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Data interpretation in anomalous small-angle X-ray scattering (ASAXS) relies

on the atomic scattering factors of the resonant element near its X-ray

absorption edge. The standard approach has been to use tabulated atomic

scattering factors. However, these refer to free isolated atoms, while ASAXS

typically probes condensed matter systems such as solids, liquids or soft matter.

This discrepancy is addressed by measuring the X-ray absorption spectrum near

the absorption edge and applying the Kramers–Kronig relations (Hilbert

transform) to extract the atomic scattering factors of the resonant element. A

related issue is the frequent occurrence of partially or fully negative resonant

scattering curves, which is resolved by revisiting the assumptions of the data

analysis. Two example experiments are presented to demonstrate our improved

interpretation: ASAXS measurements of Xe physisorption in a nanoporous Si

membrane near the Xe absorption edge, and the precipitation of magnetite/

hematite in an Fe-doped soda-lime silicate glass.

1. Introduction

Anomalous small-angle X-ray scattering (ASAXS), devel-

oped mainly by Stuhrmann (1980, 1981, 1982, 1985) in the

early 1980s, is a contrast-variation technique with numerous

applications in materials science and molecular biology, as

recently reviewed (Sun, 2021; Cheng et al., 2023; Sakurai,

2017). The core principle of the method involves measure-

ments at X-ray energies near the absorption edge of a specific

chemical element within the sample. The resulting scattering

curves vary with energy due to the anomalous dispersion

associated with the absorption edge of this specific element.

The interpretation of ASAXS data can generally be

approached in three ways: simultaneous fitting of all scattering

curves using the same nanostructural model but varying

contrasts, subtraction of two scattering curves in some special

cases, or solving a system of three or more linear equations for

multiple scattering curves. This last is often referred to as

‘Stuhrmann’s method’, the ‘scattering curve separation

method’ or ‘partial structure factor determination’. Simulta-

neous model fitting of several scattering curves measured at

different energies is typically performed using dedicated

software, such as SASfit (Breßler et al., 2015; Kohlbrecher &

Breßler, 2022), but it requires prior knowledge of the nano-

structure of the investigated object. The fitting procedure

needs fixed structure parameters while only the scattering

contrast changes with energy. The advantage is the signifi-

cantly reduced likelihood of fitting the data with an incorrect

multi-parameter model, though it does not eliminate the risk

entirely.
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The other two methods are model free and aim to deter-

mine the ‘resonant curve’, which corresponds to a two-phase

system composed of atoms of the resonant element in a

vacuum. Once the resonant scattering curve is determined, its

interpretation – whether qualitative or through model fitting –

is decoupled from the influence of other constituents in the

studied object. This is especially advantageous when the

resonant element is confined to a single phase. In such cases,

the resonant curve can be analysed using the full set of tools

developed for two-phase systems.

Numerous studies have explored the determination of

resonant scattering curves in small-angle scattering using both

Stuhrmann’s method and the two-curve difference method

(Haas et al., 2010; Hoell et al., 2009; Haubold & Wang, 1995).

Since the anomalous effect is often quite small, these

approaches require precise measurement of the scattering

curves and sample transmission, as well as accurate primary

data reduction. Nevertheless, several challenges remain.

The most common issue when applying Stuhrmann’s

method is the appearance of partially or completely negative

resonant scattering curves. Attempts to improve statistical

reliability by overdetermining the linear system – i.e.

measuring at more than three energies – often fail to resolve

this issue. In fact, it is sometimes observed that selecting

different triads of scattering curves yields varying positive

resonant curves, while combining all measured curves (more

than three) produces a negative result. This sensitivity of the

resonant curve to the choice of energy points is problematic

and may lead researchers to suspect measurement errors in

some of the scattering curves.

The determination of the resonant scattering curve using

Stuhrmann’s method requires knowledge of the atomic scat-

tering factors of the resonant element near its absorption

edge. Theoretically calculated data for atomic scattering

factors are available and commonly used (Henke et al., 1993;

Chantler, 2000; Cromer & Liberman, 1981). However, these

tabulated values refer to free isolated atoms, whereas ASAXS

typically investigates condensed matter – solids and liquids. In

such systems, the absorption spectra exhibit oscillatory

features known as near-edge X-ray absorption fine structure

(NEXAFS or XANES) and extended X-ray absorption fine

structure (EXAFS), which result from interactions between

the ejected photoelectron and neighbouring atoms. Addi-

tionally, the absorption edge often exhibits a chemical shift

depending on the chemical state of the resonant atom, and

certain elements may show pre-edge peaks.

The standard procedure in ASAXS accounts for the chemical

shift by simply shifting the corresponding tabulated atomic

scattering factors. However, this approach neglects the finer

structure of the absorption spectrum. Furthermore, the accuracy

of the tabulated dispersion corrections, f 0 and f 00, is limited in

the near-edge region. Chantler (2000) provided uncertainty

estimates for f 0 and f 00, showing deviations of up to 30% within

10% of the K-edge energy. This level of uncertainty is proble-

matic when analysing anomalous effects of the order of just a

few per cent. Therefore, the reliability of the conventional pro-

cedure for determining the resonant curve remains questionable.

This contribution addresses the aforementioned issues by

replacing the tabulated f 00 data near the absorption edge with

values derived from measured absorption spectra. The

corresponding f 0 values are then calculated using the

Kramers–Kronig relations. This approach does not require

additional measurements, as absorption spectra near the

target edge are already acquired as part of the ASAXS

experiment.

Two ASAXS experiments are analysed as illustrative

examples. In both cases, a strong anomalous effect was

observed; however, attempts to determine the resonant scat-

tering curve using Stuhrmann’s method were partially or

completely unsuccessful.

2. Theory

The model-free method for determining resonant scattering

curves appears to have originated with Stuhrmann (1985). It is

based on a curve separation scheme, which decomposes each

scattering curve into a set of three contributions: resonant

IR(q), non-resonant I0(q) and a cross-term I0R(q),

Iðq; "Þ ¼ f 02 þ f 002
� �

IRðqÞ þ f 0I 00RðqÞ þ I0ðqÞ: ð1Þ

f 0 and f 00 are the real and imaginary corrections, respectively,

to the atomic scattering factor near the X-ray absorption edge:

f ð"Þ ¼ f0 þ f 0ð"Þ þ if 00ð"Þ: ð2Þ

" represents the X-ray energy and q the magnitude of the

scattering vector [q = (4�/�)sin�, where � is half the scattering

angle and � is the wavelength of the incident radiation]. The

corrections to the atomic scattering factors are typically taken

from the aforementioned public sources (Chantler, 2000;

Henke et al., 1993). Thus, equation (1) enables the construc-

tion of a linear system of three equations for IR(q), I0(q) and

I0R(q) at each value of q, by performing measurements at

three different X-ray energies near the absorption edge of a

chemical element present in the sample.

According to a recent review of ASAXS theory, an addi-

tional term in equation (1) proportional to f 00 exists in the case

of centrosymmetric or isotropic scattering media (Tatchev,

2008). The complete expression for a single-edge multi-atom

system is as follows [see Tatchev (2008) for notations and

further details]:

Iðq; "Þ ¼ f 02 þ f 002
� �

IR1ðqÞ þ f 01I00R1ðqÞ þ f 001 I000R1ðqÞ þ I01ðqÞ;

ð3Þ

where

IR1 ¼ S11;

I00R1 ¼ 2 f01S11 þ
Xn

j¼2

f0j þ f 0j
� �

Re S1j

� �
þ f 00j Im S1j

� �� �
( )

;

I000R1 ¼ 2
Xn

j¼2

f 00j Re S1j

� �
� f0j þ f 0j
� �

Im S1j

� �� �

ð4Þ

and I01 = I0 + all remaining terms from equation (22) of

Tatchev (2008).
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Here the resonant element bears index 1. The imaginary

part ImðS1jÞ of the cross-element partial structure factors is

zero for centrosymmetric or isotropic media, but a term

proportional to its real part ReðS1jÞ still remains and f 00j for the

non-resonant elements has to be set to zero for the I000R1 to

disappear. That is exactly the approximation Stuhrmann made

at the beginning of his derivation of (1) – e.g. equation (20) of

Stuhrmann (1985). However, tables of f 0 and f 00 show that f 00

may be small but does not equal zero, even far from absorp-

tion edges. Thus, for the example given below, f 00 ranges

between 0.81 and 0.96, but f 0 is between 0.37 and 0.39 for Si at

energies near the Xe LIII absorption edge (Henke et al., 1993).

Another possible curve separation scheme may be obtained

by a different rearrangement of equation (22) of Tatchev

(2008). With fRi denoting the real part, f0i + f 0i , of the atomic

scattering factor it reads

I q; "ð Þ ¼ f 2
R1 þ f 0021

� �
IR1ðqÞ þ f 01I 00R1ðqÞ þ f 001 I000R1ðqÞ þ I01ðqÞ;

ð5Þ

where

IR1 ¼ S11;

I00R1 ¼ 2
Xn

j¼2

fRjRe S1j

� �
� f 00j Im S1j

� �� �
;

I000R1 ¼ 2
Xn

j¼2

f 00j Re S1j

� �
þ fRjIm S1j

� �� �

ð6Þ

and I01 = all remaining terms with i > 1 from equation (22) of

Tatchev (2008).

Again, the term proportional to f 00 of the resonant atom will

disappear if f 00 for all non-resonant atoms is zero, and only for

centrosymmetric or isotropic media for which Im(S1j) = 0. The

latter separation scheme will obviously lead to a worse

conditioned matrix since fR1 = f01 + f 01, where f0i does not

depend on the energy and is larger than both f 01 and f 001 .

Nevertheless, the scheme is also operational and leads to the

same results as equations (4).

In a series of reports, Goerigk and co-workers employed a

curve separation scheme that appears similar to equation (5)

but is instead derived from equation (70) of Tatchev (2008).

As a result, it requires knowledge of the scattering contrasts,

i.e. the composition of the scattering (thermodynamic) phases

within the sample (Goerigk & Mattern, 2010; Goerigk &

Williamson, 1998, 2001a, 2001b). The outcome is a resonant

phase scattering function which corresponds to the partial

scattering factor only if the resonant element is confined to a

single phase.

3. Experimental

The sample under study was a soda-lime silicate glass with the

composition 16Na2O–10CaO–49SiO2–25Fe2O3� �, prepared

using a conventional high-temperature melt-quenching tech-

nique. A 75 g batch of powdered raw materials (Na2CO3,

SiO2, CaCO3 and FeC2O4·2H2O) was homogenized and then

heated in a fused silica crucible from room temperature to

1400�C at a rate of 10�C min� 1. The melt was held at this

temperature for 1 hour and then quenched into a graphite

mould preheated to 450�C. Once the surface of the cast

sample had solidified, it was transferred to a muffle annealing

furnace. To reduce mechanical stresses, the sample was

annealed at 450�C for 10 min. The furnace was then switched

off and the sample was allowed to cool to room temperature at

the natural furnace cooling rate (Harizanova et al., 2024a).

From the resulting block, plane-parallel pieces with

dimensions of 1 � 1 � 0.5 cm were cut. The top and bottom

surfaces were removed by grinding, and the samples were

annealed for 1 hour at 580�C to induce nanoparticle forma-

tion. The phase composition and microstructure after

annealing were characterized using X-ray diffraction (XRD),

transmission electron microscopy (TEM) (Harizanova et al.,

2024a) and computed tomography.

ASAXS measurements of the iron-containing glass near the

Fe absorption edge were performed on the four-crystal

monochromator beamline of the Physikalisch-Technische

Bundesanstalt at the Helmholtz-Zentrum Berlin (HZB)

synchrotron radiation facility BESSY II (Krumrey, 1998)

using the HZB-ASAXS instrument. The sample absorption

near the Fe K edge was measured on the same beamline in

transmission mode using the ASAXS setup. Normalization of

the absorption spectrum and linear fitting were performed

using the Athena software package (Ravel & Newville, 2005).

Magnetite (Fe3O4) and hematite (�-Fe2O3) were identified in

the samples by X-ray diffraction, and the corresponding

absorption spectra were retrieved from the IXAS X-ray

Absorption Data Library (https://xaslib.xrayabsorption.org/

elem/Fe).

Additionally, ASAXS measurements of xenon physi-

sorption in a nanoporous silicon membrane near the Xe

absorption edge were used, although the experimental details

are omitted here as they have been published elsewhere

(Gericke et al., 2021).

The systems of linear equations used to determine the

resonant scattering curve were solved using both singular

value decomposition (SVD) and QR decomposition. The two

methods yielded identical results. Column-wise matrix

normalization was applied to improve the conditioning of the

system.

All scattering curves were corrected for their individual

constant background scattering prior to any further proces-

sing.

4. Results and discussion

4.1. ASAXS at the Xe LIII absorption edge

Xenon physisorption in nanoporous silicon appears to be an

ideal candidate for ASAXS analysis. The system consists of

two components and may form either a two-phase or a three-

phase system, depending on the specific configuration. Under

normal conditions, the porous medium is a two-phase system

of a matrix with open porosity only, such that each pore can be

filled with gaseous xenon.
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Under pressure-induced physisorption, a third phase

consisting of liquid xenon may form. In such a configuration,

determination of the resonant scattering curve becomes

meaningful. Given the extremely low electron density of

gaseous xenon (mass density at boiling point 0.01 g cm� 3)

compared with liquid xenon (mass density 2.94 g cm� 3), the

resonant contribution in this case would predominantly arise

from the physisorbed (liquid) xenon phase.

This case appears ideal for ASAXS: the resonant element is

a chemically inert atomic gas and the tabulated dispersion

corrections for the atomic scattering factor should accurately

represent the system under investigation. Nevertheless,

attempts to calculate the resonant scattering curve using data

from five X-ray energies were unsuccessful. Various combi-

nations of three energies out of the five were tested, each

yielding different resonant curves. This inconsistency ulti-

mately led to the exclusion of one of the five measurements

from further analysis [see the supporting snformation for

Gericke et al. (2021)].

All five ASAXS scattering curves measured near the Xe

LIII absorption edge were used to determine the resonant

scattering curve via equation (3). The anomalous effect is

illustrated in the top panel of Fig. 1. The bottom panel shows

the extracted Xe resonant scattering curve, along with the

remaining three components described in equations (4), now

expressed in the form

IR1 ¼ SXeXe;

I00R1 ¼ 2 f0XeSXeXe þ f0Si þ f 0Si

� �
Re SXeSi

� �� �
;

I000R1 ¼ 2f 00SiRe SXeSi

� �
;

I01 ¼ f 2
0XeSXeXe þ 2f0Xe f0Si þ f 0Si

� �
Re SXeSi

� �

þ f0Si þ f 0Si

� �2
þ f 02Si

h i
SSiSi:

ð7Þ
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Figure 1
(a) ASAXS curves of Xe in mesoporous Si at a pressure of 650 mbar. The
distance from the LIII absorption edge of Xe is given, together with the
X-ray energies. (b) Calculated resonant curve together with all other
terms of equation (5).

Figure 2
(a) All three partial structure factors for the two-component system. (b)
Ratios of partial structure factors.



Obviously, equations (7) form a system for the three partial

scattering functions SXeXe, SXeSi and SSiSi. They can be

calculated if we keep in mind that equations (3) and (4) are

single-edge approximations and the energy dependence of f 0Si

and f 00Si may be neglected, which allows us to replace them by

the means, e.g. 0.38 and 0.88, respectively. The three partial

scattering functions are shown in Fig. 2(a). Note that SXeSi

(I000R1) is negative. The ratios between partial structure func-

tions are plotted in Fig. 2(b). They show that the partial

structure factors are not proportional to each other. The

system cannot be treated as a two-phase one – the pores are

almost full of liquid Xe, but some small parts are still empty,

giving a deviation of proportionality at q > 1 nm� 1.

Actually, seven scattering curves were measured during the

experiment of Gericke: the five shown in Fig. 1(a) and two

more at 4780 and 4782 eV. Attempts to include any of the last

two with any combination of the other five resulted in negative

resonant curves with only a few positive points. The most

probable reason is the accuracy of the calculated atomic

scattering factors near the edge, as discussed by Chantler

(2000). The two incompatible energies are the closest to the

absorption edge, � 2 and � 4 eV. Nevertheless, the proposed

correction is already an improvement on Gericke’s experi-

ment, since it uses five instead of three energies and has a

plausible explanation for skipping the scattering curves closest

to the edge.

4.2. ASAXS at the Fe K absorption edge

XRD analysis of the as-quenched glass reveals an amor-

phous matrix containing crystalline inclusions of magnetite

(Fe3O4) and hematite (�-Fe2O3) (Harizanova et al., 2024a).

Tomographic imaging identifies inhomogeneities in the form

of large plate-like structures with an average thickness of

approximately 8 mm and a total volume fraction of around 1%.

TEM further shows the presence of magnetite nanoparticles,

roughly spherical in shape, with an average size of about

10 nm and an uneven spatial distribution throughout the

sample volume (Harizanova et al., 2024b). On the basis of the

overall chemical composition, the maximum volume fraction

of magnetite that could theoretically precipitate is estimated

at about 36%.

Given these characteristics, small-angle scattering is

expected to arise from a population of spherical particles,

superimposed on a Porod-law background due to scattering

from the larger plate-like inhomogeneities. Although not all

magnetite has precipitated, interparticle interference effects

are plausible under these conditions.

Fig. 3 presents the sample’s ‘edge scan’ as a normalized

absorption spectrum, along with reference spectra for

magnetite and hematite. The sample spectrum closely fits a

linear combination of the two reference spectra, with a

magnetite-to-hematite ratio of approximately 84:16. The

absorption edge of the sample is located at an energy of E0 =

7120 eV, consistent with the value for magnetite. A chemical

shift of 8 eV is observed.

Fig. 4 displays the small-angle scattering curves recorded at

nine energies near the chemically shifted Fe K absorption

edge. The overall scattering behaviour aligns with expecta-

tions: the curves approximately follow a Porod law, albeit with

a power of 3.5 rather than the classical value of 4. Additionally,

noticeable curvature in the regions between 0.04 and

0.2 nm� 1, 0.2 and 0.7 nm� 1, and 0.7 and 2 nm� 1 suggests the

presence of multiple scattering entities. While the anomalous

effect is relatively pronounced, it varies along the measured q

range, which rules out a simple two-phase system interpreta-

tion.

The initial attempt to analyse the data was carried out using

SASFit. A core–shell particle model, combined with a Porod
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Figure 3
Normalized absorption spectrum of the investigated glass, together with
those of magnetite and hematite. The energies at which SAXS curves
were recorded are also indicated.

Figure 4
Scattering curves of the Fe-containing glass at nine energies near the
shifted Fe K absorption edge.



background contribution, was successfully fitted to the scat-

tering curves at 6692 and 7120 eV. Although the fits were

satisfactory, some results were unexpected. Specifically, the

Porod exponent was found to be 2.9, the average outer particle

diameter – estimated at 60 nm – exceeded the values observed

via TEM, and the derived core-to-glass scattering contrast

appeared unreasonably low.

The resonant scattering curve IR was obtained by solving

the linear system of equation (1) using all nine ASAXS scat-

tering curves (i.e. a system of nine equations with three

unknowns). The values of f 0 and f 00 were taken from the tables

presented by Chantler (2000) with an applied chemical shift of

8 eV. The resulting resonant curve is shown in Fig. 5. IR drops

sharply to unphysical negative values below 0.2 nm� 1. This

behaviour is inconsistent with expectations, especially

considering that, as seen in Fig. 4, the anomalous effect – while

decreasing at q < 0.2 nm� 1 – remains substantial relative to

other systems.

The use of equation (3) instead of (1) to construct a linear

system of equations (this time nine equations and four

unknowns) does not resolve the problem – the number of

negative values of IR decreases but is still large enough.

Presumably, the use of f 0 and f 00 for the free Fe atom is a

problem since the absorption spectrum of the sample is quite

different from that of a free Fe atom. Therefore, we should try

to calculate relevant f 0 and f 00 values with the help of the

absorption spectrum of the sample.

The imaginary part f 00 of the anomalous correction of the

atomic scattering factors is directly connected to the cross

section of photoelectric absorption (Stuhrmann, 1985; Henke

et al., 1993). Thus

f 00ð"Þ ¼ c"�PEð"Þ; ð8Þ

where �PE(") is the linear photoelectric absorption coefficient

and c is a constant. The real correction, f 0("), is calculated

from f 00(") by the Kramers–Kronig relations. Transmission

measurements yield the total absorption coefficient of the

sample. In this context, the contributions from incoherent

(Compton) scattering and coherent (Rayleigh) scattering are

small and can be reasonably neglected. For example, at

7112 eV, the respective mass attenuation cross sections are

0.068 cm2 g� 1 for Compton scattering and 1.745 cm2 g� 1 for
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Figure 5
Resonant and non-resonant curves for Fe-containing glass calculated by
equations (1) and (3), and with f 0 and f 0 0 from tabulated data for a free Fe
atom and calculated from the sample absorption spectrum.

Figure 6
Anomalous dispersion corrections to the atomic scattering factors of Fe
bonded in Fe3O4; the points correspond to values used for the coefficients
of the linear system of equations (4) at the energies of the ASAXS curves.
(a) Imaginary correction; (b) real correction.



Rayleigh scattering, in contrast to 51.38 cm2 g� 1 for photo-

electric absorption (Berger et al., 2010).

The application of the Kramers–Kronig relations needs a

broader range of f 00(") to avoid deviations due to terminations

at the ends. Thus, we took the tabulated data for f 00(") from 3

to 12 keV and replaced the part between 7075 and 7148 eV

with c"�(") calculated from the measured absorption spec-

trum of the sample. The coefficient c was selected in such a

way that the normalized absorption of 1 in Fig. 3 approxi-

mately matches the value of the tablulated data at the point of

joining, 7148 eV. The resulting f 00(") near the Fe absorption

edge is shown in Fig. 6. The Kramers–Kronig relations were

applied to this f 00(") dependence.

The Kramers–Kronig relations are known in mathematics

as the Hilbert transform. Numerical methods for calculating

the Hilbert transform were developed a long time ago (Čı́žek,

1970; Marple, 1999) and functions for MATLAB (MATLAB

Help Centre, https://www.mathworks.com/help/signal/ug/hilbert-

transform.html) and Mathematica (Mangaldan, 2023; Costain

& Çoruh, 2004) already exist. We used the code on p. 162 of

Costain & Çoruh (2004) which gives a result identical to that

of Mangaldan (2023). The mentioned routines are general

purpose code used mainly in signal processing, so their output

needs some scaling. The Hilbert transform was applied to the

tabulated values of f 00 for iron between 3 and 12 keV and the

result was linearly scaled to coincide with the tabulated values

of f 0. The scaling coefficients were determined by a least-

squares method, minimizing the difference just below the

edge. Fig. 7 shows that f 0 calculated by the Hilbert transform

coincides with the tabulated data from Chantler over a wide

range below the absorption edge and sufficiently well within

the edge. Therefore, the code of the Hilbert transform

performs well enough for the purposes of this contribution.

Accordingly, the Hilbert transform was applied to the

modified f 00(") and the resulting f 0(") is shown in Fig. 6(b). The

calculated f 0(") curve is broader and less steep than the

corresponding tabulated values for a free atom, which reflects

the reduced sharpness of the experimental absorption edge, as

illustrated in Fig. 6(a).

Using the modified anomalous corrections for the atomic

scattering factor of Fe in magnetite, we return to equation (3)

to determine the four scattering contributions defined in

equations (4). The data obtained at the two sample-to-

detector distances were processed separately but are plotted

using the same symbols in Fig. 5 to present a unified resonant

scattering curve.

The resonant curve IR1 and the non-resonant one I01 are

shown in Fig. 5. The resonant curve is positive throughout and

reproduces the shape of the curve calculated via equation (1)

for q > 0.2–0.3 nm� 1, indicating that equation (1) may be

applicable under certain conditions. The three non-resonant

curves in Fig. 5 appear nearly identical to each other and

resemble the measured scattering curves at the lowest photon

energies. However, the shape of the resonant curve deter-

mined from equation (3) using the modified f 0 and f 00 differs

from both the non-resonant and original ASAXS curves.

Notably, the slight curvature at the lowest angles has vanished

and the slope now approaches � 4, while the two humps are

more distinctly shaped. This suggests the presence of regions

within the glass with low Fe content contributing to the scat-

tering at q < 0.2 nm� 1. Such regions could correspond to Fe-

depleted diffusion zones surrounding the larger magnetite/

hematite plates.

The resonant curve of the glass–ceramic sample fits well to a

model consisting of spherical particles with a log-normal size

distribution, Porod law (�q� 4) scattering and a constant

background. The average particle size obtained from the fit is

12 nm, which agrees with the TEM observations. This fit is also

included in Fig. 5. The benefits of ASAXS over conventional

SAXS, and particularly the advantages of extracting the

resonant curve over direct model fitting, are now evident,

despite the sample being less than ideal due to the presence of

at least two iron-containing phases with differing shapes and

sizes.

The uncertainties on the data points of the resonant curves

are seldom reported in the literature, though they can be

easily calculated through standard error propagation proce-

dures. In the case of an overdetermined system of equations,

i.e. more than three (four) ASAXS curves being analysed, the

three or four curves of equations (2) and (3) are linear

transformations of the scattering curves through the pseudo-

inverse matrix of the system matrix in the SVD method. The

system matrix is composed of f 0 and f 00 and contains no

uncertainty since the tabulated data for f 0 and f 00 have no

uncertainties. The errors in the resonant curve could be

calculated solely by the errors in the ASAXS curves. These

errors are small for most points of the resonant curve,

increasing only at higher angles where the errors of the

ASAXS curves are larger.

For the method proposed here, the system matrix is calcu-

lated from an experimental absorption spectrum with the help

of the Hilbert transform. Although the absorption spectrum

has its own errors, analytical error propagation for the Hilbert
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Figure 7
Plot of f 0 of Fe as given by Chantler (2000) and calculated by the Hilbert
transform of f 0 0 given by Chantler (2000).

https://www.mathworks.com/help/signal/ug/hilbert-transform.html
https://www.mathworks.com/help/signal/ug/hilbert-transform.html


transform is impossible or difficult. Nevertheless, computing

the uncertainties is desirable in view of the expected bad

conditioning of the system matrix. Therefore, a Monte Carlo

approach was adopted – the absorption spectrum was treated

as ‘exact’ and normally distributed errors of 1% were added to

each data point. We generated 11 perturbed data sets,

computed resonant curves for each, and took the mean and

standard deviation. This resulted in errors that are too small at

high scattering angles since the errors in the data of the

ASAXS curves are not accounted for. Thus, the two error

types were summed and are plotted in Fig. 5 as uncertainties of

the mean curve.

An important step in the resonant curve calculation is the

smoothing of f 00 prior to applying the Hilbert transform. A

running average over seven points, which equals 3.5 eV, was

used in the just-described calculation. This smoothing

suppresses experimental noise, avoiding unphysical negative

scattering intensities – a limitation when using tabulated f 0 and

f 00. Such a result is to be expected, since the resonant curve

depends more on the accuracy of the system matrix than on

the ASAXS data. Therefore, careful and accurate absorption

scanning around the absorption edge could be key to

obtaining a high-quality resonant scattering curve.

To complete the discussion of possible approaches to

resonant curve evaluation, it should be noted that applying

equation (1) with the modified f 0 and f 00 produces a result

inferior to any of the three shown in Fig. 5. Therefore, the most

effective method for constructing the system of linear equa-

tions is to use equation (3) in conjunction with the indepen-

dently calculated modified f 0 and f 00, as proposed here. This

approach requires only minimal additional effort, since the

edge scan – needed to determine the absorption edge position

– is routinely performed prior to the ASAXS measurement.

The proposed procedure for modifying the imaginary

correction to the atomic scattering factors of an element in a

compound could probably be improved further. Currently, the

two segments of the f 00(") function do not join perfectly,

leading to a discontinuity in its first derivative. This issue is

partially mitigated by applying a running average smoothing

method across five neighbouring points, which also helps

reduce noise originating from the experimentally measured

absorption spectrum of the sample. Nevertheless, a small

discontinuity or ‘bang’ in the resulting f 0 curve remains visible

above the edge, as seen in Fig. 6. This might be further

improved by enforcing derivative continuity at the joining

point.

Additionally, the choice of the energy range to be replaced

is somewhat arbitrary. While the result appears insensitive to

the upper boundary as long as it exceeds 25 eVabove the edge,

it is much more sensitive to the position of the lower boundary.

This sensitivity probably arises from the energy selection used

for recording the ASAXS curves – all energy points lie below

the edge, and the transition point lies between them. The

influence of the upper boundary would increase if an energy

above the edge were used in the experiment. That is not the

usual case, however, so the absorption spectrum is not

measured at length above the edge. A potential improvement

would be to measure the absorption spectrum across an

energy range that fully encompasses all ASAXS measurement

points. Despite these limitations, the results presented here

are sufficient to demonstrate the feasibility and validity of the

proposed approach.

5. Conclusions

Calculating resonant scattering curves using the ASAXS

method has proven to be a challenging task. In this study, we

propose two modifications to the standard approach.

First, we suggest abandoning the assumption that dispersion

corrections to the scattering factors of non-resonant elements

in the sample are equal to zero. Thus, instead of recording

scattering curves at a minimum of three X-ray energies and

using equation (1), one should measure them at at least four

X-ray energies and use either equation (3) or equation (5).

Second, for resonant elements bonded in condensed matter,

we recommend a procedure for modifying the imaginary

component of the scattering factor f 00 in the vicinity of the

absorption edge. Specifically, this involves replacing the

tabulated data with values calculated from the absorption

spectrum of the sample. Using the modified factor f 00, the real

component f 0 is then calculated by the Hilbert transform. A

reliable determination of resonant scattering curves in

ASAXS requires accurate measurement not only of the scat-

tering curves but also of the sample’s absorption spectrum.

By applying these two modifications, we have successfully

calculated the resonant scattering curve of xenon physisorbed

in nanoporous silicon using scattering curves measured at five

X-ray energies, as well as the scattering curve of an iron-

containing phase in glass using data measured at nine X-ray

energies.
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