=1

min (0, gmin − g̃i(pq)) . (18)

In order to maximize the expected improvement, it is desirable that α̃EI(pq) is differentiable

with respect to pq. To this end, one can use the reparametrization trick [10, 19]. That is,

one draws initially S i.i.d. samples h1, · · · ,hS ∈ Rk from a standard normal distribution

and for each query point pq one scales the samples to have the right mean µ′ Eq. (13) and

covariance K ′ Eq. (14), i. e.

f̃i(pq) = µ′ +L′hi, (19)

where L′ is the Cholesky decomposition of K ′. The principle of physics-informed BO is

summarized in Fig. 2.

⋮

Physical 

response ����

Input parameters �

��
��
⋮

�	

⋮

⋮

Query to maximize 

acquisition function


����� 
 Φ ������

Predictions ������

Multi-output 

GP

��

FIG. 2: Principle of physics-informed Bayesian optimization: A multi-output GP is trained on

each physical response [f(p1), · · · ,f(pT )] of an expensive black box. More generally, also

multiple independent single or multi-output GPs can be used. The MVN prediction f̂(pq) at a

query point pq is mapped to a scalar posterior ĝ(pq). This generally sample-based posterior is

used to maximize a Monte-Carlo approximation of the acquisition function.
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C. Illustrative examples

In order to illustrate the approach, we consider three nonlinear vector-valued synthetic

examples consisting of three components (k = 3) defined in one-dimensional parameter space

(d = 1). For the first example, we choose f(x) = [10x2, sin(4x), 1.05 + sin(4x)]⊤ with the

goal to fit the objective g(x) = 10x2 + sin(4x)
1.05+sin(4x)

, constructed from the combination of its

components, on the interval −π ≤ x ≤ π. This simple example is illustrative because the

objective function f(x) has four pronounced sharp minima in the search space, while all

components of f(x) are relatively smooth. We define three different GP surrogates,

1. a single-output GP trained with values of the objective g(x) with Gaussian posterior

ĝso(x),

2. a multi-output GP trained with values of the objective f(x) with mapped sample-

based posterior ĝmo(x),

3. a set of three independent single-output GPs trained on each component of f(x) with

mapped sample-based posterior ĝmgp(x).

The last approach determines an optimal length scale for each component individually, while

the second approach uses only one length scale for all three components. While the first

approach provides a Gaussian posterior defined by its mean and standard deviation, the

properties of the other posteriors in terms of a median and uncertainty range between the

16% and 84% quantiles are determined based on 2000 samples.

As shown in Fig. 3, the synthetic example presents a challenging problem for the standard

single-output GP with posterior ĝso(x) (see Fig. 3 panel (a)). The reason is, that g(x) has

narrow minima resulting in a small optimal length scale. Hence, at many query points the

correlation with the training points is assumed to be small leading to a large uncertainty

and a tendency to predict values closer to the mean value. Very short characteristic length

scales produce a posterior with low quality of interpolation through the data and high

uncertainty, especially in the regions where the objective landscape is smooth (see Fig.

3 panel (a)). The relatively large uncertainty leads to a very explorative search, which

deteriorates the convergence of the algorithm. On the contrary, the three-output GP with

posterior ĝmo(x) matches g(x) much better (see Fig. 3 panel (b)). A very similar result is

obtained by three independent single-output GPs with posterior ĝmgp(x) (see Fig. 3 panel
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(c)). The similarity between ĝmo(x) and ĝmgp(x) arises from the comparable length scales

that characterize all the components of f(x). The second example highlights the advantage

20

0

g(
x) (a)

g(x) observations mean mean +/- standard deviation

20

0
g(

x) (b)

g(x) observations median central 68% interval

3 2 1 0 1 2 3
x

20

0

g(
x) (c)

g(x) observations median central 68% interval

FIG. 3: Fitting the synthetic example defined as g(x) = 10x2 + sin(4x)
1.05+sin(4x) on the domain

−π ≤ x ≤ π using three different machine learning models on 25 points. Panels correspond to

predictive distributions of: single-output GP with posterior ĝso(x) (panel (a)), multi-output GP

with posterior ĝmo(x) (panel (b)), and three single-output GPs with posterior ĝmgp(x) (panel (c)).

of incorporating additional information inherent to multi-output models. We consider the

synthetic function f(x) = [3 sin(3x), x, 0.5x2]⊤ and aim to fit its squared 2-norm, i.e., g(x) =

∥f(x)∥2 = 9 sin2(3x) + x2 + 0.25x4 on the domain −1 ≤ x ≤ 1. The function is sampled

at 9 points, deliberately excluding those near the global minimum to assess the impact of

missing critical information on the surrogate models’ accuracy. Here, all the components

of f(x) as well as the objective g(x) are smooth functions in the search space that can be

easily interpolated by GPs. Indeed, as we can observe from Fig. 4, the surrogates ĝso(x),

ĝmo(x) and ĝmgp(x) appear similar globally, but near the minimum, the models trained on

the components of f(x) provide a more accurate estimation of the true objective due to

the additional information. Specifically, accurate linear models of the components around

the minimum lead to an accurate quadratic model of g(x). Especially in higher-dimensional

search spaces where the sample points are scarce, an accurate quadratic model facilitates a

quicker convergence to the local minimum as will be demonstrated by numerical examples

in section IV. The final synthetic function provides a counter-example where models trained

on the components of f(x) provide a less accurate estimation of the objective compared

to a model trained on the objective directly. We fit the squared 2-norm of a vector-valued
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0
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g(
x) (a)

g(x) observations mean mean +/- standard deviation

0

5g(
x) (b)
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1.00 0.75 0.50 0.25 0.00 0.25 0.50 0.75 1.00
x

0

5g(
x) (c)
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FIG. 4: Fitting the synthetic example defined as g(x) = 9 sin2(3x) + x2 + 0.25x4 on the domain

−1 ≤ x ≤ 1 using three different GP models on 9 points. Panels correspond to predictive

distributions of: single-output GP with posterior ĝso(x) (panel (a)), multi-output GP with

posterior ĝmo(x) (panel (b)), and three single-output GPs with posterior ĝmgp(x) (panel (c)).

function f(x) = [sin(4x), cos(4x), x]⊤ over the domain −π ≤ x ≤ π using 12 points. This

scenario is unfavorable for multi-output methods due to the oscillatory nature of the two

harmonic components of f(x) which are generally more challenging to fit than the final

quadratic objective g(x) = ∥f(x)∥2 = sin2(4x) + cos2(4x) + x2 = 1 + x2 that does not

oscillate at all. We note that this behavior can be common in practice. For example, in

photonics the solution of the time-harmonic Maxwell’s equations at some observed position

contains phase information of the scattered field response Ep = ∥Ep∥eiφp êp, p = x, y, z.

The phases φp depend sensitively on the shape of the scatterer. However, the objective is

often a function of the intensity of the scattered field I ∝ ∥E∥2 , which is insensitive to

the phase information. As evidenced in Fig. 5, the GPs trained on the components of f(x)

provide less accurate surrogate models than the GP directly trained on g(x). This effect

is particularly pronounced for the posterior ĝmo(x) that uses a single length scale for all

components. If the length scale for the third component is allowed to be larger, the general

trend of the objective can be better represented.
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FIG. 5: Fitting the synthetic example defined as g(x) = sin2(4x) + cos2(4x) + x2 on the domain

−π ≤ x ≤ π using three different GP models on 12 points. Panels correspond to predictive

distributions of: single-output GP with posterior ĝso(x) (panel (a)), multi-output GP with

posterior ĝmo(x) (panel (b)), and three single-output GPs with posterior ĝmgp(x) (panel (c)).

IV. NUMERICAL EXPERIMENTS

In this section, we assess the performance of physics-informed BO for three optimiza-

tion problems from distinct areas of engineering and physics. We benchmark physics-

informed BO against classic single-output BO and three heuristic optimization meth-

ods, differential evolution (DE), covariance matrix adaptation evolution strategy (CMA-

ES) [20], and downhill simplex (Nelder-Mead) search [21]. All methods are implemented

in JCMwave’s optimization suite JCMoptimizer [22] based mainly on the Python packages

scipy.optimize [23] and PyTorch. Each optimization algorithm is executed 10 times from

different initial random conditions in order to account for the variability in performance due

to different initial samples and the stochastic components in the optimization process. The

effectiveness of heuristic algorithms is heavily influenced by a number of hyperparameters

which can be adjusted to best fit the specific optimization problem at hand. This process is

time-consuming, so we leave them at default values for all the benchmarks.
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A. Inverse design of a beam-splitter

Sub-wavelength metasurfaces have received significant attention due to their compactness

and flexibility in controlling the phase of the light field [24]. Due to the optical coupling of

meta-atoms – the metasurface building blocks – optimal designs beyond a library approach

are commonly found by their iterative optimization assisted by numerical simulations. As

a representative example, we consider a metasurface that acts as a large-angle beam split-

ter [25] with the aim to scatter light with equal power flux into all diffraction orders.

The considered device consists of periodically aligned supercells constructed from sev-

eral meta-atoms of different sizes, see Fig. 6. For this study, we focus on the 1D design

of the beam-splitter as outlined in [25], assuming geometrical invariance in one direction,

allowing for more elaborate benchmark results due to the fast forward problem evaluation.

The metasurface is illuminated with a x-polarized plane wave at a wavelength of 1.55 µm

propagating along the y-axis, indicated by the wave vector k = ∥k∥ây (Fig. 6). The period

of the supercell is 7.15 µm allowing for nine diffraction orders (0,±1,±2,±3,±4) covering

the angular range of 120◦. We solve for the electromagnetic fields arising from the interac-

tion of the impinging plane wave and the metasurface by discretizing Maxwell’s equations in

the frequency domain with higher-order finite element method implemented in the software

package JCMsuite [26]. We restrict the numerical analysis to one supercell and account for

metasurface periodicity by assigning periodic boundary conditions in the x -direction. The

infinite domain is truncated by applying perfectly matched layers in the y-direction, and

we further reduce the computational domain by half by imposing a mirror-symmetry of the

supercell geometry. In the post-processing step, the computed electromagnetic field in the

homogeneous half-space above the metasurface is decomposed into a discrete spectrum of

diffraction order plane waves via Fourier transform. The positive and negative diffraction

orders are identical because of the symmetry present in the supercell geometry, resulting in

total of five independent diffracted plane waves.

The design objective in the six-dimensional parameter space X of meta-atom widths

p = (d1, · · · , d6)⊤ ∈ X = [200.0 nm, 600.0 nm]6 (see Fig. 6) is to minimize the variance of

the power fluxes of the 9 diffracted plane waves

g(p) =
1

9

9∑
k=1

f 2
i (p)−

(
1

9

9∑
k=1

fi(p)

)2

, (20)
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FIG. 6: The beam-splitter supercell setup with a finite element triangulation of half of the

mirror-symmetric geometry. Eleven meta-atoms of a height of 850 nm are placed at constant

pitch of 7.15 µm. Six independent widths d1, ..., d6 are variable and subject to optimization.

where fi(p) is the power flux of the ith diffracted plane wave normalized to the power flux

of the incoming plane wave. This objective ensures uniformity in the perceived brightness

of the projected dots. In order to avoid a solution of very low power flux in all diffraction

orders, we set the lower-bound constraint on the total relative transmitted flux as

h(p) =
9∑

k=1

fi(p) ≥ 0.5. (21)

To perform a constrained Bayesian optimization, we use expected constrained improvement

αECI(pq) = αEI(pq) · P (ĥ(pq) ≥ 0.5) (22)

as the acquisition function [27]. For the single-output BO method, both the value of the

objective g(p) and the constrained total relative flux h(p) are learned with two single-output

GPs. For the physics-informed BO, a multi-output Gaussian process is used to learn the

vector of power fluxes f(p) = [f1(p), · · · , f9(p)]⊤ and to make predictions about g(p) while

a single-output GP is employed to learn the constrained relative flux h(p).

For the heuristic global optimization methods CMA-ES, differential evolution, and down-

hill simplex, the constraint has to be encoded into a single scalar objective. Here, we mini-

mize

g∗(p) = Θ [h(p)− 0.5] · [g(p)− gmax] , (23)

where Θ[·] is the Heaviside step function and gmax = 0.987 is an upper bound of the variance

of the relative fluxes. For h(p) < 0.5 and g(p) = gmax, the objective is zero. Otherwise it is

negative and takes the minimum value −gmax for a vanishing variance.
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In order to asses the average performance of each optimization algorithm, the search

process is executed ten times per method with each run starting from a different initial

set of points in the parameter space, and continuing for 800 iterations. Fig. 7 shows the

cumulative minimum of observed values of g(p) that are feasible, i. e. where h(p) > 0.5.

Clearly, physics-informed BO outperforms all other methods by a large margin. For example,

after 100 iterations it finds a feasible beam-splitter configuration with a smaller diffraction

order power flux variance than the other approaches after 800 iterations. The additional

information about all fluxes enables a much faster convergence to very small values. The

second best method is the single-output BO leading to a final flux variance half as large as for

the other methods. All heuristic methods perform quite similar with the downhill-simplex

method having a slightly worse performance than differential evolution and CMA-ES. To
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FIG. 7: Benchmark of different optimization approaches on a beam-splitter example. The bold

lines represent the mean feasible cumulative minimum of observed variance values defined in

Eq. (20) averaged over 10 runs. The shaded areas indicate the respective standard deviations

between the runs.

heuristically demonstrate why physics-informed BO outperforms the classical single-output

counterpart in this particular example, we conduct an additional numerical study, the results

of which are presented in the Appendix, subsection A1.
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B. Transport optimization of quantum gases

Precise state engineering of quantum gases is crucial for advancing quantum technologies

including next generation quantum sensors, the preparation of entangled states, and quan-

tum computing. The fast and controlled transport of Bose-Einstein condensates (BECs)

has been designed using shortcut-to-adiabaticity (STA) [28, 29] and optimal control theory

(OCT) [30, 31] protocols. Both approaches face significant challenges due to the simpli-

fications they require in modeling BEC dynamics. STA primarily focuses on the classical

equations of motion of the condensate’s center of mass, excluding the quantum nature of

the system. On the other hand, OCT is limited by its slow convergence, often requiring

millions of executions of the underlying physics simulations to optimize the time-dependent

magnetic field ramp B(t) that drives the transport process [30]. As a result, OCT relies

on computationally efficient forward problem approximations, such as simplifying trapping

potentials to harmonic contributions and describing quantum dynamics within the Thomas-

Fermi regime [32].

Initially, in this example case, the BEC resides at the minimum of the magnetic field trap

potential at the coordinates x0 = y0 = 0, z0(t = 0) = 0.45mm. The goal is to smoothly

displace the BEC along the z direction by manipulating the parameters of the trap potential

via a carefully designed magnetic field ramp B(t) ending up at the position z0(t = tf) =

1.65mm at the time tf . To allow for benchmarks with moderate computational effort, we

simulate the BEC transport dynamics within the Thomas–Fermi approximation [17]. The

BEC dynamics is described with a classical Newtonian equation governing its center of mass

zA motion

z̈A(t) = −ω2
z(t)(zA(t)− z0(t)), (24)

and the shape dynamics associated with the BEC wave function is described as

λ̈i(t) =
ω2
i (0)

λi(t)λx(t)λy(t)λz(t)
− ω2

i (t)λi(t), (25)

where ωi(t), i = x, y, z are the angular frequencies of the confining harmonic potential, and

λi(t) are scaling factors influencing the time evolution of the Thomas-Fermi radii rx(t), ry(t)

and rz(t) which define the spatial extent of the BEC paraboloid wave function within the

Thomas-Fermi approximation [17, 30]. The position z0(t) and the frequencies ωi(t) of the

magnetic field trap are controlled with the driving magnetic field ramp B(t). The differential
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equations (24) and (25) can be solved using standard numerical tools such as the Runge-

Kutta algorithm. Once the solutions are obtained, they allow for the calculation of the

system’s classical energy

Ecl(p, t) =
m

2

(
ω2
z [zA − z0]

2 + [żA − ż0]
2) (26)

and quantum energy

Equ(p, t) =
∑

i=x,y,z

m

14

(
ω2
i r

2
i + ṙ2i

)
+

15gN

28π rxryrz
. (27)

The average classical energy over the transport duration

Eint
cl (p) =

1

tf

∫ tf

0

Ecl(p, t)dt (28)

quantifies how far the BEC dynamics deviates from the trap minimum. The larger this

measure is, the more anharmonic regions the BEC explores in a realistic trap, and the less

accurate the considered approximations become.

Good candidates for the magnetic field ramp are identified at the minimum of the total

energy cost which is assembled as a weighted sum of the individual energies as [17]:

Eobj(p) = ξclEcl(p, tf) + ξquEqu(p, tf) + ξintcl E
int
cl (p). (29)

Here, ξcl, ξqu, ξ
int
cl are weighting factors which are selected appropriately to balance the con-

tributions of the respective energies during the optimization process. In order to enforce

an optimization to the lower bound of the objective energy Emin
obj dictated by the quantum

ground state energy of the trapped BEC, the objective of the optimization is chosen to be

g(p) = arsinh
(
Eobj(p)− Emin

obj

)
, (30)

where the area hyperbolic sine arsinh(·) is a bijective transformation with the largest deriva-

tive at Eobj(p) = Emin
obj . We parametrize the driving magnetic field ramp B(t) with B-splines

and 15 degrees of freedom collected in the parameter vector p ∈ X ⊂ R15 [17]. Single-output

BO uses a scalar GP to learn directly the objective shown in Eq. (30). On the other hand,

the proposed physics-informed BO scheme learns the BEC’s dynamical properties at time

tf : the center of mass position and velocity, zA(tf) and żA(tf), as well as the Thomas-Fermi

radii rx(tf), ry(tf), rz(tf) and their time derivatives ṙx(tf), ṙy(tf), ṙz(tf). Finally, the integrated
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classical energy Eint
cl is learned. More details of the physics-informed approach are described

in [17].

Similarly to the beam-splitter example, we perform a benchmark comparing the conver-

gence of the physics-informed BO to the single-output BO and three heuristic optimization

methods for 500 iterations. As shown in Fig. 8, physics-informed BO provides superior

convergence compared to other optimization algorithms considered, identifying a magnetic

field ramp B(t) in approximately 200 iterations resulting in almost negligible final excess en-

ergy. Again, single-output BO is the second best method. Among the heuristic optimization

methods, downhill simplex converges significantly better after 200 iterations than CMA-ES

and differential evolution.

The fast convergence behavior of physics-informed BO is crucial for the transport opti-

mization of realistic gas systems where the Thomas-Fermi approximation does not hold and

numerically intensive, time consuming solutions of the Gross-Pitaevskii equation cannot be

avoided.

In subsection A2 of the Appendix we take a closer look at the predictive capabilities

of the single-output and multi-output surrogate models in the vicinity of the minimum of

the energy objective g(p) (30) and provide possible explanations for the observed superior

convergence trends of physics-informed BO.
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FIG. 8: Benchmark of different optimization algorithms on a BEC transport problem. The bold

lines represent the mean convergence of the objective g(p) of Eq. (30). The trends are averaged

over 10 runs, and the shaded areas indicate respective standard deviations.
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C. Optimizing aesthetic appearance of perovskite solar cells

Color aesthetics in photovoltaic modules are essential for building integrated photovoltaics

(BIPV) [33]. Multilayer interference structures, such as color filters, can modify the appear-

ance of silicon solar cells by reflecting a narrow part of the visible spectrum [34]. Compared

to competing methods, e.g. nanophotonic devices or printed inks, interference structures

result in lower efficiency losses, while offering vibrant colors [35]. Emerging perovskite solar

cells present an aesthetic challenge with their characteristic gray-purple-brown hues. This

optimization targets the aesthetic enhancement of perovskite solar cells by incorporating a

bio-inspired MorphoColor filter [34].

The solar cell design is shown schematically in Fig. 9. From top to bottom, it consists of

conformal layers of the color filter on structured cover glass, followed by the various layers

of a perovskite solar cell, and an absorber layer. The color filter for this optimization study

consists of ten layers of alternating high and low refractive index materials. Each layer height

can be varied in the range from 0 to 300 nm resulting in the design space X = [0, 300 nm]10.

The simulation environment uses a net-radiation method and ray-tracing to simulate the

reflectance for the 3D-textured multilayer thin-film stack. The model and simulation setup

are described in more detail in [18]. The objective is to minimize the cosine-weighted and

angle-averaged perception distance ∆E00 [18]:

g(p) =
18∑
i=1

cos(θi) ·∆E00,i(p), (31)

where θi = 0◦, 5◦, 10◦, 15◦, . . . , 85◦ are the angles of incidence and ∆E00,i(p) is a measure of

the color distance of two 3D-sets of color coordinates representing the simulated and the

targeted color for angle θi. The objective depends on a scaled differences between lightness

(∆L), chroma (∆C) and hue (∆H) for the two colors in CIE Lab space as:

∆E2
00,i(p) =

(
∆Li(p)

SLi(p)

)2

+

(
∆Ci(p)

SCi(p)

)2

+

(
∆Hi(p)

SHi(p)

)2

+RTi(p)
∆Ci(p)

SCi(p)

∆Hi(p)

SHi(p)
, (32)

where SLi, SCi, and SHi are correct non-uniformities in CIE Lab and RTi mainly corrects

the hue and chroma values in the blue region.

Single-output BO uses a scalar GP to learn the objective value g(p) in Eq. (31). For

physics-informed BO we use 18 independent multi-output GPs — one for each angle of inci-

dence. Each multi-output GP learns the behavior of the seven p-dependent terms appearing

in Eq. (32).
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Absorber

Perovskite
solar cell

Glass

Color filter

Air

FIG. 9: Schematics of the multilayer thin-film stack of a textured perovskite solar cell with color

filter. After an (infinite) air domain and a glass layer, a ten layer color filter (dark and light

green) and the layers of a perovskite solar cell follow. The stack is terminated by an (infinite)

absorbing layer. Ten independent height parameters of the color filter are the subject of

optimization, ranging from 0 to 300 nm.

We perform again a benchmark comparing the convergence of the physics-informed BO

to the single-output BO and three heuristic optimization methods for 300 iterations. As

shown in Fig. 10, physics-informed BO shows a better convergence to small objective values

than single-output BO, CMA-ES, and differential evolution. Within the 300 iterations, only

the downhill simplex reaches the comparable minimum. For this example, one observes a

large variance between the ten optimization runs. We attribute this to the existence of

many rather narrow local minima in the ten-dimensional search space. This can be also

observed in a numerical study of the prediction accuracy in the vicinity of the minimum (see

Appendix, subsection A3).
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FIG. 10: Benchmark of different optimization algorithms on a color optimization task. The bold

lines represent the mean convergence trends averaged over 10 runs, and the shaded areas indicate

respective standard deviations.

V. DISCUSSION AND CONCLUSION

In this manuscript, we introduced physics-informed Bayesian optimization based on multi-

output Gaussian processes that learn vector-valued functions f(p) representing the physical

response of a system. This approach allows to gain deeper insight into the behavior of

a scalar objective function g(p), which results from a generally nonlinear combination of

the components of f(p). Across three different optimization problems from distinct areas

of engineering, we demonstrated that physics-informed BO consistently outperforms the

classical single-output BO and standard heuristic approaches reaching better designs in fewer

iterations. We attribute this improved performance to the additional information encoded

in the physical response of the system, which allows the multi-output surrogate model to

approximate the scalar objective landscape more accurately and, consequently, to identify

promising regions of the parameter space more effectively. This is supported by extended

numerical studies revealing that in all three benchmark experiments the physics-informed

approach yields a higher-order approximation of the objective close to the minimum, which

is significantly more accurate than the single-channel model (see Appendix A).

There are situations where physics-informed BO may be counterproductive. One illus-

trative example was provided in subsection III C showing that the approach should not be

favored when the learned quantities are highly sensitive to the design parameters, whereas

the objective itself is less sensitive. In photonics this is the case for phase information of
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the scattered field, which is very sensitive to small changes of the shape of a scatterer.

Meanwhile, the objective often only depends on field intensities that are much less sensitive.

Another example would be an objective that depends on an averaged temporal response. In

this case it is not advantageous to learn the full time-dependent physical behavior since the

average is typically a smoother function of the design parameters than each individual time

sample, such that it is easier to learn with a single-output GP instead. Moreover, since av-

eraging is a linear transformation, no higher-order information from the multi-output model

is obtained. Finally, we note that the estimation of the objective’s probability distribution

by the prior covariance defined in Eq. (12) neglects local correlations of the outputs. As

observed previously in [12] this can lead to a model’s underestimation of the probability

to observe small objective values if the number of outputs k is large. For large k it could

be helpful to transform the output to a lower-dimensional representation. However, this is

beyond the scope of this work.

For many practical applications, these limitations are not relevant. Indeed, many objec-

tives describe the performance of a system in terms of some quadratic form of a moderate

number k of observables. For example, inverse design tasks in nanophotonics are often for-

mulated as a minimization of the L2 norm between a target vector f ′, representing the de-

sired device functionality, and the candidate vector f(p), obtained by numerical simulation.

Likewise, objectives that contain potential and kinetic energies depend on terms quadratic

in observables such as position coordinates and respective velocities (e.g. Eqs. (26), (27)).

Our analysis shows that in such cases learning the final scalar objective with a single-output

GP inherently leads to a loss of information such that physics-informed BO shows a much

faster convergence than classical BO. Therefore, we assume that physics-informed BO will

be beneficial in many application fields.

Data availability

The Python scripts and the JCMsuite files related to the beam-splitter benchmark ex-

ample are publicly available in the associated open access data publication [36].
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Appendix A: Numerical investigations into the convergence of physics-informed

Bayesian optimization

For all three discussed benchmarks, physics-informed BO exhibits a better optimization

convergence in comparison to single-output BO and global heuristic optimization methods.

This means, that the multi-output GPs are able to guide the optimization more effectively.

In subsection III C we discussed three mechanisms by which a multi-output GP can provide

better or worse predictions for the objective than a single-output GP:

1. The learned outputs f(p) = [f1(p), · · · , fk(p)]⊤ can have a smoother behavior than

the scalar objective g(p) = Φ (f(p)). Due to the larger length scales, the multi-output

GP can provide a more accurate interpolation with smaller uncertainty between the

training points.

2. The mapping Φ : f(p) 7→ g(p) can contain quadratic or other higher-order dependen-

cies on the outputs fi(p). Around a local minimum, the multi-output GP can thus

provide a higher-order interpolation than the single-output GP with a more exact

prediction of the position and depth of the minimum.

3. Conversely to case one, the outputs fi(p) can also exhibit a more oscillatory behav-

ior than the objective g(p). It is generally not advisable to learn quantities whose

oscillation is not relevant for the objective.

In the following, we will show that especially the second mechanism is relevant for the

three benchmark examples. All optimization runs in our benchmarks start with an initial set

of randomly distributed training points. Once this random phase is over, Bayesian optimizers
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iteratively compute the acquisition function, selecting the point of its maximum as the next

training point for evaluation. At this early stage, when training data is extremely scarce, the

additional information coming from different channels in multi-output BO proves especially

valuable. To validate this claim, we artificially recreate this scenario by drawing a small set

of training points around the known objective minimum and fit the single-output and multi-

output GP on them. This mimics the optimization phase where both single-output BO and

physics-informed BO have sampled around the minimum but have not yet converged.

After training, we generate a set of N random query points pq1, · · · ,pqN in the same

region and draw for each point S samples g̃i1, · · · , g̃iS from the posterior of the single-output

GP ĝso(pqi) or the posterior of the multi-output GP ĝmo(pqi) = Φ
(
f̂(pqi)

)
. We evaluate

N · S values for the relative absolute error (RAE) of the predictions of both surrogates as:

εij =

∣∣∣∣ g̃ij − g(pqi)

g(pqi)

∣∣∣∣ , 1 ≤ i ≤ N, 1 ≤ j ≤ S. (A1)

1. Inverse design of a beam-splitter

For the case of a beam splitter, we perform an analysis around one of the identified local

minima in the six-dimensional search space of meta-atom widths. We select a hypercube with

side length 10.0 nm centered at the minimum, and generate 12 training points using a quasi-

random Sobol’ sequence. On these points, we fit a single-output GP on the variance objective

values g(p) defined in Eq. (20) and a multi-output GP on the power flux vector f(p) =

[f1(p), · · · , f9(p)]⊤. Next, we sample N = 200 query points from a uniform distribution

within the considered search hyperspace, run finite element simulations to determine the

variance objective at these points, and evaluate the RAE defined in Eq. (A1) of the multi-

output and the single-output model predictions based on S = 2500 samples. According to

the Fig. A1, the RAE of the scalar GP is significantly larger than the one obtained by the

multi-output GP indicating better fidelity of the posterior ĝ(pqi) = Φ
(
f̂(pqi)

)
.

To further illustrate this, we examine the behavior of the surrogates by varying the pa-

rameter d4 along one direction of the hypercube while keeping the others fixed at the central

minimum position. Comparing panels (a) and (b) in Fig. A2, we observe that multi-output

posterior ĝmo(pq) = Φ
(
f̂(pq)

)
aligns more closely with the ground truth variance objective

than the single-output posterior ĝso(pq). This improved fidelity around the minimum en-

ables a BO sampling which is more targeted towards the true minimum leading to a faster
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FIG. A1: Relative absolute error distribution of the single-output and the multi-output

GP predictions computed on N = 200 testing points in the hyperspace around variance

objective v(p) minimum. The dashed line marks the median and the dotted lines the lower

25% and upper 75% quantiles of the distribution.

convergence, as observed in Fig. 7. It is also noteworthy that, as shown in Fig. A2 (b), the

single-output posterior ĝso(p) predicts negative values of the objective. This is physically

incorrect, since equation (20) ensures that the variance objective is strictly positive.

0.0000

0.0002

0.0004

g(
p) (a)

ground truth median central 68% interval

470 472 474 476 478 480
d4[nm]

0.0001

0.0000

0.0001

0.0002

g(
p) (b)

ground truth mean mean +/- standard deviation

FIG. A2: One-dimensional cross section along the parameter d4 through a minimum of

variance objective (20). Panels (a) and (b) illustrate the behavior of ĝmo(p) and ĝso(p),

respectively.

2. Transport optimization of quantum gasses

In analogy to the beam-splitter example, we perform an analysis of the prediction accu-

racy around the minimum of the objective shown in Eq. (30). A hypercube is constructed in

the search space of the B-spline coefficients, centered at the minimum and with side length

Page 27 of 33 AUTHOR SUBMITTED MANUSCRIPT - MLST-104256.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60 A

cc
ep

te
d 

M
an

us
cr

ip
t



28

of 0.04. In this region we select 16 points sampled from a Sobol’ sequence to train a single-

output GP on the objective values g(p) defined in Eq. (30), and a multi-output GP on the

9 input variables of the objective collected in a vector f(p). The surrogates are tested on

N = 200 uniformly distributed points in the hypercube. The distribution of the relative

absolute error RAE of Eq. (A1) is shown in Fig. A3. Again the predictions based on the

multi-output GP have generally smaller RAE values.

Fig. A4 shows a one-dimensional slice through the hypercube obtained by varying the

control point c7 while keeping other 14 parameters fixed at the minimum. Very clearly,

the multi-output GP provides a good higher order approximation of the minimum, while

the predictions of the single-output GP depend only linearly on the control point c7. This

highlights the importance of underlying physical information in such a comparatively high-

dimensional search space with d = 15 parameters. Here, all d + 1 = 16 samples from

the training set are required alone for estimating first-order derivatives, while additional

(d2 + 2)/2 = 120 training samples would be required to estimate second-order derivatives

based on observations of g(p) alone. Since the estimated minimum position of the single-

output GP largely deviates from the true minimum, the single-output BO is much less

sample efficient than physics-informed BO in this case. (see Fig. 8).
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FIG. A3: Relative absolute error distribution of the single-output and the multi-output

surrogate model predictions computed on 200 query points in the hyperspace around the

energy objective minimum.
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FIG. A4: One-dimensional cross section along the B-spline control point c7 through the

energy objective minimum. Panels (a) and (b) illustrate the behavior of ĝmo(p) and ĝso(p),

respectively.

3. Optimizing aesthetic appearance of perovskite solar cells

Similar to the previous two numerical exercises, we assess the prediction accuracy of sur-

rogate models near the minimum of the objective function shown in Eq. (31), defined in

a 10-dimensional design space corresponding to the individual layer thicknesses forming a

color filter thin-film stack. A test hypercube centered at the optimal color filter design is

constructed with a side length of 110 nm, and 10 sample points are selected from a Sobol’

sequence within this region to train the GP surrogates. We compare two surrogate models:

a single-output GP trained solely on the scalar objective values g(p), given by Eq. (31),

and a physics-informed model defined as a set of 18 multi-output GPs, each trained on 7

quantities totaling in 126 contributions to the final learned objective. The accuracy of the

models in the unexplored regions of the search space is assessed on N = 200 uniformly sam-

pled points within the specified hypercube by computing RAE shown in Eq. (A1) between

the predictions of the two surrogates and the corresponding ground truth values. Fig. A5

shows that the scalar GP has a noticeably higher RAE compared to the physics-informed

model, meaning its predictions are less accurate overall. To better highlight this difference,

we examine the prediction accuracy of the surrogate models ĝmgp(p) and ĝso(p) along a one-

dimensional slice of the hypercube, generated by varying the thickness of the first layer l1 of

the color filter. Indeed, according to Fig. A6, the physics-informed model ĝmgp(p) provides

better approximation of the true objective than the single-output ĝso(p) model. As with the

beam-splitter optimization, learning the quantities prior to applying the nonlinear squaring
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operation proves to be advantageous, resulting in higher fidelity of the final objective pos-

terior and, ultimately, superior convergence trends linked to physics informed approach, as

portrayed on Fig. 10.
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FIG. A5: Relative absolute error distribution of the single-output and the multi-output

surrogate model predictions computed on 200 query points in the hyperspace around the

color distance objective minimum.
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FIG. A6: One-dimensional cross section along the top layer thickness through the color

distance objective minimum. Panels (a) and (b) illustrate the behavior of ĝmgp(p) and

ĝso(p), respectively.
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[8] Lu J., Boyd S., and Vučković J., “Inverse design of a three-dimensional nanophotonic res-

onator,” Opt. Express, Vol. 19, pp. 10563–10570, 2011.

[9] Qin, F., Liu, Z., Zhang, Q., Zhang, H., and Xiao, J., “Mantle cloaks based on the frequency

selective metasurfaces designed by Bayesian optimization,” Scientific reports, Vol. 8, 14033,

2018.

[10] Astudillo R. and Frazier P., “Bayesian optimization of composite functions,” Proceedings of

the 36th International Conference on Machine Learning, Vol. 97, pp. 354–363, 2019.

[11] Uhrenholt A. K. and Jensen B. S., “Efficient Bayesian optimization for target vector estima-

tion,” Proceedings of the Twenty-Second International Conference on Artificial Intelligence

and Statistics, Vol. 89, pp. 2661-2670, 2019.

[12] Plock M., Andrle K., Burger S., and Schneider P. I., “Bayesian target-vector optimization for

efficient parameter reconstruction,” Adv. Theory Simul., Vol. 5, 2200112, 2022.

[13] Stein M. L., Interpolation of spatial data: some theory for kriging, Springer, 1999.

[14] Alvarez M. A., Rosasco L., and Lawrence N. D., “Kernels for vector-valued functions: A

review,” Foundations and Trends in Machine Learning, Vol. 4, pp. 195–266, 2012.

Page 31 of 33 AUTHOR SUBMITTED MANUSCRIPT - MLST-104256.R1

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60 A

cc
ep

te
d 

M
an

us
cr

ip
t



32

[15] Liu H., Cai J., Ong Y., “Remarks on multi-output Gaussian process regression,” Knowledge-

Based Systems, Vol. 144, pp. 102-121, 2018.

[16] Bonilla E. V., Chai K. M. A., and Williams C. K. I., “Multi-task Gaussian process prediction”

Advances in Neural Information Processing Systems, Vol. 20, pp. 153-160, 2007.

[17] Müller G., Mart́ınez-Lahuerta V., Sekulic I., Burger S., Schneider P. I., and Gaaloul N.,

“Bayesian optimization for state engineering of quantum gases,” Quantum Sci. Technol., Vol.

10, 015033, 2025.
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