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We calculate the magnetic phase diagram of the spin-1/2 nearest neighbor XXZ pyrochlore model using
the pseudo-Majorana functional renormalization group in the temperature flow formalism. Our phase diagram
as a function of temperature and coupling ratio, allowing both longitudinal and transverse couplings to be
ferromagnetic and antiferromagnetic, reveals a large nonmagnetic regime at low temperatures, which includes
the quantum spin ice phase near the antiferromagnetic Ising model, as well as the antiferromagnetic Heisenberg
and XY models. We are able to detect magnetic phase transitions via critical finite size scaling down to
temperatures two orders of magnitude smaller than the spin interactions, demonstrating the remarkably good
performance of our method upon approaching the ground state. Specifically, the low-temperature transition from
the zero-flux quantum spin ice phase into the transverse ferromagnetic phase shows very good agreement with
previous quantum Monte Carlo results. Comparing our findings with classical results, we identify a quantum
order-by-disorder effect near the antiferromagnetic XY model. In magnetically disordered regimes, we find
characteristic patterns of broadened pinch points in the spin structure factor and investigate their evolution
when approaching magnetically ordered phases. We also compute linear responses to lattice symmetry breaking
perturbations and identify a possible lattice nematic ground state of the antiferromagnetic XY model.
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I. INTRODUCTION

The pyrochlore lattice is one of the most studied three-
dimensional networks in quantum magnetism. The ongoing
research interest in pyrochlore systems is motivated by the
wealth of material realizations [1–3] and the intriguing mag-
netic properties that this lattice can give rise to [4–7]. Already
the classical nearest neighbor antiferromagnetic Ising model
on the pyrochlore lattice, host of the famous spin ice phase,
produces nontrivial magnetic effects such as residual entropy
and fractional excitations [8,9]. Even more strikingly, when
adding small transverse xx and yy couplings to the Ising
model, it can be shown perturbatively that the system real-
izes a quantum spin liquid captured by an emergent quantum
electrodynamics theory [10–16]. Identifying the signatures of
this quantum spin ice phase in magnetic materials, such as
dipolar-octopolar compounds [17–22], is a particularly ac-
tive area of research. Away from the perturbative regime of
quantum spin ice, the spin-1/2 nearest neighbor pyrochlore
Heisenberg model has also attracted significant attention as a
highly frustrated pyrochlore spin model. Despite very rare ma-
terial realizations [23,24], the spin-1/2 pyrochlore Heisenberg
model has a long history in terms of theoretical investigations

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

aiming to identify novel strongly fluctuating quantum phases
[25–35].

In this paper, we numerically investigate the nearest
neighbor spin-1/2 XXZ pyrochlore model which interpolates
between different interesting limits including the afore-
mentioned Ising and Heisenberg systems. Specifically, we
study the full phase diagram where the longitudinal zz and
transverse xx/yy couplings can both be ferromagnetic and
antiferromagnetic. While the classical version of this model
is well understood [27], the quantum system is much less
explored mostly due to a lack of numerical methods that are
capable of treating three dimensional spin networks in combi-
nation with highly frustrated interactions. Some progress has
been achieved with quantum Monte Carlo techniques in the
case of unfrustrated transverse interactions, which could, e.g.,
resolve the transition of the quantum spin ice phase into an
ordered magnet upon increasing these couplings [15,36,37],
revealing a quantum order-by-disorder effect. However, in
other parts of the phase diagram such as around the XY model
the effects of quantum fluctuations beyond mean-field have
been rarely studied [26,38].

Here, we apply the pseudo-Majorana functional renormal-
ization group (PMFRG) method [33,39,40] in its temperature-
flow (T -flow) variant [41] to the XXZ pyrochlore model. In
a number of recent applications, the PMFRG has proven to
be a flexible and accurate technique to study quantum spin
systems even in the case of complex and highly frustrated spin
interactions [33,39,41–47]. In the version applied here, two
method extensions of the PMFRG as it has been originally
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introduced in Refs. [33,39] are combined, the T -flow scheme
of Ref. [41] and the generalization from isotropic Heisenberg
to XXZ interactions [41,46]. Particularly, we take advantage
of the increased numerical efficiency of the T -flow scheme as
compared to the conventional �-flow scheme which allows
us to calculate the system’s phase diagrams as a function of
temperature with moderate numerical efforts and which is
capable of detecting magnetic phase transitions even at small
temperatures [41]. Given the novelty of our method, in addi-
tion to the actual physics questions that we will address below,
this work also aims to assess the accuracy and performance
of the technique, by comparing our findings with literature
results.

Our investigations can be regarded as a continuation of
Ref. [38] where the XYZ model on the pyrochlore lattice is
studied with the pseudo-fermion functional renormalization
group (PFFRG) approach. The PFFRG is a precursor of the
PMFRG that has been mostly applied to spin models at zero
temperature (including investigations of pyrochlore magnets
[24,32,38,48–52]). While PFFRG and PMFRG differ in the
way the spin operators are expressed in terms of fermions
(complex fermions versus Majorana fermions) and therefore
appear formally similar, they are still independent approaches
with different approximations of magnetic correlation func-
tions [40]. The advantage of the PMFRG over the PFFRG
is the absence of possible spurious effects from unphysical
fermionic states [53] in the employed Majorana spin repre-
sentation, the accessibility of finite temperatures [39] and the
capability of detecting magnetic phase transitions via scaling
collapse [33]. On the other hand, our PMFRG investigations
of an XXZ model make use of global spin rotation symmetry
around the z axis. Thus a further generalization of the PMFRG
for general anisotropic XYZ interactions without continuous
spin symmetries requires further method development which
goes beyond the scope of this work.

The main result of our work is the full magnetic phase
diagram of the spin-1/2 XXZ pyrochlore model as a func-
tion of temperature, see Fig. 1(a). We determine the extent
of the nonmagnetic phase around the antiferromagnetic Ising
limit and find excellent agreement with quantum Monte
Carlo when the transverse couplings are ferromagnetic (un-
frustrated). Interestingly, we find that the T -flow scheme
correctly detects magnetic phase transitions via a finite-size
scaling collapse even at temperatures two orders of mag-
nitudes below the energy scale of the bare couplings, i.e.,
far beyond the high-temperature regime where the approach
is perturbatively controlled [39]. The large nonmagnetic
low-temperature phase which we identify also includes the
antiferromagnetic XY model and even remains stable when
adding small ferromagnetic longitudinal interactions in the
latter model. Nevertheless, the obtained nonmagnetic low-
temperature regime is smaller than in the corresponding
classical model, indicating quantum order-by-disorder effects.
To characterize the magnetic correlations, we discuss mo-
mentum resolved spin structure factors in various parts of
the phase diagram. The nonmagnetic regime is further stud-
ied by calculating the system’s response to lattice symmetry
breaking perturbations. This investigation is motivated by a
number of recent works which found that the ground state of
the antiferromagnetic pyrochlore Heisenberg model exhibits

broken lattice symmetries [29,35,50,54]. Our T -flow PMFRG
results also indicate an enhanced response of the antifer-
romagnetic pyrochlore Heisenberg model to lattice rotation
symmetry breaking perturbations. Interestingly, this response
increases even further upon approaching the antiferromag-
netic XY limit. This suggests a lattice nematic phase as a
promising ground state candidate of the antiferromagnetic XY
model.

The rest of the paper is structured as follows. In Sec. II,
we introduce the XXZ pyrochlore model and summarize
known results of its phase diagram. Section III provides a
brief introduction to PMFRG, deferring technical details to
the Appendix and to other literature. In Sec. IV, we present
and discuss our findings, put them into the context of existing
results and compare them to predictions from the classical
XXZ pyrochlore model. The paper ends with a conclusion in
Sec. V.

II. MODEL

In this work, we investigate the XXZ model on the py-
rochlore lattice whose Hamiltonian reads as

HXXZ =
∑
〈i, j〉

[
JzSz

i Sz
j + J⊥(

Sx
i Sx

j + Sy
i Sy

j

)]
, (1)

where Sμ
i is the µth component of the spin-1/2 operator on

site i and 〈i, j〉 are nearest neighbor pairs of sites. For the
sake of simpler and more intuitive interpretation of structure
factors, we consider the spins on a global basis and not in
the local crystallographic frame (cf. Ref. [11]). The structure
factors we calculate (transverse channel S⊥ and longitudinal
channel Sz) also refer to this global frame. We want to stress
that the phase boundaries do not depend on the choice of
basis. Throughout this work we parametrize the couplings as
J⊥ = J sin(θ ) and Jz = J cos(θ ). In the following, we briefly
summarize the predictions and results for this model in well
investigated regions of the phase diagram, as reported in the
literature.

At θ = 0 (antiferromagnetic Jz > 0 and J⊥ = 0), the sys-
tem realizes classical spin ice, a classical spin liquid with an
extensive ground state degeneracy and dipolar spin correla-
tions [55–59] that is most notably realized in the materials
Ho2Ti2O7 [60,61] and Dy2Ti2O7 [9,62]. As a characteristic
spectroscopic signature of the dipolar correlations, classical
spin ice exhibits sharp pinch points in the spin structure
factor [58]. For small |θ | � 1 (|J⊥| � Jz) where transverse
interactions can be treated perturbatively the system enters a
quantum spin ice phase, a U(1) quantum spin liquid described
by an emergent electrodynamics theory [10–12]. For J⊥ � 0
the system realizes 0-flux quantum spin ice (QSI0) charac-
terized by a ground state with zero emergent magnetic flux
while J⊥ � 0 gives rise to π -flux quantum spin ice (QSIπ )
where an emergent magnetic flux of π pierces through each
elementary hexagon of the pyrochlore lattice [63,64]. Upon
increasing |J⊥| in the unfrustrated QSI0 regime, the quantum
spin liquid phase quickly becomes unstable, giving way to fer-
romagnetic long-range order in the x-y plane, spontaneously
breaking the U(1) spin rotation symmetry around the z axis.
The zero-temperature transition between both phases has
been located at θ = −0.033π (J⊥/Jz = −0.1) by quantum
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FIG. 1. (a) θ -T phase diagram of the pyrochlore XXZ model with magnetic phase transitions from PMFRG (orange points) and from
classical Monte Carlo with three-components spins normalized as |Si| = 1 (gray points). Conventionally ordered phase at T → 0 are enlarged
in the quantum model, indicating a quantum order-by-disorder effect. The inset shows an enlarged version of the region near the transition
between FM⊥ and QSI0 phases with a logarithmic temperature axis. The blue and green stars indicate the phase transitions from Refs. [15] and
[36], respectively. Dark blue and light blue squares correspond to the color scale on the right indicating the linear responses χ z

R and χ⊥
R of the

system to a perturbation that breaks C3 lattice rotation symmetry (see Sec. IV C). Red crosses mark points, at which structure factors are shown
in Fig. 4. (b) Spin structure factors in the (hhl ) plane [i.e., at wave vectors Q = 2π (h, h, l )] at selected angles θ . The transverse spin structure
factor at the Ising point shows a constant signal S⊥(Q) = 1/4, which is taken from analytical considerations [53]. White hexagons indicate
the extended Brillouin zone. (c) Linear responses χ z

R and χ⊥
R for C3 lattice rotation symmetry breaking as a function of θ from T = 0.05J to

T = 0.85J (in steps of 0.1J). The data is the same as for the light and dark blue squares in (a). In the high-temperature limit, the system does
not respond to small perturbations such that χ

⊥/z
R ≈ 1, as illustrated for T = 10J .

Monte Carlo [15,36] and at θ = −0.03π (J⊥/Jz = −0.096)
by gauge mean field theory [63]. Both values are closer to
the pure Ising limit than θ = −0.1π (J⊥/Jz = −0.33) which
is the transition of the corresponding classical model [27,65–
68], indicating a quantum order-by-disorder mechanism [49].
Increasing J⊥ in the frustrated QSIπ regime (J⊥ > 0) poses
severe challenges to most numerical methods. Nevertheless,
there is growing consensus that the quantum model remains
nonmagnetic at least up to the Heisenberg point at θ = π/4

(J⊥ = Jz > 0) [38] with additional claims that the ground
state remains QSIπ in the entire regime up to θ = π/4 [26,69].

The antiferromagnetic spin-1/2 Heisenberg model (θ =
π/4) has been a separate subject of investigations over the last
decades with a plethora of different outcomes concerning its
ground state properties [25–35]. While early on, the system
has been predicted to be a potential candidate for quantum
spin liquid behavior [25], more recent works identify lat-
tice symmetry breaking [29,35,50,54]. While these tendencies
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may be interpreted as an indication for a valence-bond crystal,
suggested to consist of hard-hexagon tilings [35], other works
found that lattice symmetry breaking gives rise to dimensional
reduction and an effective two-dimensional quantum spin liq-
uid [70].

Upon further increasing θ , the antiferromagnetic XY
model is reached at θ = π/2 (Jz = 0, J⊥ > 0). The classical
version of this model is well-known to exhibit a thermal order-
by-disorder mechanism which selects collinear spin-ice states
out of the continuously degenerate ground state manifold
[27,71,72]. On the other hand, the quantum XY model is much
less explored with predictions ranging from a spin nematic
state [26] to a QSIπ state [69]. Upon increasing θ away from
the XY model, the longitudinal couplings Jz < 0 drive the
system into a ferromagnetic Ising phase. By a combination
of different variational and exact diagonalization methods the
transition between both phases has been found at θ = 0.613π

(J⊥/Jz = −2.7) in Ref. [26]. This value is larger than the
transition of the corresponding classical model at θ = 0.602π

(J⊥/Jz = −3) [26], implying that quantum fluctuation par-
tially melt the ferromagnetic Ising order. This is in contrast
to the other end of the nonmagnetic phase discussed before,
where the magnetically ordered phase grows in the quantum
case, showing a quantum order-by-disorder effect.

III. NUMERICAL METHODS

In the following, we provide a brief overview of the numer-
ical methods employed. The full quantum mechanical phase
diagram, the spin structure factors and the responses to sym-
metry breaking perturbations are computed using PMFRG.
Additionally, we apply classical Monte Carlo simulations to
identify effects with a quantum origin.

A. PMFRG

The central methodological step in PMFRG is the reformu-
lation of spin operators Sμ

i in terms of Majorana operators η
μ
i

via

Sx
i = −iηy

i η
z
i , Sy

i = −iηz
i η

x
i , Sz

i = −iηx
i η

y
i , (2)

where η
μ
i satisfy the Clifford algebra relations {ημ

i , ην
j } =

δi jδμν [33,39,40,73,74]. Importantly, this rewriting does not
introduce unphysical fermionic states but merely leads to
identical copies of the physical Hilbert space. This redun-
dancy, however, does not affect physical observables and,
hence, poses no problem for the approach [39]. The absence
of unphysical states is a key advantage of the PMFRG over
the PFFRG [75], its predecessor, where spin operators are
expressed in terms of complex fermions. Furthermore, in con-
trast to PFFRG, the PMFRG can be straightforwardly applied
at finite temperatures. In fact, by virtue of perturbation theory,
the PMFRG becomes asymptotically exact at large T/|J| [39].

As is common to all functional renormalization group
schemes, a (frequency or momentum) cutoff is introduced
in the free fermionic propagator, parametrized by a variable
usually called � [76]. The renormalization group flow starts
in the trivial limit where the cutoff completely suppresses
the propagator (often defined as the limit � → ∞) and all
fermionic correlation functions are fully governed by the sys-

d
dT

= ΓT
1 2ΣT1 2

d
dT

= − +
ΓT
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ΓT ΓT

4 2
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FIG. 2. Diagrammatic representation of the PMFRG equa-
tions for the self energy 	T (gray disk) and the two-particle vertex

T (gray square) where the label T indicates the temperature depen-
dence. Majorana propagators are illustrated as full lines and a slash
indicates a temperature derivative acting on them (a slash cutting two
propagators means that the derivative acts on the product of both).

tem’s bare interactions. The end of the renormalization group
flow is reached when cutoff-free propagators are recovered
(typically at � = 0). The improvement of the T -flow PMFRG
approach [41] applied here, compared to previous �-flow
schemes [33,39] is that the cutoff parameter � is implemented
as the physical temperature T and not as an artificial param-
eter. In other words, the renormalization group flow in the
T -flow approach simulates a physical cooling process. This
greatly improves the method’s efficiency when computing
finite-temperature phase diagrams, as the entire temperature
range is covered in a single numerical run.

The renormalization group flow is defined in terms of cou-
pled first order differential equations for the fermionic vertex
functions, such as the self-energy 	 and the two particle
vertex 
. These flow equations are formally exact, but they in-
volve arbitrarily high-vertex functions, preventing a numerical
solution. In order to become solvable, the set of differen-
tial equations is truncated, i.e., higher-order vertex functions
are set to zero to yield a closed set of equations. Here, we
apply the common one-loop truncation where three-particle
vertices are neglected (except of certain Katanin contributions
[40,75,77]). The diagrammatic structure of the resulting dif-
ferential equations for 	 and 
 is depicted in Fig. 2. We
refer the reader to Refs. [33,39,41] for an explicit deriva-
tion of these equations. Another extension of the PMFRG
method employed here concerns the symmetry of the spin in-
teractions. While originally developed for fully spin-isotropic
Heisenberg interactions [33,39], the renormalization group
equations for an XXZ model need to be adapted to account
for the reduced symmetry of the spin interactions (see also
Refs. [41,46]). In Appendix, we present details of the deriva-
tion of these equations, based on symmetry considerations and
present their explicit form in Eqs. (A20) and (A21).

The fermionic two-particle vertex allows for a straight-
forward computation of temperature-dependent spin-spin
correlation functions 〈Sμ

i Sμ
j 〉 [see Eqs. (A29) and (A30)]

which are the central observables accessible within PMFRG.
Crucially, Fourier-transforming the correlators results in the
equal-time spin structure factor

Sμ(Q) = 〈Sμ(Q)Sμ(−Q)〉, (3)

where Sμ(Q) are the Fourier-transformed spin operators.
We note that, since the standard outcome of the PMFRG
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FIG. 3. Correlation lengths ξμ/L as a function of temperature
T in the transverse (μ =⊥) and longitudinal (μ = z) directions
for different θ . Green, yellow, and blue curves correspond to N =
459, 1029, and 1941 sites, respectively. Red vertical lines mark
phase transitions indicated by a scaling collapse.

is the dynamical imaginary frequency spin structure fac-
tor Sμ(Q,�) where � denotes a bosonic Matsubara
frequency, the equal time spin structure factor Sμ(Q)
is obtained via summation over Matsubara frequencies,
Sμ(Q) = T

∑
� Sμ(Q,�).

Below, we use the spin structure factor to illustrate mag-
netic correlations and to detect magnetic phase transitions.
Specifically, denoting the momentum where Sμ(Q) assumes
its maximum as Q
, we may relate the width of this peak to the
correlation length ξμ of spin correlations along the μ direction
via [41,78]

ξμ = L

2π

√
Sμ(Q
)/Sμ(Q
 + δq) − 1. (4)

Here, δq denotes the smallest vector in reciprocal space (due
to the finite size discretization of Q) along the direction of
steepest descend away from the peak position. Furthermore,
the linear system size L is related to the number of sites N by
N = 4πL3/3. At a second order phase transition we expect a
scaling collapse where ξμ/L is constant as a function of L, see
Fig. 3. This determines the transition temperatures of the mag-
netically ordered regimes in our phase diagram in Fig. 1(a).

In magnetically disordered phases, we further probe the
system’s tendencies to realize lattice-symmetry breaking ne-
matic orders which are characterized by order parameters
quadratic in the spin operators ∼〈Sμ

i Sμ
j 〉. To detect such orders

we follow Refs. [50,51,75] and calculate the linear response
to small seed fields ∼Sμ

i Sμ
j that break the lattice symmetries

according to the nematic order to be probed. This amounts to
strengthening and weakening interactions on the correspond-
ing bonds (see top of Fig. 5) and evaluating a suited response
function. Specifically, denoting sites of strengthened bonds as
k, l and those of weakened bonds as m, n, the nearest neighbor
couplings Jμ are modified as

Jμ → Jμ

kl ≡ (1 + δ)Jμ,

Jμ → Jμ
mn ≡ (1 − δ)Jμ (5)

with μ =⊥, z and δ � 1. We then define the temperature de-
pendent linear susceptibility χ

μ
R for this perturbation in terms

of the response of spin correlations,

χ
μ
R = 1

δ

∣∣∣∣∣
〈
Sμ

k Sμ

l

〉 − 〈
Sμ

mSμ
n

〉
〈
Sμ

k Sμ

l

〉 + 〈
Sμ

mSμ
n
〉
∣∣∣∣∣. (6)

The normalizing factor 1/δ in this expression ensures that
at large temperatures the nematic susceptibility approaches

χ
μ
R

T →∞−→ 1. If χ
μ
R decreases as the temperature is lowered

during the renormalization group flow the system neglects
the perturbation. On the other hand, any significant increase
χ

μ
R > 1 can be interpreted as an indication of nematic order

corresponding to the perturbation imposed.
As explained, the magnitudes of the response functions χ

μ
R

allow one to estimate the tendency of a system to realize dif-
ferent lattice nematic orders. However, a comment of caution
is necessary, because this approach cannot be used to detect
actual nematic long range order or scaling collapses at the
corresponding phase transitions [as described in Eq. (4) for
magnetic long-range order]. This is because nematic correla-
tions that become long-range at such transitions are described
by four-spin correlators ∼〈Sμ

k Sμ

l Sμ
mSμ

n 〉 which, in terms of Ma-
jorana vertex functions, correspond to four-particle vertices.
However, within the current truncation of PMFRG equations,
the renormalization group flows of vertices higher than the
two-particle vertex are neglected such that nematic correla-
tions and nematic phase transitions are not directly accessible.
Keeping such higher vertex functions in the renormalization
group flow would be an extraordinarily difficult method exten-
sion that exceeds available numerical resources. The response
functions χ

μ
R considered here bypass these difficulties but are

subject to the aforementioned limitations. In Sec. IV C, we
compare the relative strengths of responses χ

μ
R in different

parts of the phase diagram and for different perturbation pat-
terns in order to identify the dominant responses, but without
being able to rigorously link a large susceptibility χ

μ
R > 1

to actual nematic long-range order. Despite these limitations,
nematic response functions from PFFRG and PMFRG have
been very successfully used for characterizing magnetically
disordered phases in past applications [32,43,50,51,75,79–
81].

The numerical specifications of our algorithm for solving
the PMFRG equations are as follows. For the computation
of magnetic phase boundaries, we use 48 positive Matsub-
ara frequencies and system sizes of 459, 1029, and 1941
correlated spins. Critical temperatures are determined from a
collapse of ξμ/L of the two largest simulated systems. We
start the renormalization group flow at T = 105J and evaluate
observables at approximately 400 temperatures and 90 values
for θ . To solve the differential equation, we use the Julia
package “ORDINARYDIFFEQ” with the solving method DP5
and an accuracy of 10−7.

B. Classical Monte Carlo

The classical Monte Carlo calculations for the XXZ
Hamiltonian in Eq. (1) are performed by treating spins as
three-component unit vectors, S = (Sx, Sy, Sz ) where |S| = 1.
This means that even in the XY or Ising limits we have extra
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TABLE I. Critical temperatures in comparison between PMFRG
and Monte Carlo (MC) methods for both quantum and classical
systems. Numbers without a citation are from this work. We assume
classical spins to be three-component vectors Si = (Sx

i , Sy
i , Sz

i ) with
|Si| = 1. In contrast, the classical result from Ref. [83] is obtained by
using discrete Ising spins Sz

i = ±1. No literature results are available
for the quantum ferromagnetic XY model.

Critical temperatures Tc/J

FM Ising FM Heisenberg FM XY

PMFRG quantum 1.18 0.62 1.00
MC quantum – 0.508 [84] –
MC classical 1.57(3) 0.92(2) 1.44(2)

4.21 [83]

components which do not contribute to the energy but can
fluctuate at finite temperatures. The extra freedom to fluctuate
causes the critical temperature to be lowered compared to the
pure XY or Ising cases with two or one-component spins,
respectively.

Our calculations are performed on cubic lattices of N =
nuL3 sites, where L is the number of cubic unit cells in each
Cartesian direction and nu is the number of spins in the cubic
unit cell, nu = 16. The results shown in Fig. 1(a) correspond to
L = 12, implying N = 27648 spins. The energy and specific
heat are obtained through a logarithmic cool-down protocol
starting at T/J = 4 and finishing at T/J = 0.01 with 200
steps. At each temperature step, 105 Monte Carlo steps are
performed. The first half is used for thermalization, while
the second half for collecting measurements. Each Monte
Carlo step consists of N single spin-update trials and 2N
over-relaxation steps. For the spin-update trials, we use the
adaptive Gaussian step to ensure keeping a 50% acceptance
rate [82].

IV. RESULTS

Our main results from PMFRG are summarized in Fig. 1,
where the θ -T phase diagram is presented in Fig. 1(a), the
spin structure factors in various different regions are shown in
Fig. 1(b) and nematic responses are illustrated in Fig. 1(c). In
the following three Secs. IV A–IV C, we discuss the physical
details contained in Figs. 1(a)–1(c), respectively.

A. Magnetic phase diagram

The phase diagram in Fig. 1(a) shows two large domes
of magnetic long-range order, corresponding to ferromag-
netic order in the transverse x-y plane (denoted FM⊥) and
Ising-type ferromagnetic order along the longitudinal z axis
(denoted FMz). The critical temperatures in units of J reach
their maxima in both domes at the ferromagnetic XY model
(θ = 3π/2) and at the ferromagnetic Ising model (θ = π ),
respectively. A kinklike minimum of the transition tempera-
ture is observed at the ferromagnetic Heisenberg point (θ =
5π/4) where both magnetically ordered phases meet. For
the ferromagnetic Ising model we can compare our critical
temperature Tc = 1.18J with the classical Monte Carlo result
from Ref. [83] (see Table I) which finds Tc = 1.053J when us-

TABLE II. Critical couplings θ/π of the phase transitions be-
tween the FM⊥ and QSI0 phases (middle column) and between
the nonmagnetic and FMz phases (right column) from PMFRG and
classical Monte Carlo (CMC), as obtained in this work, as well
as from quantum Monte Carlo (QMC) [36] and cluster-mean field
theory (CMFT) [26].

Critical couplings θ/π

FM⊥ ↔ QSI0 nonmagn. ↔ FMz

PMFRG −0.027 0.554
QMC −0.033 [36] –
CMFT −0.081 [26] 0.613 [26]
CMC −0.10(1) 0.60(1)

ing the Ising spin normalization Sz
i = ±1/2. With a deviation

of ∼12% this value is in good agreement with our PMFRG
result. It is worth noting that a classical Ising model generally
poses the same methodological challenges to the PMFRG as
a quantum model. A somewhat reduced accuracy (∼22%, see
Table I) of our PMFRG transition temperature is observed for
the ferromagnetic Heisenberg model, where we can compare
with the quantum Monte Carlo result of Ref. [84].

Between the two magnetically ordered regimes we find
a large region θ ∈ [−0.027π, 0.554π ] where no magnetic
phase transition occurs down to the lowest accessible tempera-
tures. This low-temperature nonmagnetic regime includes the
antiferromagnetic Ising (θ = 0), Heisenberg (θ = π/4) and
XY (θ = π/2) models. Near the boundaries of this region
at θ � −0.027π and θ � 0.554π the transition temperatures
can be traced down to very low temperature. As illustrated
in Fig. 3, even at temperatures T two orders of magnitude
smaller than J a clear scaling collapse is observed. The ability
of the T -flow approach to reach low temperatures (signif-
icantly lower than for �-flow schemes) has already been
observed and explained in Ref. [41]. Interestingly, here we
detect magnetic phase transitions at even smaller temperatures
(almost one order of magnitude) than in Ref. [41]. The zero-
temperature transition between the QSI0 and FM⊥ phases has
previously been studied in detail since this region is accessible
by sign-problem free quantum Monte Carlo. The location of
the phase transition from these works, θ = −0.033π [15,36],
agrees well with our prediction θ = −0.027π indicating a
robust functioning of the PMFRG even in the low-temperature
regime T � J . This is remarkable because the PMFRG is
perturbatively controlled only at T 
 J [39] which highlights
the capabilities of the approach beyond perturbation theory.
On the other hand, the upper limit of the low-temperature
nonmagnetic phase from PMFRG at θ = 0.554π is signifi-
cantly lower than in previous studies of the quantum model
(θ = 0.613π in Ref. [26]), see Table II, indicating a larger
stability of the FMz phase within PMFRG.

It is instructive to compare these findings with results
from the classical XXZ pyrochlore model to estimate the
impact of quantum fluctuations. For better comparison,
we performed our own classical Monte Carlo simulations
for three-component spins Si = (Sx

i , Sy
i , Sz

i ) normalized as
|Si| = 1. The magnetic phase transitions from these calcu-
lations are also shown in Fig. 1(a). Overall, the classical
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calculations reveal a similar two-dome structure than the
quantum PMFRG results. Some caution is required when
comparing explicit numbers for the transition temperatures
in the classical and quantum cases since even at the ferro-
magnetic Ising model different transition temperatures are
expected in both cases. This is because within our classi-
cal Monte Carlo calculations we simulate the ferromagnetic
Ising model with continuous three-component spins instead
of discrete Ising variables Sz

i = ±1/2 to correctly connect
to the XXZ model at finite J⊥ �= 0 (this means that in our
classical simulations Sx

i and Sy
i can take finite values, but these

components do not contribute to the energy). As a result of
the additional possibilities to fluctuate into transverse spin
components, our classical simulations show a significantly
reduced ordering temperature at the ferromagnetic Ising limit
θ = π compared to computations with discrete Ising vari-
ables, see Table I. On the other hand, a direct comparison
between classical and quantum results can be made for the
θ extent of the low-temperature nonmagnetic phase which is
found at θ ∈ [−0.10π, 0.60π ] in our classical Monte Carlo
simulations. The comparison with PMFRG indicates a sup-
pression of the nonmagnetic phase and an increase of the
ordered regimes by quantum fluctuations at both transitions.
At the lower transition into the FM⊥ phase, this quantum
order-by-disorder effect is known from previous quantum
Monte Carlo results [15,36]. In addition, here we find a similar
quantum order-by-disorder mechanism at the upper transition
into the FMz phase which has not yet been observed. In fact,
previous quantum investigations have found the opposite, i.e.,
a decrease of the ordered phase by quantum fluctuations in
this parameter region [26,69].

B. Spin structure factors

Further insights into the spin correlations in the different
magnetically ordered and disordered phases are obtained by
investigating the spin structure factor. Firstly, ferromagnetic
long-range order in a spin component μ is indicated by a
pattern of sharp magnetic Bragg peaks in Sμ(Q) as shown
in Fig. 1(b), right panel (where an exemplary plot for the
ferromagnetic Heisenberg model is presented) with a domi-
nant ordering peak at Q = (0, 0, 0) and smaller peaks at Q =
2π (±1,±1,±1) [i.e., (h, k, l ) = (±1,±1,±1)]. In contrast,
in nonmagnetic phases the signal is more spread over the
Brillouin zone. Particularly, for the antiferromagnetic Ising
model at θ = 0, the longitudinal spin structure factor Sz(Q)
[see Fig. 1(b)] shows the characteristic pattern known from
classical spin ice, with pinch points located at Q = 2π (0, 0, 2)
(and symmetry-related positions) [58]. In the exact spin struc-
ture factor of classical spin ice the pinch points are sharp and
singular, which is a consequence of the dipolar correlations
induced by the spin ice constraint Sz

t,1 + Sz
t,2 + Sz

t,3 + Sz
t,4 = 0

for the four spins in each tetrahedron t . In our PMFRG result,
however, the pinch points show a small broadening, which
is an artifact of the approximations involved, especially the
truncation of renormalization group equations. While directly
evident on the Hamiltonian level, the spin ice constraints are
highly nontrivial in terms of the renormalization group flow
of Majorana vertex functions and cannot be expected to be
exactly fulfilled at any level of truncation. The transverse spin

structure factor Sxx(Q) = Syy(Q) ≡ S⊥(Q) is completely flat
at the Ising point. This flat signal originates from the onsite
spin correlator 〈Sx

i Sx
i 〉 = 〈Sy

i Sy
i 〉 = 1/4 which is exactly cap-

tured within PMFRG [53].
Moving slightly away from the antiferromagnetic Ising

point, the longitudinal spin structure factor Sz(Q) first remains
unchanged, however, the transverse components S⊥(Q) de-
velop a small modulation in reciprocal space, see Fig. 1(b).
This modulation describes quantum fluctuations in the space
of classical spin ice states and, hence, directly characterizes
the U(1) spin liquid in this quantum spin ice regime. At θ =
−0.013π in the QSI0 phase, S⊥(Q) shows faint peaks at the
Brillouin zone center Q = (0, 0, 0) while at θ = 0.013π in the
QSIπ phase small maxima are observed at Q = 2π (0, 0, 2). In
the latter case, the signal resembles a smeared version of the
longitudinal spin structure factor Sz(Q). These patterns agree
nicely with the predictions from gauge mean-field theory [63].
Particularly, the maxima at Q = (0, 0, 0) and Q = 2π (0, 0, 2)
in the transverse spin structure factor S⊥(Q), representing a
characteristic distinguishing feature between QSI0 and QSIπ ,
respectively [63] are correctly captured by PMFRG. Increas-
ing θ towards the Heisenberg point θ = π/4 the longitudinal
spin structure factor Sz(Q) remains qualitatively unchanged
(not shown), while the transverse spin structure factor in-
creases until at θ = π/4 all components of Sμ(Q) become
identical.

In Fig. 4, we show additional spin structure factors to
discuss specific behaviors of Sμ(Q) near magnetic phase
transitions in more detail [the angles θ and temperatures T
of these plots are marked in Fig. 1(a) by red crosses]. A
typical cooling process from the nonmagnetic phase into the
low-temperature FM⊥ phase at constant θ is presented in
Fig. 4(a) for the case θ = −0.093π . At T = 0.5J , well in-
side the nonmagnetic phase, S⊥(Q) shows a square-shaped
network of connected peaks at Q = (0, 0, 0) and at the cen-
ters of the other Brillouin zones. Cooling the system to T =
0.15J , which corresponds to the phase transition, the peaks at
Q = (0, 0, 0) in S⊥(Q) become sharper and the signal of the
square-shaped network concentrates at the subdominant peaks
at Q = 2π (±1,±1,±1). We note that the finite height of the
magnetic Bragg peaks at the phase transition is a consequence
of the finite system size in our PMFRG calculations.

In Fig. 4(b), we show spin structure factors for the system’s
transition from the magnetically disordered antiferromagnetic
XY model into the ordered FMz phase as θ is increased and
T is kept small and constant at T = 0.08J . At the antifer-
romagnetic XY point θ = π/2 the transverse spin structure
factor S⊥(Q) shows a typical signal of broadened pinch points
that closely resembles the one in Sz(Q) of the Ising model.
Here, however, the broadening which indicates a (partial)
violation of the spin ice constraint 〈Sx

t,1 + Sx
t,2 + Sx

t,3 + Sx
t,4〉 =

〈Sy
t,1 + Sy

t,2 + Sy
t,3 + Sy

t,4〉 �= 0 is a physical feature and no nu-
merical artifact. This is because Sx

t,1 + Sx
t,2 + Sx

t,3 + Sx
t,4 and

Sy
t,1 + Sy

t,2 + Sy
t,3 + Sy

t,4 are noncommuting operators for two
overlapping or identical tetrahedra, preventing the simultane-
ous fulfillment of all spin ice constraints. Interestingly, even
though Jz vanishes in the XY model, the signal from S⊥(Q)
leaks into the longitudinal spin structure factor Sz(Q) but the
pattern in Sz(Q) is somewhat smeared and reduced compared
to S⊥(Q). Upon increasing θ away from the XY point, we find
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FIG. 4. (a) Spin structure factors S⊥(Q) and Sz(Q) in the (hhl ) plane at constant θ = −0.093π (corresponding to J⊥/Jz ≈ −0.3) for two
temperatures T = 0.5J and T = 0.15J , the latter being right at the phase transition into the FM⊥ order. (b) Spin structure factors S⊥(Q) and
Sz(Q) in the (hhl ) plane at constant temperature T = 0.08J , varying θ from the antiferromagnetic XY model (θ = π/2) into the FMz phase.

a θ regime where Sz(Q) shows both, the pattern inherited from
the antiferromagnetic transverse couplings J⊥ > 0 as well as
peaks at the Brillouin zone centers due to Jz < 0 indicating
the proximity to the FMz phase, see middle panel of Fig. 4(b)
at θ = 0.54π . Upon further increasing θ the system develops
FMz order as indicated by the peak structure of Sz(Q) in the
right panel of Fig. 4(b). Interestingly, during the system’s evo-
lution as a function of θ as shown in Fig. 4(b), the transverse
spin structure factor S⊥(Q) remains largely unchanged.

C. Nematic responses

To obtain more insights into the system’s properties
in magnetically disordered phases, we compute responses
to lattice symmetry breaking perturbation as described in
Sec. III A. To this end, we strengthen and weaken the cou-
plings according to Eq. (5) with a small parameter δ = 0.01
and calculate χ

μ
R defined in Eq. (6) as a function of temper-

ature. The patterns of strengthened and weakened couplings
are depicted as thick black and thin gray bonds in the top
panel of Fig. 5. These perturbations are the same as those
considered in Refs. [50,51]. The first pattern strengthens the
couplings on one tetrahedron type (e.g., the “up-tetrahedron”)
and weakens them on the other, leading to inversion (“I”)
symmetry breaking about pyrochlore sites. The second pat-
tern strengthens bonds along straight chains running through
the entire system. Note that there are three types of such
chains in the pyrochlore lattice along different directions,
which do not cross. This perturbation breaks the three-fold
rotation symmetry C3 about an axis that connects the centers
of adjacent tetrahedra. The third pattern describes a dimer
covering on the pyrochlore lattice where two opposite bonds
on one tetrahedron type are strengthened while all other bonds
(including those of the other tetrahedron type) are weakened.
This perturbation breaks both inversion and threefold rotation
symmetry (“I, C3”). Furthermore, the colored bonds in the
top panel of Fig. 5—in each case one strengthened and one

weakened bond—mark the correlations 〈Sμ

k Sμ

l 〉 and 〈Sμ
mSμ

n 〉
that are used to calculate the response function χ

μ
R in Eq. (6).

For symmetry reasons, for the first two perturbations all possi-
bilities for choosing strengthened bonds (k, l ) and weakened
bonds (n, m) in Eq. (6) lead to the same response function
χ

μ
R . However, for the third perturbation pattern, two symmetry

inequivalent choices for the bonds (k, l ) and (n, m) exist,
leading to different response functions denoted “A” and “B”.

The results for χ
μ
R from PMFRG for all considered per-

turbations are presented in the three plots in Fig. 5 showing
the Ising, Heisenberg and XY cases. We distinguish between
responses χ⊥

R (χ z
R) probing transverse (longitudinal) spin cor-

relations, see Eq. (6). In the isotropic Heisenberg case where
χ⊥

R = χ z
R the response to the C3 symmetry breaking perturba-

tion and the response B to the I and C3 symmetry breaking
perturbation are largest at all temperatures (the two responses
are almost but not exactly identical). The susceptibility A for
the latter perturbation is somewhat smaller and the response
to only inversion symmetry breaking is weakest. These results
can be compared with those from PFFRG in Ref. [50] where
the same response functions for the pyrochlore Heisenberg
model were calculated. This work also found an enhanced
response to C3 and combined I/C3 symmetry breaking (but
with a different overall magnitude of nematic susceptibilities)
which was interpreted as a possible indication of lattice ne-
matic order in this system. Our results for the smaller response
functions are also qualitatively similar to Ref. [50].

The responses to C3 and combined I/C3 symmetry break-
ing remain dominant in the Ising model (but show a
characteristic decrease at small temperatures) and are larger
than in the Heisenberg case. Note that the definition of χ

μ
R

in Eq. (6) only allows the calculation of the longitudinal
response χ z

R in the Ising model. The transverse response χ⊥
R

is ill-defined in this case because all nonlocal xx and yy spin
correlations vanish, 〈Sx

i Sx
j 〉 = 〈Sy

i Sy
j〉 = 0 for i �= j. The XY

model shows a qualitatively similar behavior to the Ising
model: Responses to C3 and combined I/C3 breaking are
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FIG. 5. Responses to lattice symmetry breaking perturbations.
The top panel shows the perturbation patters of strengthened (thick
black) and weakened (thin gray) bonds. The colored bonds indicate
the strong and weak bonds that define the response function χ

μ
R

in Eq. (6). The three plots show the temperature dependence of
the transverse χ⊥

R and longitudinal χ z
R responses for all considered

perturbations for the Ising, Heisenberg and XY models.

dominant and enhanced compared to the Heisenberg model.
In the XY model, however, the largest responses are along the
transverse spin directions. In contrast to the Ising model where
χ⊥

R is ill-defined, in the XY model longitudinal susceptibilities
χ z

R can be computed, despite vanishing Jz = 0, but they are
smaller than χ⊥

R . The finite signal in χ z
R for the XY model

can be explained by the system’s quantum nature, where the
transverse response χ⊥

R leaks into the longitudinal direction.

A similar effect induces the finite spin structure factor Sz(Q)
for the XY model in Fig. 4(b).

Overall, these results show that the responses to C3 and
combined I/C3 symmetry breaking are largest in all three
models and increase further as one moves away from the
Heisenberg case towards the Ising and XY models. To illus-
trate this behavior more clearly, in Figs. 1(a) and 1(c), we
plot the dominant C3 response throughout the nonmagnetic
phase as a function of θ and T . One observes a pronounced
increase of χ

μ
R on both sides of the Heisenberg point θ = π/4

where for θ < π/4 (θ > π/4) the longitudinal response χ z
R

(transverse response χ⊥
R ) is largest. The maxima of χ

μ
R as a

function of θ are approximately assumed for the Ising and XY
models.

It is generally expected that C3 symmetry breaking in the
Ising model will give rise to a large response at low temper-
atures. This is because of the classical nature of this model
where for any finite δ > 0, the perturbation selects a subset
of the classical spin ice states (with purely antiferromagnetic
spin configurations along the three chains). Thus even for in-
finitesimally small δ the difference 〈Sμ

k Sμ

l 〉 − 〈Sμ
mSμ

n 〉 between
spin correlations on strengthened and weakened bonds is of
order unity and χ z

R ∼ 1/δ [see Eq. (6)]. It follows that χ z
R

must diverge for θ → 0 and T → 0 in the limit of small
δ. As explained, in PMFRG we find this expected strong
increase of χ z

R near the Ising model at low temperatures. The
fact that our responses do not fully diverge but remain finite
in this limit is probably an artifact from the truncation of
the renormalization group equations. In other words, large
responses to symmetry breaking perturbations near the Ising
limit should not be interpreted as nematic order but rather
indicate that the system becomes classical in this part of the
phase diagram. However, this explanation does not apply to
the strong responses we observe near the XY model, since this
system is a true quantum model. We can therefore conclude
that the pyrochlore XY model shows strong tendencies for
realizing a nematic ground state with broken C3 symmetry
or a combination of broken C3 and inversion symmetries.
Remarkably, these tendencies are even more pronounced than
in the pyrochlore Heisenberg model for which there is com-
pelling evidence for a lattice symmetry broken ground state
from several different numerical approaches [29,35,50,54,70].
Due to the continuously varying responses χ⊥

R near the XY
model and the general limitations of our approach to probe
long-range nematic correlations (see discussion in Sec. III A)
we are not able to identify the boundaries of this potential
lattice symmetry broken phase and how it connects to the
QSIπ phase.

V. CONCLUSION

We use the recently developed PMFRG in the T -flow for-
malism [41] to calculate the phase diagram of the spin-1/2
nearest neighbor XXZ pyrochlore model in the full parame-
ter range θ ∈ [0, 2π ] of ferromagnetic and antiferromagnetic
couplings and for temperatures down to T ≈ 0.01J . Even
though the method is expected to lose quantitative accuracy
at T < J , our phase transition at lowest temperatures be-
tween the QSI0 and FM⊥ regimes is in very good agreement
with quantum Monte Carlo. Particularly, even at T ≈ 0.01J,
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magnetic phase transitions are accurately indicated by a crit-
ical scaling of the correlation length, demonstrating that the
PMFRG is applicable at temperatures well beyond the regime
where the method is perturbatively controlled. While quantum
order-by-disorder has previously been found near the transi-
tion between the QSI0 and FM⊥ phases, here we identify a
similar effect near the upper limit θ = 0.554π of our low-
temperature nonmagnetic phase, where classical Monte Carlo
finds the transition into the FMz phase at larger θ = 0.60π .
This is in contrast to a previous investigation of the quantum
model using variational and exact diagonalization approaches
[26] where quantum fluctuations were found to increase the
nonmagnetic phase. We further discuss spin structure factors
in various parts of the phase diagram. While deep in the
magnetically disordered phase the spin structure factor shows
typical patterns of broadened pinch points, near magnetic
phase boundaries additional features due to the proximity to
long-range order are observed.

The last focus of our work is on responses to lattice
symmetry breaking perturbations. We find the responses to
C3 and combined I/C3 symmetry breaking enhanced at the
antiferromagnetic Heisenberg point at low temperatures, in
agreement with previous PFFRG studies [50]. Interestingly,
these responses increase even further when moving from the
Heisenberg to the XY model. We therefore propose a lattice
nematic state as a promising candidate for the ground state of
the antiferromagnetic XY model.

A previous work identified a spin-nematic ground state
in the antiferromagnetic XY model [26]. This is an inter-
esting alternative possibility as it resembles the behavior
of the corresponding classical model, where thermal order-
by-disorder selects collinear spin configurations [27,71,72].
Within PMFRG, such in-plane spin nematic order can in
principle be probed by detuning the transverse couplings Jx

and Jy homogeneously on all nearest neighbor lattice bonds
and calculating the system’s response to a small perturba-
tion δ = Jx − Jy. The current implementation of the PMFRG,
however, does not allow for such a modification because spin
rotation symmetry around the z axis is explicitly assumed in
our PMFRG equations. An extension of the PMFRG to gen-
eral anisotropic spin interactions will require a rederivation of
the renormalization group equations giving rise to more com-
plicated equations. Although this is expected to significantly
increase the numerical runtimes, such a method extension still
seems feasible, but we leave it for future work. The resulting
approach will allow the calculation of spin-nematic responses
and the investigation of larger classes of spin Hamiltonians
such as XYZ models [38]. This opens up interesting research
perspectives, e.g. comparisons with experimental results for
dipolar-octopolar spin ice materials where such XYZ cou-
plings are realized [17–22].
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APPENDIX: DETAILS OF THE PMFRG

The derivation of the PMFRG equations make system-
atic use of symmetries to obtain simple dependencies of
fermionic propagators Gi j

μν (ω1, ω2) and vertex functions



i jkl
μναβ (ω1, ω2, ω3, ω4) in their arguments, such that the result-

ing flow equations can be tackled numerically. Here, i, j, k, l
are site indices, μ, ν, α, β ∈ {x, y, z} are Majorana flavors
and ω are fermionic Matsubara frequencies. The one-particle
Green’s function G12 and the connected two-particle Green’s
function Gc

1234 are defined as

G12 ≡ Gi j
μν (ω1, ω2) = 〈

η
μ
i (ω1)ην

j (ω2)
〉
, (A1)

Gc
1234 = −

∫
1′2′3′4′

G11′G22′G33′G44′
1′2′3′4′ , (A2)

where the subscripts 1234 are multi-indices including sites,
Majorana flavors, and Matsubara frequencies, such that any
object g can be briefly written as g1 ≡ gi

μ(ω1).
In the following, we state the consequences of all sym-

metries (as well as Z2 gauge freedom under η → −η,
Hermiticity and anti-commutation relations of Majorana op-
erators) on the argument structure of one- and two-particle
Green’s functions. We use a lean notation in which we only
show the indices that are affected by the symmetry transfor-
mation. Furthermore, P(1234) denotes a permutation of the
indices 1234 and sgn(P) is 1 (−1) for even (odd) permuta-
tions.

Anticommutation relation of Majorana operators:

G12 = 〈η1η2〉 = −〈η2η1〉 = −G21, (A3)

G1234 = sgn(P) GP(1234). (A4)

Hermiticity of Majorana operators:

G∗
12 = 〈(η1η2)†〉 = 〈η2η1〉 = G21, (A5)

G∗
1234 = G1234. (A6)

Z2 gauge redundancy:

Gi j = δi jG
i, (A7)

Gi jkl = Gi j (δikδ jl + δi jδkl − δilδ jk ). (A8)

SO(2) spin symmetry in the x-y plane:

Gμν = δμνGμν = δμνGμ, (A9)

Gμναβ = Gμναβ (δμνδαβ + δμαδνβ − δμβδνα ). (A10)

Time reversal symmetry:

G(ω1, ω2) = G(−ω1,−ω2)∗, (A11)

G(ω1, ω2, ω3, ω4) = G(−ω1,−ω2,−ω3,−ω4). (A12)
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Time translation symmetry:

G(ω1, ω2) = βδω1,−ω2 G(ω2), (A13)

G(ω1, ω2, ω3, ω4) = G(s, t, u)δω1+ω2+ω3+ω4,0, (A14)

where β is the inverse temperature. In the last equation, we
make use of the following bosonic transfer frequencies:

s = ω1 + ω2 = −ω3 − ω4, (A15)

t = ω1 + ω3 = −ω2 − ω4, (A16)

u = ω1 + ω4 = −ω2 − ω3. (A17)

The resulting parametrizations for the propagator G and the
two-particle vertex 
 are

Gi j
μν (ω1, ω2) = Gi

μ(ω2)δi jδμνδω1,−ω2 , (A18)



i jkl
μναβ (ω1, ω2, ω3, ω4)

= δω1+ω2+ω3+ω4,0
[



i j
μναβ (s, t, u)δikδ jl−
ik

μναβ (s, t, u)δilδ jk

+ 
ik
μναβ (s, t, u)δi jδkl

]
. (A19)

In the present case of a spin model with a SO(2) spin ro-
tation symmetry in the x-y plane, there are eight different
flavor combinations for the vertex functions 
xxxx, 
zzzz, 
xxyy,

xxzz, 
zzxx, 
xyxy, 
xzxz, 
zxzx. Although there are relations be-
tween some of these, we explicitly work with all eight vertex
functions. This is because by using time reversal symmetry,
vertex functions with negative Matsubara frequencies s, t , u
can always be mapped to positive ones, increasing numerical
efficiency.

The resulting flow equations for the self-energy 	 and the
two-particle vertex 
 for this parametrization read as

d

dT
	T, j

ν (ω1) = 1

2

∑
ω

∑
i

∑
μ


T,i j
μμνν (0, ω − ω1, ω + ω1)

d

dT
GT,i

μ (ω), (A20)

d

dT



T,i j
μναβ (s, t, u) = X T,i j

μναβ (s, t, u) − X̃ T,i j
μανβ (t, s, u) + X̃ T,i j

μβνα (u, s, t ), (A21)

X T,i j
μναβ (s, t, u) = 1

2

∑
λρ

∑
ω

∑
k

PT,kk
λρ (ω,ω + s)
T,ik

μνρλ(s,−ω − ω2, ω + ω1)
T,k j
λραβ (s,−ω + ω3,−ω + ω4), (A22)

X̃ T,i j
μναβ (s, t, u) = −

∑
λρ

∑
ω

PT,i j
λρ (ω,ω + s)
T,i j

μλνρ (ω + ω1, s,−ω − ω2)
T,i j
λαρβ (−ω + ω3, s,−ω + ω4). (A23)

Here, we used the bubble propagator

PT,i j
μν (ω,ω + s) = d

dT

[
GT,i

μ (ω)GT, j
ν (ω + s)

]
(A24)

to simplify the notation [41]. The initial conditions for 	 and 
 at T → ∞ are given by

	∞ = 0, (A25)


∞
xxxx = 
∞

zzzz = 
∞
xxyy = 
∞

xxzz = 
∞
zzxx = 0, (A26)


∞,i j
xzxz = 
∞,i j

zxzx = −J⊥
i j , (A27)


∞,i j
xyxy = −Jz

i j . (A28)

From the solutions of the PMFRG equations in Eqs. (A20) and (A21) we can calculate the equal-time spin-spin correlators
〈Sμ

i Sμ
j 〉 = T

∑
� Cμ

i j (�) where the dynamical correlator Cμ
i j (�) with the bosonic Matsubara frequency � is given by

Cx
i j (�) = −δi j

∑
ω1

GT,i
x (ω1)GT,i

z (ω1 + �) +
∑
ω1ω2

GT,i
x (ω2 + �)GT,i

z (ω2)GT, j
x (ω1)GT, j

z (ω1 + �)
T,i j
xzxz (�,� + ω1 + ω2, ω2 − ω1),

(A29)

Cz
i j (�) = −δi j

∑
ω1

GT,i
x (ω1)GT,i

x (ω1 + �) +
∑
ω1ω2

GT,i
x (ω2 + �)GT,i

x (ω2)GT, j
x (ω1)GT, j

x (ω1 + �)
T,i j
xyxy(�,� + ω1 + ω2, ω2 − ω1).

(A30)
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