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Field-induced multi-�Q states in a pyrochlore Heisenberg magnet
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We construct exact ground states of the J1-J3b classical Heisenberg model on the pyrochlore lattice in the
presence of a magnetic field. They are noncoplanar multi- �Q spin configurations with a large magnetic unit
cell that generalize the previously found coplanar sublattice pairing states. Using linear spin-wave theory, we
show that entropy favors these multi- �Q states at low temperatures in high magnetic fields. This is confirmed by
Monte Carlo simulations, and a phase diagram is constructed. We also calculate the zero-temperature dynamical
structure factor. Besides the usual Goldstone modes associated with the ordering �Qs, we find high intensity
gapless modes at momenta where there are no Bragg peaks.
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I. INTRODUCTION

Frustrated magnets, and particularly the highly frustrated
pyrochlores, have garnered significant attention due to their
predicted ability to host exotic states of matter, such as classi-
cal spin liquids. The antiferromagnetic (AF) nearest-neighbor
Heisenberg model on the pyrochlore lattice is such a spin
liquid due to its huge ground-state degeneracy [1–4]. This
degeneracy is however lifted by further-neighbor couplings,
and inclusion of second- and third-nearest-neighbor cou-
plings destabilize the spin liquid, inducing different kinds of
order [5–8].

While the primary interest in frustrated magnetism
often lies in the lack of magnetic order in presence of strong
correlations, i.e., spin liquidity, noncoplanar ordered states
with several ordering wave vectors have also gained much
attention, particularly due to their applications in spintronics
[9–11]. Such multi- �Q states are typically known to be real-
ized in the presence of the Dzyaloshinskii–Moriya interaction
[12–14]. However, they can also be stabilized by frustra-
tion [15], particularly with additional anisotropic exchange
interactions [16,17], impurities [18], or coupling to itinerant
electrons [19–21]. These mechanisms are also known to in-
duce multi- �Q states on pyrochlore lattices [5–7,22–24].

The third-nearest-neighbor couplings are predicted to be
the most important further-neighbor couplings in several py-
rochlore materials [25–27]. For the pure AF J1-J3b Heisenberg
model (see Fig. 1), coplanar sublattice pairing (SLP) states are
known to minimize the J1 and J3b energy terms simultaneously
[8]. In these states, sublattices pair up antiferromagnetically,
forming coplanar single- �Q spirals corresponding to 120◦ order
in the triangular planes formed by the J3b coupling.
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Here, we study the impact of an applied magnetic field
on the pyrochlore AF J1-J3b Heisenberg model. We start in
Sec. II by constructing an ansatz for the system’s ground state
as a generalized magnetic-field analog of the SLP ansatz of
Ref. [8]. This ansatz allows for a simultaneous SLP between
all pairs of sublattices, and can describe more general states
than the simple single- �Q spiral on each sublattice. Instead,
each sublattice has up to three ordering wave vectors, one for
each sublattice pair. The system thus has up to six ordering
wave vectors in total. In Sec. III, we present normalized multi-
�Q states satisfying the ansatz, and show further in Sec. IV that
6 �Q-states are favored entropically at sufficiently high mag-
netic fields. We define order parameters measuring various
aspects of SLP order in Sec. V, and confirm our findings
numerically using Monte Carlo (MC) simulations in Sec. VI,
where we also map out the phase diagram. We compute zero-
temperature static structure factors in Sec. VII and dynamical
structure factors, i.e., spin waves, in Sec. VIII for selected
values of the magnetic field, and end with a discussion of our
findings in Sec. IX.

II. HAMILTONIAN

We consider the following classical Heisenberg
Hamiltonian in a magnetic field �h on the pyrochlore lattice

H = J1

∑
〈�r,�r ′〉

�S�r · �S�r ′ + J3b

∑
〈〈〈�r,�r ′〉〉〉b

�S�r · �S�r ′ −
∑

�r
�h · �S�r, (1)

where the AF exchange couplings J1 = 1 and J3b > 0 are
illustrated in Fig. 1.

We begin by rewriting the Hamiltonian as

H = J1

2

∑
t

(�St,0 + �St,1 + �St,2 + �St,3 − 4 �m)2

+ J3b

4

3∑
s=0

∑
�

(�Si0,s + �Si1,s + �Si2,s − 3 �m
)2

, (2)
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FIG. 1. Pyrochlore lattice with an example of the canted
SLP1 state in a magnetic field h = 4. On sublattice 1 (blue), we
illustrate how J3b effectively couples spins in triangular planes. In
the canted SLP1 state, spins on pairs of sublattices form antiparallel
spirals in the ⊥ components (relative to the magnetic field direction),
while all ‖ components are equal. Each triangular plane on a given
sublattice has the same three spins. The SLP1 state can also be
viewed as chains of spins with staggered ⊥ components—here for
chains of pink and blue spins and chains of red and purple spins.

where the first sum goes over all up and down tetrahedra t
of the lattice, of which there are N/2 (N is the number of
spins), and �St,s denotes the spin on tetrahedron t and sublattice
s. The second sum goes over all elementary triangles on the
triangular lattices formed by the J3b bonds, which couple
spins on the same sublattice s (see Fig. 1). The number of
such triangles on each sublattice is also N/2. The sites on
each triangle are denoted i0, i1 and i2. We have subtracted a
constant term coming from the spins and the average mag-
netization squared ( �m is the average magnetization per spin).
Multiplying out the parentheses, the resulting Hamiltonian
is that of the J1-J3b model in a magnetic field, where the
magnetic field is along the axis of the magnetization and has
magnitude h = (8J1 + 9J3b)m. This gives a saturation field
hsat = 8J1 + 9J3b, and an average magnetization per spin

m = h

8J1 + 9J3b
. (3)

The ground-state energy (the constant we subtracted earlier)
per spin is

EGS

N
= −

(
J1 + 3

2
J3b + h2

2(8J1 + 9J3b)

)
. (4)

In Eq. (2), we have chosen to write the Hamiltonian so that
the lowest energy is achieved when the spins satisfy

�St,0 + �St,1 + �St,2 + �St,3 = 4 �m (5)

for each tetrahedron and

�Si0,s + �Si1,s + �Si2,s = 3 �m (6)

for each triangle. We will refer to Eq. (5) [Eq. (6)] as the
tetrahedron (triangle) condition. The rationale behind this

TABLE I. �Qi js in terms of reciprocal lattice vectors. �R = n1�a1 +
n2�a2 + n3�a3.

�Qi j Momentum �Q · �R
�Q01 (�b3 − �b2)/3 (2π/3)(n3 − n2)
�Q02 (�b1 − �b3)/3 (2π/3)(n1 − n3)
�Q03 (�b2 − �b1)/3 (2π/3)(n2 − n1)
�Q23 (2�b1 + �b2 + �b3)/3 (2π/3)(2n1 + n2 + n3)
�Q13 (�b1 + 2�b2 + �b3)/3 (2π/3)(n1 + 2n2 + n3)
�Q12 (�b1 + �b2 + 2�b3)/3 (2π/3)(n1 + n2 + 2n3)

choice is to match it with known results in the cases J1 >

0, J3b = 0 [28] and J1 = 0, J3b > 0 [29].

Ansatz

In the following, we label the spins by either their face-
centered cubic (fcc) lattice point �R and sublattice index
i = {0, 1, 2, 3}, or their position �r = �R + �δi. �R describes
the position of an up tetrahedron and is constructed from
the fcc primitive lattice vectors �a1 = (0, 1/2, 1/2), �a2 =
(1/2, 0, 1/2), and �a3 = (1/2, 1/2, 0), where we have set the
cubic lattice constant to unity. The corresponding reciprocal
lattice vectors are �b1 = 2π (−1, 1, 1), �b2 = 2π (1,−1, 1), and
�b3 = 2π (1, 1,−1). The sublattice vectors �δi, which describe
the spin positions on a single up tetrahedron, are �δi = �ai/2 for
i = {0, 1, 2, 3}, where we have defined �a0 = (0, 0, 0).

A general ansatz satisfying the tetrahedron and triangle
conditions is

�S �R,0 = + �u01 cos ( �Q01 · �R) + �v01 sin ( �Q01 · �R)

+ �u02 cos ( �Q02 · �R) + �v02 sin ( �Q02 · �R)

+ �u03 cos ( �Q03 · �R) + �v03 sin ( �Q03 · �R) + �m,

�S �R,1 = − �u01 cos ( �Q01 · �R) − �v01 sin ( �Q01 · �R)

+ �u12 cos ( �Q12 · �R) + �v12 sin ( �Q12 · �R)

+ �u13 cos ( �Q13 · �R) + �v13 sin ( �Q13 · �R) + �m,

�S �R,2 = − �u02 cos ( �Q02 · �R) − �v02 sin ( �Q02 · �R)

− �u12 cos ( �Q12 · �R) − �v12 sin ( �Q12 · �R)

+ �u23 cos ( �Q23 · �R) + �v23 sin ( �Q23 · �R) + �m,

�S �R,3 = − �u03 cos ( �Q03 · �R) − �v03 sin ( �Q03 · �R)

− �u13 cos ( �Q13 · �R) − �v13 sin ( �Q13 · �R)

− �u23 cos ( �Q23 · �R) − �v23 sin ( �Q23 · �R) + �m, (7)

where the wave vectors �Qi j are listed in Table I. Note that
the minus signs in the ansatz cause an antiparallel tendency
of spins on pairs of sublattices, hence we term this ansatz the
SLP ansatz.

The choice of minus signs gives �S �R,0 + �S �R,1 + �S �R,2 +
�S �R,3 = 4 �m, meaning that the tetrahedron condition is satis-
fied for all up tetrahedra. The tetrahedron condition is also
satisfied for the down tetrahedra,

∑
i
�S �R−�ai,i

= 4 �m. This can
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TABLE II. Triangular plane basis vectors �t1, �t2 and their
“normal” vector �n on the different sublattices, as well as their plane
index P and trisublattice index T . A general point �R = n1�a1 +
n2�a2 + n3�a3 = P�n + m1�t1 + m2�t2, and T ≡ (m1 + m2 ) mod 3. We
have defined n0 = −n1 − n2 − n3. T is understood to be mod 3.

Sublattice �t1 �t2 �n T P

0 −�a3 + �a1 −�a1 + �a2 �a1 − �a0 n2 − n3 −n0

1 +�a2 − �a0 +�a0 − �a3 �a0 − �a1 n2 − n3 −n1

2 −�a1 + �a3 −�a3 + �a0 �a3 − �a2 n0 − n1 −n2

3 +�a0 − �a2 +�a2 − �a1 �a2 − �a3 n0 − n1 −n3

be seen by letting �R → �R − �ai on sublattice i. It gives the
same cancellations as for the up tetrahedra, which follows
from �Qi j · �ai = �Qi j · �a j , as one can easily check by inspecting
Table I.

To see that also the triangle condition is satisfied, it is
necessary to divide each sublattice into parallel triangular J3b

planes (as shown for one of the sublattices in Fig. 1), and fur-
thermore, divide each triangular plane into trisublattices, such
that an elementary triangle has one site from each trisublattice.
A possible way of doing this is to introduce integer-valued
plane and trisublattice indices, P and T , respectively, as de-
fined in Table II. When rewriting the SLP ansatz in Eq. (7)
with this labeling, we find that the particular choices of �Qi js
in Table I cause all trigonometric functions to have arguments
which depend on the trisublattice index as 2πT/3 and on the
plane index as 2πP/3. Therefore, for each elementary triangle
in a given plane, the trigonometric functions from the different
trisublattices cancel each other, and the triangle condition is
satisfied. We also note that there are at most three different
planes on a given sublattice, which follows from the 2πP/3
dependence, making the spin configuration periodic when P
changes by 3.

III. GROUND STATES

Since the SLP ansatz in Eq. (7) fulfills both the tetrahe-
dron and triangle conditions, any proper state satisfying the
ansatz is a ground state of the Hamiltonian. To be a proper
classical spin state, each spin must have unit length. It is in
general difficult to achieve this for multi- �Q states, as they
often have a large number of different spins in the unit cell and
a corresponding large number of normalization constraints.
Here, the �Qi js make any spin configuration that obeys Eq. (7)
periodic with unit cell (3�a1, 3�a2, 3�a3), with a total of 108
spins. However, only 36 of these spins can be different, nine
on each sublattice (at most three different planes with three
spins each on each sublattice), giving rise to 36 normalization
constraints. These are listed in Appendix A.

The general SLP ansatz, Eq. (7), allows for several solu-
tions that fulfill the length constraints. It is not the purpose
here to find all solutions, but rather to describe a selected set
that is most likely to be realized in finite-temperature systems.

A. Zero field

In zero field, the simplest solution to the normalization
constraints is the coplanar solution introduced in Ref. [8]. It

amounts to setting all �u’s and �v’s to zero except �u01 ⊥ �v01 and
�u23 ⊥ �v23, which are all unit vectors. Explicitly, it is

�S �R,0 = +�u01 cos ( �Q01 · �R) + �v01 sin ( �Q01 · �R),

�S �R,1 = −�u01 cos ( �Q01 · �R) − �v01 sin ( �Q01 · �R),

�S �R,2 = +�u23 cos ( �Q23 · �R) + �v23 sin ( �Q23 · �R),

�S �R,3 = −�u23 cos ( �Q23 · �R) − �v23 sin ( �Q23 · �R). (8)

This corresponds to sublattice pairing (01)&(23). Other sub-
lattice pairings [(02)&(13) and (03)&(12)] are also possible.
In this state, the three coplanar spins on a particular plane
and sublattice are constructed from a single wave vector �Qi j

(and its negative) and form a 120◦arrangement which is the
same for all planes on the given sublattice. We call this state
SLP1, where the subscript refers to the number of different
momenta �Qi j on each sublattice (± �Qi j are considered equal in
this respect). As a whole, SLP1 is a 2 �Q state, as both �Q01 and
�Q23 are present. This SLP1 state has the characteristic feature
of antiparallel spins going along the �a0 − �a1 and �a2 − �a3 di-
rections on sublattices 0,1 and 2,3, respectively. In Ref. [8], it
was found that among the possible relative orientations of the
spiral ordering vectors �u01 and �u23 (�v01 and �v23), spin-wave
fluctuations selects entropically the coplanar state �u01 = �u23

and �v01 = �v23.
The coplanar SLP1 solution in Eq. (8) is a special case of a

more general solution where the nonzero �u’s and �v’s are

�u01 = �u23, �v01 = �v23, �v02 = �v12 = �v03 = −�v13, (9)

with �u23 being a unit vector that is perpendicular to two other
unit vectors �w1 and �w2 which parametrize

�v13 = ( �w1 + �w2)/3, �v23 = (2 �w1 − �w2)/3. (10)

The presence of the other �v’s in addition to �v01 and �v23 causes
the appearance of all six momentum vectors �Qi j in the spin
configuration. Thus, this state is a 6 �Q-state when �v13 �= 0. A
general property of these states is that spins on sublattices 0
and 1 (2 and 3) with identical trisublattice and plane indices
are antiparallel, and spins on sublattices 0 and 2 (1 and 3) with
identical trisublattice and plane index are parallel. Addition-
ally, the spins in one of the three planes on the same sublattice
are in general different from the spins in the remaining two
planes. Thus, the strict up-down alternation along directions
�a0 − �a1 and �a2 − �a3 does in general no longer hold.

The special case �w1 = −�w2 implies �v13 = 0 and corre-
sponds to the coplanar SLP1 solution above, where the three
planes on each sublattice are equal. For �w1 = �w2, we find a
coplanar state that differs slightly from SLP1. In this state,
two spins on one of the triangular planes on every sublattice
are permuted, so that the chirality of the 120◦ arrangement in
that plane is opposite to the remaining two planes.

For noncollinear arrangements of �w1 and �w2, one gets a
noncoplanar spin state. Because of the noncoplanarity, we
expect this state to have smaller entropy than the coplanar
SLP1 state, and less likely to be realized at finite temperatures.

B. Finite field

In a finite magnetic field, the general zero-field solution
Eqs. (9) and (10) gives unit length spins if �u23, �w1, and �w2
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are modified to be vectors of length
√

1 − m2 perpendicular
(⊥) to the field. This implies a configuration where the ⊥
components of the spins with identical trisublattice and plane
indices are antiparallel on sublattices 0 and 1 (2 and 3) and
parallel on sublattices 0 and 2 (1 and 3). The components
parallel (‖) to the field of all the spins are identical and equal
to the magnetization per spin m. However, since the vectors
�u23, �w1, and �w2 lie in the plane perpendicular to the magnetic
field and �u23 must be perpendicular to both �w1 and �w2, there
are only two possibilities for �w1 and �w2 given �u23. In the
first case, the �w’s are antiparallel, giving a canted version
of SLP1. This state is essentially SLP1 within the ⊥ plane,
but with all spins having the same finite ‖ component (see
Fig. 1). The other case, parallel �w’s, gives similarly a canted
version of the zero-field state where one plane of spins has an
opposite chirality in-plane 120◦ arrangement than in the other
two planes.

The previously discussed noncoplanar zero-field solutions
have no analog in a magnetic field. However, there are other
classes of solutions which resemble the previous ones in that
any spin on a given sublattice is “antiparallel” to one spin on
two of the other sublattices (in a field we use the term “antipar-
allel” for two spins having opposite ⊥ components and equal ‖
components) and parallel to a spin on the remaining sublattice.
Such solutions are more likely to have high entropy due to
the high number of (anti)parallel spins. We have found one
particularly interesting example of this, where spins that are
“antiparallel” do no longer have equal plane indices, as was
the case for the solutions discussed previously. Instead, the
spins in planes (0, 1, 2) on sublattice 0 (2) are “antiparallel”
to the spins of equal trisublattice index in planes (0, 2, 1) on
sublattice 1 (3), which leads to

u⊥
12 = −u⊥

03, u‖
12 = +u‖

03,

v⊥
12 = +v⊥

03, v
‖
12 = −v

‖
03,

u⊥
13 = −u⊥

02, u‖
13 = +u‖

02,

v⊥
13 = −v⊥

02, v
‖
13 = +v

‖
02,

u‖
01 = 0, v

‖
01 = 0, u‖

23 = 0, v
‖
23 = 0.

Further, the spins on sublattices 0 (1) and 2 (3) are parallel for
equal plane and trisublattice indices, implying

�u02 = 0,

u‖
03 = 0, v

‖
03 = 0,

�u23 = �u01, �v23 = �v01.

This leaves us with only two vectors with finite ‖ components:
�v02 and �v13. The remaining �u’s and �v’s all lie in the ⊥ plane.

Even with these conditions, there are many solutions. How-
ever, solutions different from those already classified have
�v⊥

02 = 0. The normalization problem then reduces to nine
equations (normalization of the nine spins on sublattice zero)
with eleven unknowns. We solve these nine equations, leaving
the direction of �u01 and the angle α − π/2 between �u01 and �u03

as free parameters. We find that �u01 (�u03) and �v01 (�v03) must
be orthogonal vectors of length

√
a + b (

√
a − b), where

a = 1
2 (1 − m2 − 8m2 tan2 α),

b = 1
2

√
(1 − m2)2 − 16m2(1 + 3m2) tan2 α.

Additionally, the directions of �v01 and �v03 must be chosen to
satisfy

�u01 · �v03 = �u03 · �v01.

The nonzero component of �v02 is v
‖
02 = −4| �m| tan α. Last, the

angle α is restricted by

α ∈ [0, αmax] ∪ [π − αmax, π ], (11)

where

tan αmax = 1 − m2

4|m|
√

(1 + 3m2)
. (12)

For α = {0, π}, this solution is the canted SLP1 state with
�u2

01 = 1 − m2 and �u2
03 = �v2

02 = 0. As α is increased (de-
creased) from 0 (π ), the canted SLP1 state continuously
evolves into a state where each sublattice has three �Qs;
SLP3,α (with six �Qs in total). In this state, there is a differ-
ent order in each of the three triangular planes on a given
sublattice. An explicit parametrization of this SLP3,α state is
shown in Appendix B. The value αmax gives the “maximal”
SLP3,α state, where |�u01| = |�u03|. We will refer to this as the
SLP3,M state (see Fig. 2).

In the SLP3,α states, the spin components along the mag-
netic field take three values: {m, m(1 ± 2

√
3 tan α)}. This is a

consequence of only �v02 and �v13 having a finite ‖ component.
For α = {0, π}, all spin ‖ components become equal to m
(canted SLP1). The difference in the three values along the
field increases as α approaches αmax.

Taking the limit m → 0, we note that SLP3,α approaches
the coplanar single- �Q SLP1 state for all α �= αmax, while for
α = αmax, we instead get a noncoplanar zero-field analog of
the SLP3,M state, different from the previously discussed zero-
field solutions.

We note that other solutions similar to SLP3,α can be found
by transforming �R according to the lattice symmetries. This
will lead to solutions with other pairings of “antiparallel”
and parallel planes and trisublattice indices, depending on the
transformation.

IV. SPIN-WAVE ENTROPY

For a given value of the magnetic field, all states described
by the ansatz in Eq. (7) have equal energies. To determine
which of these are favored at finite temperatures, we com-
pute their entropy using linear spin-wave theory. We assign
each particular ground state to a periodic fcc system with the
unit cell of M = 33 × 4 = 108 spins. The spin configurations
define site-dependent rotated frames, in terms of which the
spins are in a ferromagnetic configuration. We then use the
Holstein-Primakoff [30] transformation to describe the devi-
ations from the ferromagnetic configuration as bosons. The
resulting boson Hamiltonian is expanded to quadratic order,
with vanishing linear terms. This Hamiltonian is then diago-
nalized numerically to obtain the spin-wave frequencies ω�q,i,
using a Bogoliubov transformation involving 2M bosons [31].
We regularize the zero modes by adding a small value 10−10

to the diagonal of the Hamiltonian matrix. For further details,
see Appendix C.
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FIG. 2. SLP3,M state in magnetic field h = 4. Left: The spins have three different ‖ components, and for each sublattice there are three
different triangular plane spin configurations that repeats itself with period three. Right: The same configuration, but rotated such that the
magnetic field points out of the paper. This illustrates how the spins in every triangle sums to zero in the ‖ plane. We also see how some spins
are collinear in this plane.

The entropy per site from these linear spin-wave fluctua-
tions can then be computed as

S/N = − 1

l3M

∑
�q

M∑
i=1

ln ω�q,i, (13)

where the sum over �q goes over the first Brillouin zone of
the lattice with l3 M-site unit cells. In order to find the
entropy for l → ∞, we compute the entropy for sizes l =
{6, 9, 12, 15, 18} and extrapolate S/N versus 1/l3 to infinite
size using a quadratic polynomial. We use the parameter val-
ues J1 = 1, J3b = 0.2.

In zero magnetic field, the ground states are parametrized
by three unit vectors: �u23, �w1 and �w2, where �u23 is perpen-
dicular to �w1 and �w2. We label the angle between �w1 and
�w2 as θ . Then, computing the entropy for these solutions, we
get the results shown in Fig. 3. The maximal entropy occurs
for θ = π , which corresponds to the coplanar SLP1 solution.
For the zero-field SLP3,M state, we find eight gapless modes,

FIG. 3. Entropy for the h = 0 solution characterized by the angle
θ between the two vectors �w1 and �w2.

compared to 14 for the coplanar SLP1 state. Thus, we con-
clude that the coplanar SLP1 solution also has higher entropy
than the zero-field SLP3,M state.

For finite fields, the entropy per site for SLP3,α as a func-
tion of α, is shown in Fig. 4. The Bogoliubov diagonalizations
for these configurations yield four gapless modes. It is seen
that for low fields (h < 4), the entropy is maximal for α = 0,
corresponding to the canted SLP1 state. For higher fields (h >

4), the entropy is instead maximal for α = αmax, correspond-
ing to SLP3,M . Figure 4 also shows that the change between
these two values (0 and αmax) at h = 4 is discontinuous. To
better see that the change happens at h = 4, we compare the
values of the entropy per site versus magnetic field for the two
α values in Fig. 5.

V. ORDER PARAMETERS

To distinguish the SLP1 state from the SLP3 states in the
subsequent numerics, we construct four order parameters.

FIG. 4. Entropy per spin vs α in the SLP3,M state for different
values of the magnetic field (legend).
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FIG. 5. Entropy vs magnetic field for α = 0 and α = αmax.

For the first-order parameter, we make use of the fact that
the SLP1 state can be viewed as two sets of crossing paral-
lel chains where the spins on each chain are ordered in an
“antiparallel” way. In an SLP1 state with (01)&(23) pairing,
one set of chains runs along the direction �a1 − �a0 involving
alternate sublattice 0 and 1 sites. The other set runs along the
direction �a3 − �a2 and involves sites on the sublattices 2 and 3
(see Fig. 1). For one chain involving sublattices i and j, we
define the chain staggered order parameter as

�C �R0,i j ≡ 1

2L

∑
n

(
�S �R0+n(�a j−�ai ),i

− �S �R0+n(�a j−�ai ), j

)
, (14)

where �R0 is an arbitrary up tetrahedron on the chain. L is the
linear size of the system such that the total number of spins is
N = 4L3. We take the average length of this over all chains,
which is achieved by taking the average over all up tetrahedra
in the lattice

C2
i j ≡ 1

L3

∑
�R0

�C �R0,i j · �C �R0,i j . (15)

From this, we construct the three-component complex SLP
order parameter, OSLP, where each component corresponds to
a particular way of pairing the sublattices,

OSLP = C01C23 + ei2π/3C02C13 + ei4π/3C03C12. (16)

In the MC simulations, we measure all the Ci js and compute
the modulus |OSLP|. A nonzero value will be taken as an
indicator of an SLP phase. In Appendix D it is shown that
for a state respecting the SLP ansatz in Eq. (7),

C2
i j = 1

2

(
�u2

i j + �v2
i j

)
(17)

and

|OSLP| =
√

(1 − �m2)2 − 3
(
C2

01C
2
02 + C2

01C
2
03 + C2

02C
2
03

)
.

(18)

The maximum value occurs for the canted SLP1 state, where
only one of C01, C02, and C03 is nonzero, giving

|OSLP,1| = 1 − m2. (19)

In the SLP3,M state, we get

|OSLP,M | =
∣∣∣∣ (1 − m2)(1 − 9m2)

4(1 + 3m2)

∣∣∣∣. (20)

Another property of the canted SLP1 state is that all spin
‖ components are equal. To detect deviations from this, we
calculate the spatial fluctuations of the magnetization in the
field-direction

κ ≡ 1

N

∑
�r

(
S‖

�r − m
)2

. (21)

For the canted SLP1 state; κ = 0, while for the SLP3,M state

κM = (1 − m2)2

2(1 + 3m2)
. (22)

SLP1 and SLP3,α can also be distinguished by only SLP3,α

having a nonvanishing tetrahedral scalar chirality [23,32]

Oχ = 4

N

∑
�R

χ ( �R), (23)

where χ ( �R) is the sum of the chiralities for the four faces of
the up tetrahedron at �R. The chirality of a face is computed
such that its three spins are ordered in a counterclockwise
direction w.r.t. the outward face normal:

χ ( �R) = �S �R,1 · (�S �R,2 × �S �R,3) + �S �R,3 · (�S �R,0 × �S �R,1)

+ �S �R,0 · (�S �R,3 × �S �R,2) + �S �R,2 · (�S �R,1 × �S �R,0). (24)

For the SLP3,α state, Oχ = 2(4m tan α)3, which means that it
is zero for the canted SLP1 state (α = 0) and

Oχ,M = 2

(
1 − m2

√
1 + 3m2

)3

(25)

for SLP3,M .
A way to detect ordered multi- �Q states is to measure the

product of the static structure factors at the different ordering
wave vectors. The static structure factor

Sμν (�q) ≡ 1
2

(
Sμ

−�qSν
�q + Sν

−�qSμ

�q
)

(26)

is defined in terms of the Fourier transform Sμ

�q of the spin

state. We define the (isotropic) 3 �Q (on each sublattice) order
parameter which detects simultaneous ordering at �Q01, �Q02,
and �Q03 in the 111 Brillouin zone as

O3 �Q = 1

N3
(Sλλ( �Q01 + �G′)Sμμ( �Q02 + �G′)Sνν ( �Q03 + �G′))1/2,

(27)

where repeated Greek indices are summed over, and �G′ ≡
�b1 + �b2 + �b3. O3 �Q is zero in the SLP1 phase, and nonzero in
SLP3 phases; see Sec. VII.

VI. NUMERICAL RESULTS

To get an independent confirmation of our analytical re-
sults, we have performed classical MC simulations on systems
with an fcc lattice of tetrahedra with periodic boundary con-
ditions. The simulations were carried out using multiple MC
update types. In all our simulations one MC step consisted
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FIG. 6. Parallel tempering Monte Carlo results for the SLP order
parameter vs temperature in zero magnetic field.

of N single-spin Metropolis moves [33], where for each spin
the proposed new random direction is restricted to lie in a
cone about the old spin [34–36], N over-relaxation moves
[34] where a random spin is rotated an arbitrary angle about
the effective magnetic field seen on its site, a number of
Wolff-cluster updates [37] where clusters are formed of spins
that will be mirrored on an arbitrary plane that includes the
magnetic field direction (so that S‖ does not change), and 3N
single-spin Metropolis moves where the cartesian spin com-
ponents, Sx, Sy, and Sz, of a single spin is attempted reversed.
In some of the simulations, in addition to the above MC
updates, we also implemented the parallel tempering setup
[38] with a feedback-optimized scheme [39] to select a set
of temperatures that cause as many round-trips as possible for
each replica. The parallel tempering simulations were run with
a fixed number of typically 20–50 replicas spanning a fixed
temperature interval, with more replicas if the system is large
in order to increase the replica swapping rate.

In the following we will show results for the parameter
values J1 = 1 and J3b = 0.2. The MC results shown in the
figures (except Fig. 8) are mean values of 10–20 statistically
independent bins, and the error bars mark the standard devia-
tion of the mean. Where not visible, the error bars are smaller
than the symbol size.

All our low-temperature numerical simulations show re-
sults consistent with the magnetization relation Eq. (3) and
ground-state energy Eq. (4), confirming the form of the
Hamiltonian in Eq. (2).

In Fig. 6, we show parallel tempering MC results for |OSLP|
versus temperature T in zero magnetic field for three different
linear system sizes L (N = 4L3). The SLP order parameter
shows a steep increase at Tc = 0.180, which is 8% lower
than estimated using nematic bond theory [8]. The system
size dependence of the critical temperature is weak, and the
rise of the order parameter resembles that of a discontinuous
phase transition, in accordance with the nematic bond theory
results. When extrapolating to zero temperature, the SLP or-
der parameter appears to reach the value 1, consistent with
the low-temperature phase being the SLP1 state (with thermal
fluctuations).

FIG. 7. Parallel tempering Monte Carlo results for the SLP order
parameter vs temperature for different values of the magnetic field
indicated in the legend. L = 6. The short horizontal colored bars
on the ordinate axis indicate the SLP1 values of the SLP order
parameter; 1 − m2. The colored crosses on the ordinate axis indicate
the SLP3,M values of the SLP order parameter from Eq. (20).

When a magnetic field is added, the MC simulations are
in general more difficult to equilibrate. Using a system size
of L = 6, we show in Fig. 7 the SLP order parameter versus
temperature for different values of the magnetic field. The
sharp rise of the SLP order parameter that was seen for zero
field is still present for fields h � 4.5, and it appears to extrap-
olate to a value close to 1 − m2 as T → 0, shown as colored
horizontal bars on the ordinate axis. This is consistent with
the low-temperature phase being the canted SLP1 state. The
associated critical temperature decreases as the magnetic field
is increased.

We also observe from Fig. 7 that for small fields, h � 2.5,
the system goes directly from the high-temperature disordered
phase into the canted SLP1 phase at low temperatures. In con-
trast, for 2.5 � h � 4.5 coming from high temperatures, there
is first a slight increase in the SLP order parameter before
it slightly decreases, and then increases sharply at a lower
temperature (see the h = 4 curve in Fig. 7). For h � 4.5 we
find only the slight increase in the SLP order parameter, and
no dramatic upturn down to the lowest temperatures studied
(T > 0.02). Instead, the SLP order parameter extrapolates to
a value close to that for the SLP3,M state when T goes to
zero, shown as crosses on the ordinate axis. We thus interpret
the slight increase of the SLP order parameter as entering the
SLP3,M phase and the more pronounced increase as entering
the SLP1 phase.

To investigate the stability of the canted SLP1 state in
a magnetic field at low temperatures, we have carried out
long standard MC simulations without parallel tempering, all
started from the canted SLP1 state. They were run for 109

MC steps, each at a fixed temperature. In Fig. 8, we show the
spatial magnetization fluctuations κ (scaled by the expected
value κM in the SLP3,M state) for ten independent simulations
at each temperature and field value. It is apparent that for
h = 5, all simulations have escaped the initial SLP1 state.
Most of them (circles) get a value for κ which comes very

214444-7



CECILIE GLITTUM AND OLAV F. SYLJUÅSEN PHYSICAL REVIEW B 111, 214444 (2025)

FIG. 8. Scaled magnetization fluctuations κ at low temperatures
for magnetic fields h = 3 and 5. L = 6. Many points are on top of
each other as we show the results for ten independent runs for each
temperature and field value.

close to the SLP3,M value when T → 0. There are also runs
with slightly smaller values of κ (crosses), that are further
distinguished from the others (circles) by having at least an
order of magnitude smaller chirality |Oχ |.

Taking the final h = 5 spin configurations of these runs,
and exposing them to an energy relaxation procedure, we
relax the spin configurations to the corresponding ground
state [relaxed energies differ from Eq. (4) by at most 10−12].
We find that the spin configurations corresponding to higher
κ relax to SLP3,M , while the ones with smaller κ attain a
similar, but more complicated noncoplanar 6 �Q zero chirality
configuration, SLP3,χ=0, that satisfies the ansatz Eq. (7), and
has “antiparallel” spin pairs, but which is still not among the
solutions outlined in Sec. III. While the chirality on individual
up tetrahedra are generally nonzero in this state, their sum is
zero. We have calculated the entropy per site of such zero
chirality states for a range of field values, and find that it is
lower than that of SLP3,M up to very high fields, h � 9.0.
Thus, we expect that finite temperature entropy selection will
eventually prefer the SLP3,M state for even longer MC runs
as long as h � 9.0. For higher magnetic fields the linear spin-
wave entropies of the zero chirality state and the SLP3,M state
are almost equal. For h = 3, κ goes to zero as T → 0 for all
runs. This is consistent with SLP1, which is also what the
energy relaxation procedure on these states shows.

The phase transition into the SLP1 state at zero magnetic
field is discontinuous. This is also the case for small magnetic
fields as shown in Fig. 9, where we show the energy per site
at h = 2.5 versus temperature for different system sizes ob-
tained using the parallel tempering method. At T � 0.175 the
curves develop with system size into a “knee” discontinuity,
indicating a first-order phase transition. In contrast to the zero
field case, significant finite-size effects are seen at h = 2.5
and it is therefore necessary to carry out simulations on larger
lattices to map out the phase diagram. To do so, we employ
the mixed phase technique [40] where fixed temperature MC
simulations are started in a configuration where half of a
large L = 24 system is in the canted SLP1 state and the other

FIG. 9. Parallel tempering Monte Carlo results for the energy
per site vs temperature around the phase transition for h = 2.5 for
different system sizes.

half in the SLP3,M state. The runs are relatively short, ∼104

MC steps, and the error bars are gotten from repeating the
simulations five times with different random seeds. Figure 10
shows the SLP order parameter, the chirality order parameter,
and the 3 �Q order parameter as functions of magnetic field for
a fixed low temperature (T = 0.075). For h < 3.8 the SLP
order parameter is large, and both the chirality and the 3 �Q
order parameters are zero, consistent with the SLP1 phase.
For h = 3.8 the 3 �Q order parameter makes a jump and then
decreases with increasing field and vanishes at h = 7.85. The
SLP order parameter is also finite in this region but smaller
than in the SLP1 phase. The chirality order parameter also
jumps at h = 3.8 and decreases until h = 6.55 at which it dis-
appears abruptly, see Fig. 10 inset. We interpret this as phase
transitions from SLP1 to SLP3,M at h = 3.8, from SLP3,M into
SLP3,χ=0 at h = 6.55 and from SLP3,χ=0 to a disordered

FIG. 10. SLP order parameter |OSLP|, the chirality order param-
eter |Oχ | and the 3 �Q order parameter O3 �Q (multiplied by a factor 10)
vs magnetic field h for fixed T = 0.075 obtained from mixed phase
Monte Carlo simulations. L = 24. The inset shows a blowup of the
high field region.
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FIG. 11. Phase diagram for J1 = 1 and J3b = 0.2. L = 24.

phase at h = 7.85. We have repeated these mixed phase sim-
ulations for other temperatures and also for temperature scans
at fixed fields to obtain the phase diagram shown in Fig. 11,
where the phase boundaries are gotten from sharp jumps in
the order parameters and/or energy. From the energy versus
T curves in the mixed phase simulations, and also Fig. 9,
we infer that the phase transitions to the disordered state are
discontinuous. No such energy discontinuities were observed
between the ordered phases.

VII. STATIC STRUCTURE FACTORS

The ordered SLP states cause Bragg peaks in the static
structure factors, Eq. (26), which can be measured in neutron
scattering experiments. Using the SLP ansatz, Eq. (7), we
compute the longitudinal structure factor analytically (taking
�h along the z axis), giving

Szz(�q) = N2

32

∑
�G

{ ∑
i< j

(
uz2

i j + vz2
i j

)
�[ �G · (�ai − �a j )]

× (
δ�q, �G+ �Qi j

+ δ�q,− �G− �Qi j

)
+ 2mz2|1 + ei �G·�a1/2 + ei �G·�a2/2 + ei �G·�a3/2|2δ�q, �G

}
,

(28)

where �[ �G · (�ai − �a j )] ≡ 1 − cos (π (ki − k j )), �G = k1�b1 +
k2�b2 + k3�b3 denotes reciprocal lattice vectors of the fcc
Bravais lattice, and k0 = 0. The transverse structure factor,
(Sxx(�q) + Syy(�q))/2 is similar, but with x and y components
instead of z and no m term.

It follows that only the longitudinal structure factor has
peaks at Brillouin zone centers �. In Brillouin zones where
all kis are even, the � peak has magnitude (Nm)2 reflecting
the total magnetization squared, and in Brillouin zones where
k1 + k2 + k3 is odd, the � peak has magnitude (Nm/2)2. In
other Brillouin zones, there is no peak at �.

The � factor causes peaks at �Qi j to occur only in Brillouin
zones where ki − k j is odd. We define sets of momenta

Q̄i j ≡ { �Qi j + k1�b1 + k2�b2 + k3�b3}, ∀ ki − k j ∈ odd, (29)

FIG. 12. Static structure factor peak intensities divided by
(N/4)2 as a function of field h for the SLP1 state and SLP3,M state.

where these peaks occur. Their peak intensities are

Sμν (�q ∈ ±Q̄i j ) =
(

N

4

)2(
uμ

i ju
ν
i j + v

μ
i jv

ν
i j

)
. (30)

In Fig. 12, we show the static structure factors for the
SLP1 and SLP3,M states as a function of field. We have not
calculated it for SLP3,χ=0 as we do not have an analytic
expression for that state.

VIII. DYNAMICAL STRUCTURE FACTORS

From the linear spin-waves calculation outlined in Sec. IV
and Appendix C, we compute the zero-temperature dynamical
structure factor

Sμν (�q, ω) =
∫ ∞

−∞
dt

∑
�r,�r ′

〈
Sμ

�r (t )Sν
�r ′ (0)

〉
e−i �q·(�r−�r ′ )eiωt . (31)

To make plots of this, we approximate the delta-functions
coming from the spin-wave calculation by Gaussians centered
on the excitation frequency with a standard deviation 0.01,
and plot the resulting intensity in the Brillouin zone centered
at �b1 + �b2 + �b3 (111 zone) along straight lines in momentum
space going from −Ki j through the zone center � to Ki j

( �Qi j = 8Ki j/9).
We will refer to Szz(�q, ω) and (Sxx(�q, ω) + Syy(�q, ω))/2 as

the longitudinal and transverse dynamical structure factors,
respectively. The dynamical structure factors are in general
rather complex because of the large 108-site unit cell, so we
focus the discussion on the lowest energy modes.

In Fig. 13, we show the transverse and longitudinal dynam-
ical structure factors for the SLP1 state in zero magnetic field,
Eq. (8), where �u01 = �u23 and �v01 = �v23 are chosen to lie in the
xy plane. There are in total 14 different gapless modes. Two
of these are associated with the transverse channel at Q̄01 and
Q̄23. They connect to the Bragg peaks at the same locations
caused by the explicit appearance of �Q01 and �Q23 in the
ground-state configuration. The remaining 12 gapless modes
are visible only in the longitudinal structure factor. They ap-
pear at all Q̄i js, although there are no associated longitudinal
Bragg peaks. Four of these have spectral weights at ±Q̄01
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FIG. 13. Dynamical structure factor for the coplanar SLP1 state in zero magnetic field in the 111 zone. Upper (lower) panels show the
transverse (longitudinal) channel. The color bar shows log[S(�q, ω)] with a cutoff for S( �q, ω) < 1.

and ±Q̄23, four at ±Q̄02 and ±Q̄13 and the remaining four at
±Q̄03 and ±Q̄12. Slightly away from each Q̄, however, there
are at most two distinct high-intensity low-energy spin-wave
branches, dependent on the directions in momentum space.
We list the numbers for selected directions D̂ in Table III.

The 14 gapless modes can be explained by linearizing the
length constraint equations in small deviations δ�ui j and δ�vi j

from the planar SLP1 state. There are in total 36 independent
δ�ui j and δ�vi j components. In zero field, the linearized equa-
tions reduce to 22 constraints, leaving us with 36 − 22 = 14
gapless modes. The constraints require all ⊥ components to
be zero except for δuy

01 = −δvx
01 and δuy

23 = −δvx
23. The two

different transverse modes are therefore caused by the relative
phase between the oscillations of the unpaired sublattices
(e.g., 0 and 2) being either zero or π (“scissor” mode), where

TABLE III. The number of longitudinal high-intensity low-
energy spin-wave branches emanating out from Q̄i j in the direction D̂
when the ground state is SLP1 with �u01 = �u23 = x̂ and �v01 = �v23 = ŷ.
h = 0. n-fold degenerate branches are denoted: ×n. ∗ refers to the
directions and Q̄s shown in Fig. 13.

D̂ (±Q̄01, ±Q̄23) (±Q̄02,±Q̄13) (±Q̄03, ±Q̄12)

K̂01, K̂23 2∗ 2 × 2 1 × 2
K̂02, K̂13 2 × 2 2∗ 1 × 2
K̂03, K̂12 2 2 1∗

X̂1 2 × 2 2 1 × 2
X̂2 2 2 × 2 2 × 2
X̂3 2 × 2 2 × 2 1 × 4
L̂0, L̂1, L̂2, L̂3 2 2 1
Generic 2 2 1

the latter has the lowest energy. The remaining 12 modes are
associated with modulations in the z direction associated with
each of the 12 uz

i j’s and vz
i j’s.

When including small magnetic fields, the SLP1 ground-
state cants. In Fig. 14, we show the dynamical structure factor
for such a canted SLP1 state when h = 1. There are four
gapless modes. Two of these are visible as two low-energy
spin-wave branches near Q̄01 and Q̄23 in the transverse chan-
nel, as discussed for zero field. The remaining two modes
have strong intensities both at Q̄02 and Q̄13 in the longitudinal
channel, and also at Q̄03 and Q̄12 in the transverse channel.
Although there are two gapless modes at these momenta, we
find that only one distinct band of low-energy excitations
emanate out of them; depending on the direction, either only
one mode is visible, or the two are degenerate. The four
gapless modes can be explained by the four independent ways
of deforming the canted SLP1 state to linear order without
energy cost, as described by the linearized length constraint
equations around the canted SLP1 solution:

δuy
01 = −δvx

01, (32)

δuy
23 = −δvx

23, (33)

δux
03 = −δv

y
03 = δux

12 = δv
y
12 = m̃δuz

13 = −m̃δuz
02, (34)

δuy
03 = δvx

03 = −δuy
12 = δvx

12 = m̃δvz
13 = m̃δvz

02, (35)

where m̃ ≡ m/
√

1 − m2, and all other components δ�ui j, δ�vi j

are zero. In particular, the two last equations imply relations
between the z components of δ�u02 and δ�v02 and the xy com-
ponents of δ�u03 and δ�v03, explaining why the gapless modes
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FIG. 14. Dynamical structure factor in the transverse (top) and longitudinal (bottom) channels for the canted SLP1 state with (01)&(23)
pairing in a magnetic field h = 1 in the 111 zone. The color bar shows log[S(�q, ω)] with a cutoff for S( �q, ω) < 1.

at Q̄02 and Q̄13 in the longitudinal channel also show up in the
transverse channel at Q̄03 and Q̄12.

For high magnetic field (h = 5) we calculate the dynamical
structure factor for the SLP3,M state; see Fig. 15. It has more
low-intensity spin-wave branches than SLP1. We find four
gapless modes that are all dominantly transverse and each

one has spectral weights on eight of the 12 different ±Q̄i j ;
two of the modes lack spectral weights on {±Q̄02,±Q̄13},
the third on {Q̄03,−Q̄01,−Q̄12,−Q̄23}, and the fourth on
{−Q̄03, Q̄01, Q̄12, Q̄23}. Therefore there are at most two low-
energy transverse spin-wave branches emanating out of ±Q̄02

and ±Q̄13, and at most three for the other Q̄i js. Linearizing

FIG. 15. Dynamical structure factor in the transverse (top) and longitudinal (bottom) channels for the SLP3,M state in a magnetic field
h = 5 in the 111 zone. The color bar shows log[S(�q, ω)] with a cutoff for S( �q, ω) < 1.
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the constraint equations around the SLP3,M state, we find that
all δuz

i j = δvz
i j = 0, which explains why the gapless modes

lack spectral weight in the longitudinal channel. Further,
the linearized equations give δu⊥

02 = δu⊥
13 = 0, and condi-

tions where the in-plane components δu⊥
i j and δv⊥

i j with i j =
{01, 03, 12, 13, 23} are parametrized by the four independent
components of δv⊥

02 and δv⊥
03. In particular, δv⊥

13 only depends
on the two components of δv⊥

02. From this, it follows that there
are only two gapless modes at ±Q̄02 and ±Q̄13.

The dynamical structure factors in Figs. 13–15 are only
shown along −K0i�K0i in the 111 zone. The structure factor
is identical in the 100 zone for i = 1, the 01̄0 zone for i = 2
and the 001 zone for i = 3. Additionally, it is identical for
i = 1 along −K23�K23 in the 001 and 010 zones with gapless
modes at ± �Q23 instead of ± �Q01, for i = 2 along −K13�K13

in the 001̄ and 100 zones with gapless modes at ± �Q13 and for
i = 3 along −K12�K12 in the 01̄0 and 1̄00 zones with gapless
modes at ± �Q12. The remaining zones where ki − k j are odd
(101 and 110 for i j = 01, 23, 011 and 110 for i j = 02, 13,
and 011 and 101 for i j = 03, 12) have a generally different
dynamical structure factor at high ω, while the low-energy
modes stay the same.

IX. DISCUSSION

In Ref. [8], SLP1 states were found to be the ground states
of the classical pyrochlore Heisenberg antiferromagnet in
zero magnetic field for an extended range of further-neighbor
exchange interactions (with modified ordering wave vectors
�Qi js). In these states, spins on pairs of sublattices form an-
tiparallel coplanar spirals, and the ordering wave vectors for
the two pairs are in general different. Here, we have found
exact ground states for the pure AF J1-J3b model in a magnetic
field that generalize these SLP1 states.

Our key finding is that the ground states can be described
by the SLP ansatz in Eq. (7). This ansatz ensures a spin sum of
4 �m on every tetrahedron of J1 bonds, and 3 �m on every elemen-
tary triangle of J3b bonds. It therefore describes ground states
for all AF couplings J1, J3b > 0. In the limits where either
J3b = 0 or J1 = 0, the SLP ansatz is however too restrictive as
then only the tetrahedron condition or the triangle condition,
respectively, should hold. For J3b = 0, i.e., the pure J1 model
on the pyrochlore lattice in a magnetic field, the ground states
constitute instead an extensive manifold with one degree of
freedom per tetrahedron, i.e., N/2 degrees of freedom in total
[28]. In the opposite limit of J1 = 0, the system reduces to
decoupled triangular planes in a magnetic field for which
the triangle condition should hold [29,41]. This leaves three
degrees of freedom for each triangular plane. Computations
of the spin-wave entropy shows that the AF XY model on
the triangular lattice in a magnetic field favors the coplanar
Y and V states [42], and MC simulations have shown that the
corresponding Heisenberg model orders in the same phases
at finite temperature [29,43,44]. The case studied here, where
both J1 and J3b are nonzero, picks out the states which the two
ground-state manifolds have in common.

Our SLP ansatz generally describes spatially periodic
multi- �Q states with a large unit cell where the spins on pairs
of sublattices have a tendency to be antiparallel in the plane
perpendicular to the magnetic field and parallel along the

field. However, the ansatz itself is incomplete as one also
needs to choose its parameters such that all spins have unit
length. Multi- �Q states are typically incompatible with the
unit length constraint. Nevertheless, we have here presented
several normalized solutions. The simplest of these are the
SLP1 states, that are identical to those found in Ref. [8] in
zero magnetic field. In a finite magnetic field the coplanar
SLP1 state smoothly goes into a canted SLP1 state that de-
velops a uniform spin component along the magnetic field and
stays almost unchanged in the plane perpendicular to the field.
This SLP1 state is a 2 �Q-state. The SLP ansatz harbors also
6 �Q-states, but no normalizable 4 �Q-states (see Appendix E).
Most interestingly, we have parametrized a family of states
that interpolates continuously from the canted SLP1 state into
6 �Q SLP3 states, while keeping the spins normalized.

Finite temperatures induce an order-by-disorder mecha-
nism favoring the state with the largest entropy. Using linear
spin waves, we have calculated the entropy of the continuous
family of SLP states. We find that for J1 = 1, J3b = 0.2, the
canted SLP1 state is favored for magnetic fields h < 4.0, while
the 6 �Q-state SLP3,M has the highest entropy for h > 4.0. The
MC simulations indicate a slightly larger value for the zero-
temperature critical field of this phase transition: hC � 4.15
(see Fig. 11). The slight discrepancy with linear spin-wave
theory is likely to be a finite-size effect, but could also indicate
a quantitative inadequacy of the linear spin-wave approxima-
tion. For the very highest magnetic fields we find that a 6 �Q
state similar to SLP3,M but with zero up tetrahedron chirality,
SLP3,χ=0, is realized in the MC simulations.

From the MC simulations, we conclude that the finite
temperature disordering of the SLP1 and SLP3 phases are
discontinuous. In addition, they indicate a magnetic field re-
gion (approximately h ∈ [2.5, 9.1]) where the system exhibits
multiple transitions as the temperature is lowered in a fixed
magnetic field see Fig. 11. Lowering the field at a fixed
temperature results also in multiple transitions except at the
highest temperatures.

We have not been able to determine the specific thermo-
dynamic nature of the boundaries between the ordered phases
in Fig. 11, as we find no thermodynamic signatures associ-
ated with them. Thus they are likely rapid crossovers rather
than true phase transitions. Nevertheless, as is evidenced by
Fig. 10, the phases can be distinguished using a combination
of order parameters and structure factors.

The ordered SLP states should exhibit Bragg peaks in
neutron scattering experiments. We have calculated the static
structure factors and find Bragg peaks at momenta corre-
sponding to the ordering wave vectors in specific Brillouin
zones; see Fig. 12. The discrimination between the SLP1 and
SLP3 phases can then be made based on whether neutron
scattering shows two or six inequivalent Bragg peaks at low
temperatures in a single-domain single-crystalline material.
Further, the Bragg peaks for SLP1 should only be visible in
the transverse channel, while SLP3 also shows peaks in the
longitudinal channel.

We have also computed the spin-wave spectra of the SLP
states and their corresponding dynamical structure factors.
As is to be expected from a spin configuration with a large
unit cell, the dynamical structure factor is rather complicated,
having many spin-wave branches with different intensities.
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Focusing on the lowest energies, the dynamical structure fac-
tors reveal gapless modes at all momenta where there is a
corresponding Bragg peak in the static structure factor. This is
the usual scenario where the low energy spin waves describe
long wavelength deformations of a spin configuration around
its ordering wave vector. However, we also find additional
high intensity gapless modes at momenta where there are no
Bragg peaks.

In zero magnetic field, we find that the SLP1 state has
in total 14 different gapless modes. This is many more than
guaranteed by the Goldstone theorem, where the completely
broken continuous O(3) symmetry at h = 0 leads to three
gapless modes. Our results are however not in conflict with the
Goldstone theorem, as it only gives a lower limit on the num-
ber of gapless modes. In fact, the number of gapless modes
seen in the linear spin-wave calculation is in agreement with
the number of independent solutions of the linearized spin
normalization equations applied to the SLP ansatz. This in-
dicates that the SLP ansatz is capable of describing all ground
states in the vicinity of the SLP1 state. One can speculate
about the fate of the 14 gapless modes when doing a higher
order spin-wave calculation. As only three are protected by
symmetry, many of them will probably become gapped.

For h �= 0, we find four gapless modes for both the canted
SLP1 and the SLP3,M states. This is again in agreement with
the number of independent solutions to the linearized normal-
ization equations of the SLP ansatz in a field. While we expect
that a higher order spin-wave calculation will gap some of
the modes, it is interesting to note that a particular nonlinear
deformation of the spins should be expected to change the
state according to what the interpolation parameter α would
do (see Appendix B), thus maintaining zero energy even for
nonlinear changes. The striking difference between the dy-
namical structure factors of the SLP1 and SLP3,M states is
that the latter shows more intermediate intensity spin-wave
branches. Yet, for neutron scattering experiments it might
be more important that SLP1 has high-intensity low-energy
longitudinal spin waves, while SLP3,M only has transverse.

Higher-order spin-wave calculations should be able to de-
scribe magnon decays caused by cubic bosonic terms, which
generally occur for noncollinear ground states [45,46]. For a
future study, it would be interesting to investigate how this
affects the SLP1 and SLP3,M spin-wave spectra.

The J1-J3b model studied here is believed to be relevant
for the Gd2B2O7 class of materials (B is a nonmagnetic
cation) [25], however with additional dipole-dipole interac-
tions [47–49]. While we have not considered dipole-dipole
interactions, it would be interesting to study the effects of
these and other interactions on our results. We note that other
Heisenberg interactions were investigated in the zero-field
case in Ref. [8]. There, the SLP1 state survives when adding
J2 and J3a as long as J1 > J3b are both larger than J3a − J2.
Particularly, it would be interesting to study the stability of
the collinear SLP-X phase found close to J3b = J3a − J2, and
possible multi- �Q SLP3 analogs of this phase. This would
be relevant for pyrochlore spinel materials [26,27] and the
breathing pyrochlore materials LiGaCr4O8 and LiInCr4O8

[50]. As most of our results rely on satisfying the tetrahedron
and triangle conditions, we expect that the accurate values
of J1 and J3b are not important as long as they are both

AF. Therefore, our results should apply also to breathing
pyrochlores.

We hope that this work can lead to experimental searches
for multi- �Q ordered phases in pyrochlore magnets, and also
inspire theoretical investigations of other 3D models of frus-
trated magnetism.
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APPENDIX A: LENGTH CONSTRAINTS

In a proper classical state, each spin must have unit length.
Inserting �R = n1�a1 + n2�a2 + n3�a3 and values for �Qi j from
Table I into the SLP ansatz Eq. (7), we find for sublattice zero

�S0, �R = �u01 cos

(
2π

3
(n3 − n2)

)
+ �v01 sin

(
2π

3
(n3 − n2)

)

+ �u02 cos

(
2π

3
(n1 − n3)

)
+ �v02 sin

(
2π

3
(n1 − n3)

)

+ �u03 cos

(
2π

3
(n2 − n1)

)

+ �v02 sin

(
2π

3
(n2 − n1)

)
+ �m.

Setting k ≡ n3 − n2, l ≡ n1 − n3, and m ≡ n2 − n1, we see
that k + l + m = 0. The 2π/3 factor means that the integers
k, l, m should be understood modulo three. Thus, the SLP
ansatz imply in all nine different spin possibilities on sublat-
tice zero (k and l can take three independent values each, and
m then follows). The nine spins in the notation �S0,klm are

�S0,000 = �u01 + �u02 + �u03 + �m,

�S0,±(111) = 1

2
(−�u01 − �u02 − �u03 + 2 �m)

±
√

3

2
(�v01 + �v02 + �v03),

�S0,±(01−1) = 1

2
(2�u01 − �u02 − �u03 + 2 �m) ±

√
3

2
(�v02 − �v03),

�S0,±(−101) = 1

2
(2�u02 − �u03 − �u01 + 2 �m) ±

√
3

2
(�v03 − �v01),

�S0,±(1−10) = 1

2
(2�u03 − �u01 − �u02 + 2 �m) ±

√
3

2
(�v01 − �v02).
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Repeating this for the other sublattices, we find in total 36
length constraint equations:

(�u01 + �u02 + �u03 + �m)2 = 1,

(�u01 − �u12 − �u13 − �m)2 = 1,

(�u02 + �u12 − �u23 − �m)2 = 1,

(�u03 + �u13 + �u23 − �m)2 = 1,

(�u01 + �u02 + �u03 − 2 �m)2 + 3(�v01 + �v02 + �v03)2 = 4,

(�u01 − �u12 − �u13 + 2 �m)2 + 3(�v01 + �v12 − �v13)2 = 4,

(�u02 + �u12 − �u23 + 2 �m)2 + 3(�v02 + �v12 + �v23)2 = 4,

(�u03 + �u13 + �u23 + 2 �m)2 + 3(�v03 − �v13 + �v23)2 = 4,

(2�u01 − �u02 − �u03 + 2 �m)2 + 3(�v02 − �v03)2 = 4,

(�u01 − 2�u02 + �u03 − 2 �m)2 + 3(�v03 − �v01)2 = 4,

(�u01 + �u02 − 2�u03 − 2 �m)2 + 3(�v01 − �v02)2 = 4,

(2�u01 + �u12 + �u13 − 2 �m)2 + 3(�v12 + �v13)2 = 4,

(�u01 + 2�u12 − �u13 + 2 �m)2 + 3(�v01 + �v13)2 = 4,

(�u01 − �u12 + 2�u13 + 2 �m)2 + 3(�v01 − �v12)2 = 4,

(2�u02 − �u12 + �u23 − 2 �m)2 + 3(�v12 − �v23)2 = 4,

(�u02 − 2�u12 − �u23 + 2 �m)2 + 3(�v02 − �v23)2 = 4,

(�u02 + �u12 + 2�u23 + 2 �m)2 + 3(�v02 − �v12)2 = 4,

(2�u03 − �u13 − �u23 − 2 �m)2 + 3(�v13 + �v23)2 = 4,

(�u03 − 2�u13 + �u23 + 2 �m)2 + 3(�v03 − �v23)2 = 4,

(�u03 + �u13 − 2�u23 + 2 �m)2 + 3(�v03 + �v13)2 = 4,

(�u01 + �u02 + �u03 − 2 �m) · (�v01 + �v02 + �v03) = 0,

(�u01 − �u12 − �u13 + 2 �m) · (�v01 + �v12 − �v13) = 0,

(�u02 + �u12 − �u23 + 2 �m) · (�v02 + �v12 + �v23) = 0,

(�u03 + �u13 + �u23 + 2 �m) · (�v03 − �v13 + �v23) = 0,

(2�u01 − �u02 − �u03 + 2 �m) · (�v02 − �v03) = 0,

(�u01 − 2�u02 + �u03 − 2 �m) · (�v01 − �v03) = 0,

(�u01 + �u02 − 2�u03 − 2 �m) · (�v01 − �v02) = 0,

(2�u01 + �u12 + �u13 − 2 �m) · (�v12 + �v13) = 0,

(�u01 + 2�u12 − �u13 + 2 �m) · (�v01 + �v13) = 0,

(�u01 − �u12 + 2�u13 + 2 �m) · (�v01 − �v12) = 0,

(2�u02 − �u12 + �u23 − 2 �m) · (�v12 − �v23) = 0,

(�u02 − 2�u12 − �u23 + 2 �m) · (�v02 − �v23) = 0,

(�u02 + �u12 + 2�u23 + 2 �m) · (�v02 − �v12) = 0,

(2�u03 − �u13 − �u23 − 2 �m) · (�v13 + �v23) = 0,

(�u03 − 2�u13 + �u23 + 2 �m) · (�v03 − �v23) = 0,

(�u03 + �u13 − 2�u23 + 2 �m) · (�v03 + �v13) = 0.

APPENDIX B: SLP3,α

The SLP3,α family of ground states interpolates smoothly
between SLP1 at α = 0 and SLP3,M at α = αmax. Here, we
give explicit expressions for the �u’s and �v’s of SLP3,α when
the magnetic field is in the z direction. We have chosen �u01

to be along x̂. With a = (1 − m2 − 8m2 tan2 α)/2 and b =
((1 − m2)2 − 16m2(1 + 3m2) tan2 α)1/2/2, the SLP3,α state is
given by

�u01 = √
a + b (1, 0, 0), �v01 = |�u01|(0,−1, 0),

�u02 = (0, 0, 0), �v02 = 4m tan α (0, 0,−1),

�u03 = √
a−b (sin α, cos α, 0), �v03=|�u03|(− cos α, sin α, 0),

uxy
12 = −uxy

03, uz
12 = uz

03, v
xy
12 = v

xy
03, vz

12 = −vz
03,

uxy
13 = −uxy

02, uz
13 = uz

02, v
xy
13 = −v

xy
02, vz

13 = vz
02,

uxy
23 = uxy

01, uz
23 = 0, v

xy
23 = v

xy
01, vz

23 = 0.

Setting α = 0 one obtains the canted SLP1 state. In the oppo-
site limit, for α = αmax, we get the SLP3,M state:

�u01 = c7c−1

2c3
(1, 0, 0), �v01 = |�u01|(0,−1, 0),

�u02 = (0, 0, 0), �v02 = c2
−1

c3
(0, 0,−1),

�u03 = c−1

c7

(
c2
−1

2c3
, 2m, 0

)
, �v03 = c−1

c7

(
− 2m,

c2
−1

2c3
, 0

)
,

where we have used the abbreviations c3 ≡ √
1 + 3m2 and

c7 ≡ √
1 + 7m2.

For small α, valid to O(α2), we get

�u01 =
[

c−1 − 4m2c2
1

c3
−1

α2

]
(1, 0, 0), �v01 = |�u01|(0,−1, 0),

�u02 = (0, 0, 0), �v02 = 4mα(0, 0,−1),

�u03 = 4m2α

c−1
(α, 1, 0), �v03 = 4m2α

c−1
(−1, α, 0),

where we have used c−1 ≡ √
1 − m2 and c1 ≡ √

1 + m2.
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APPENDIX C: SPIN-WAVE EXPANSION

The spin-wave expansion is carried out by first defining a
rotated frame

Sα
�r = Rαβ

�r S′β
�r , (C1)

such that a ferromagnetic spin configuration along the z axis
in the rotated frame is equal to the ground-state spin con-
figuration. In the rotated frame, we do a Holstein-Primakoff
transformation [30] to expand around the ground state:

⎛
⎜⎝

S′x
�r

S′y
�r

S′z
�r

⎞
⎟⎠ =

⎛
⎜⎜⎜⎝

√
S
2 (a†

�r + a�r )

i
√

S
2 (a†

�r − a�r )

S − a†
�r a�r

⎞
⎟⎟⎟⎠. (C2)

Inserting this into the Hamiltonian, the linear terms in boson
operators vanish, and the quadratic part of the Hamiltonian
becomes

H = 1

2

∑
�q

�
†
�qH�q��q, (C3)

where �q runs over the first Brillouin zone of the lat-
tice with an unit cell of M = 4 × 33 = 108 spins. ��q =
[a�q,1, · · · , a�q,M, a†

−�q,1, · · · , a†
−�q,M]T is a 2M column vector

of boson operators, and H�q is a 2M × 2M matrix with co-
efficients coming from both the rotation matrices and the
parameters of the original Hamiltonian.

Being boson operators, the components of ��q must obey
the commutation relations

[��q,i,�
†
�q, j] = gi j, (C4)

where g is a diagonal 2M × 2M matrix with +1 (−1) on the
upper (lower) M entries. To diagonalize the Hamiltonian, we
define transformed bosons � in the following way:

��q = T�q��q, (C5)

where T�q is a 2M × 2M matrix and ��q is a 2M column
vector of transformed boson operators that also obey the com-
mutation relations Eq. (C4). This requirement leads to the
following restriction on T�q:

T�q gT †
�q = g. (C6)

To diagonalize H�q while maintaining this restriction, we
follow Colpa [31] and decompose H�q using a Cholesky de-
composition H�q = K†

�q K�q. Then the Hermitian matrix K�qgK†
�q

is diagonalized, and its eigenvalues are sorted in descending
order and assigned to the diagonal matrix D�q. We denote by U�q
the corresponding unitary matrix with eigenvectors of K�qgK†

�q
as columns. It then follows that

T�q = K−1
�q U�q

√
gD�q, (C7)

which satisfies Eq. (C6). The diagonal matrix of energy eigen-
values is

E�q = T †
�q H�qT�q = gD�q. (C8)

Thus, the spin-wave frequencies at +�q can be read off from
the upper M entries of gD:

ω�q,i = Dii
�q . (C9)

This (para)diagonalization procedure fails if H�q is not positive
definite. Therefore, we add a small positive constant diagonal
matrix to H�q to keep the eigenvalues positive.

The dynamical structure factor is defined as

Sμν (�q, ω) =
∫ ∞

−∞
dt

∑
�r,�r ′

〈
Sμ

�r (t )Sν
�r ′ (0)

〉
e−i �q·(�r−�r ′ )eiωt . (C10)

Inserting the rotation matrices and performing the Holstein-
Primakoff transformation, keeping at most terms that are
quadratic in the transformed boson operators, one can eval-
uate the boson correlators at zero temperature. Writing the
transformation matrix T�q on block-matrix form

T�q =
(

A�q B�q
C�q D�q

)
(C11)

and defining Ãi j
�q ≡ e−i �q·�δi Ai j and C̃i j

�q ≡ e−i �q·�δiCi j , where �δi is
the position of the ith spin inside the unit cell, we arrive at the
following expression for the dynamical structure factor:

Sμν (�q, ω)

= πNS
M∑

j=1

δ(ω − ω�q, j )

×
M∑
i,i′

[
Ã† ji′

�q
(
Ri′�

∗
1RT

i

)νμ
Ãi j

�q + C̃† ji′

�q
(
Ri′�1RT

i

)νμ
C̃i j

�q

+ Ã† ji′

�q
(
Ri′�2RT

i

)νμ
C̃i j

�q + C̃† ji′

�q
(
Ri′�

∗
2RT

i

)νμ
Ãi j

�q
]
,

(C12)

where

�1 =
⎛
⎝ 1 i 0

−i 1 0
0 0 0

⎞
⎠, �2 =

⎛
⎝1 i 0

i −1 0
0 0 0

⎞
⎠.

APPENDIX D: SLP ORDER PARAMETER

The SLP order parameter measures the staggered magneti-
zation on chains along �ai − �a j :

�C �R0,i j ≡ 1

2L

∑
n

(
�S �R0+n(�a j−�ai ),i

− �S �R0+n(�a j−�ai ), j

)
, (D1)

where �R0 is an arbitrary up tetrahedron on the chain. Inserting
the SLP ansatz, and performing the sum over n, trigonometric
terms with arguments 2πn/3 sum to zero (for L divisible by
3). The only surviving terms are those with �Qi j which follows
from the fact that �Qi j · (�ai − �a j ) = 0 mod 2π , ensuring that
each term in the sum is independent of n. This gives

�C �R0,i j = �ui j cos( �Qi j · �R0) + �vi j sin( �Qi j · �R0). (D2)

We then square this and take the average over all parallel
chains. This is achieved by summing over all points on the

214444-15



CECILIE GLITTUM AND OLAV F. SYLJUÅSEN PHYSICAL REVIEW B 111, 214444 (2025)

fcc Bravais lattice

C2
i j = 1

L3

∑
�R0

(�ui j cos( �Qi j · �R0) + �vi j sin( �Qi j · �R0))2. (D3)

Performing this average, the trigonometric terms reduce to

1

L3

∑
�R0

cos2( �Qi j · �R0) = 1

2
, (D4)

1

L3

∑
�R0

sin2( �Qi j · �R0) = 1

2
, (D5)

1

L3

∑
�R0

cos( �Qi j · �R0) sin( �Qi j · �R0) = 0, (D6)

implying that

C2
i j = 1

2

(
�u2

i j + �v2
i j

)
. (D7)

Now by considering the length constraint equations for the
spins on sublattice zero, one can show that they imply

�u2
01 + �v2

01 + �u2
02 + �v2

02 + �u2
03 + �v2

03 = 2(1 − �m2). (D8)

Similar relations can be obtained for the other sublattices.
Adding and subtracting these relations it follows that

�u2
01 + �v2

01 = �u2
23 + �v2

23, (D9)

which implies C23 = C01. Similarly, C13 = C02 and C12 = C03.
Therefore, the three-component complex order parameter,
which captures also other sublattice pairings

OSLP = C01C23 + ei2π/3C02C13 + ei4π/3C03C12

becomes

OSLP = C2
01 + ei2π/3C2

02 + ei4π/3C2
03

= C2
01 − 1

2

(
C2

02 + C2
03

) +
√

3

2
i
(
C2

02 − C2
03

)
.

Squaring gives

|OSLP|2 = (
C2

01 − 1
2

(
C2

02 + C2
03

))2 + 3
4

(
C2

02 − C2
03

)2

= (
C2

01 + C2
02 + C2

03

)2

− 3
(
C2

01C
2
02 + C2

01C
2
03 + C2

02C
2
03

)
.

Using Eq. (D8), we get

|OSLP| =
√

(1 − �m2)2 − 3
(
C2

01C
2
02 + C2

01C
2
03 + C2

02C
2
03

)
.

APPENDIX E: TWO WAVE VECTORS ON A SUBLATTICE

We show in this section that the spins in an SLP state with
two wave vectors on a sublattice, SLP2, cannot be normalized.
Setting �u03 = �v03 = 0, the nine sublattice zero equations re-
duce to

(�u01 + �u02 + �m)2 = 1, (E1)

(�u01 + �u02 − 2 �m)2 + 3(�v01 + �v02)2 = 4, (E2)

(−2�u01 + �u02 − 2 �m)2 + 3�v2
02 = 4, (E3)

(�u01 − 2�u02 − 2 �m)2 + 3�v2
01 = 4, (E4)

(�u01 + �u02 − 2 �m)2 + 3(�v01 − �v02)2 = 4, (E5)

(�u01 + �u02 − 2 �m) · �v01 = 0, (E6)

(�u01 + �u02 − 2 �m) · �v02 = 0, (E7)

(�u01 − 2�u02 − 2 �m) · �v01 = 0, (E8)

(−2�u01 + �u02 − 2 �m) · �v02 = 0. (E9)

Equations (E2) and (E5) can be combined to give

�v01 · �v02 = 0, (E10)

and the sum of Eqs. (E3) and (E4) combined with Eq. (E1)
gives

�u01 · �u02 = 0. (E11)

If we now consider the planes spanned by these �u’s and �v’s,
then it follows from the orthogonality conditions that (�u01 +
�u02 − 2 �m) is a normal vector for the �v plane. The remaining
orthogonality conditions then give

�u01 · �v02 = 0, (E12)

�u02 · �v01 = 0. (E13)

The remaining length constraints give that

�u2
01 + 4�u01 · �m = �v2

01, (E14)

�u2
02 + 4�u02 · �m = �v2

02, (E15)

and

�u2
01 + �u2

02 + 2(�u01 + �u02) · �m = 1 − m2. (E16)

In zero magnetic field ( �m = 0), it is consequently impossi-
ble to normalize the spins. This is because (�u01 + �u02) is
the normal vector to the �v plane (none of the vectors can
have zero length, as that removes the corresponding �Q because
�u2

01 = �v2
01 and �u2

02 = �v2
02). As �v02 is perpendicular to �u01 in

addition to the �v plane normal vector (�u01 + �u02), �v02 has to
be normal to the �u plane. However, as �v01 is normal to �v02

it follows that �v01 lies in the �u plane, but that breaks the
condition that (�u01 + �u02) is normal to the �v plane. The same
conclusion holds also in the presence of a magnetic field as
we have verified by direct insertion into the length constraint
equations on all sublattices using Mathematica.
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