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We demonstrate that the chiral Zp toric code—the quintessential model of topological order—hosts
additional, emergent topological phases when perturbed: descendant fractional quantum Hall-like states,
which we term Hall-on-Toric. These hierarchical states feature fractionalized Zp charges and increased
topological ground-state degeneracy. The Hall-on-Toric phases appear in the vicinity of the transitions
between deconfined Zp phases with different background charge per unit cell, in a fixed nontrivial flux
background. We confirm their existence through extensive infinite density matrix renormalization group
(iDMRG) simulations, analyzing the topological entanglement entropy, entanglement spectra, and a
generalized Hall conductance. Remarkably, the Hall-on-Toric states remain robust even in the absence of
Uð1Þ symmetry. Our findings reinforce the foundational interpretation of star and plaquette defects as
magnetic and electric excitations, and reveal that this perspective extends to a much deeper level.
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In what sense are the emergent electric charges in a toric
code like familiar electrons? For example, in a magnetic
field due to a background of emergent magnetic charges,
would they undergo cyclotron motion? If one could
engineer a large “density” of the charges, would further
interactions then produce quantum Hall physics?
Here, by tuning into a regime where the ground state

hosts a finite density of electric and magnetic charges, we
answer these questions in the affirmative using a surpris-
ingly simple canonical model for topological phases—the
Zp toric code illustrated in Fig. 1(a) [1–5]. We find a
ground state phase in which the emergent electric charges
form a ν ¼ 1=2-type Bosonic Laughlin state [6], which we
refer to as the Hall-on-Toric state.
A major distinction between the Hall-on-Toric states and

the usual fractional quantum Hall (FQH) states [6–11] lies
in the role of charge conservation. In the latter, the
underlying electronic charge is conserved, and the chiral
edges required by the topological order carry dissipation-
less charge currents. Historically, those currents underlie
the discovery of the FQH states in transport experiments
[8,12] and remain the most robust signature of the effect. In
the Hall-on-Toric state, the underlying charges are only
conserved modulo p as they are emergent charges of a Zp
theory. Chiral edges remain, but they carry only thermal
currents.
Just as in the hierarchical constructions of FQH states,

the topological order of the Hall-on-Toric state can be

understood by assuming the Zp charges of the toric code
form a Hall state of their own. In the low-energy Chern-
Simons description, the Zp toric code is described by the
Lagrangian

LTC ¼ p
2π

ϵa∂b; ð1Þ

where the a and b Uð1Þ gauge fields couple to the e and m
quasiparticles, respectively, and ε is the Levi-Civita sym-
bol. Placing the e quasiparticles in a ν ¼ 1=2 state, one
obtains

LHoT ¼ p
2π

ϵa∂bþ 1

2π
ϵa∂cþ 2

4π
ϵc∂c;

where c is an additional Uð1Þ gauge field whose fluxes
represent the e quasiparticles. Consequences that follow
include [13–15] (i) the topological degeneracy (on a torus)
of 2p2; (ii) a chiral central charge c ¼ 1, or, equivalently,
thermal Hall conductance κxy=T ¼ ðπ2k2b=3hÞ; and (iii) the
existence of a quasiparticle carrying 1=2 of the toric code
Zp charge. In particular, as the underlying e is only
conserved modulo p, we have that 2p − 1 of the e=2
quasiparticles are equivalent to one quasihole.
These notable long-wavelength consequences only

appear provided the topological state is stabilized on the
lattice. While the Hall-on-Toric states do not appear in the
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phase diagram of the exactly solvable Zp toric code model
[see Fig. 2(b)], we show that they appear asymptotically
close to it in the sense that even weak solvability-breaking
perturbations are sufficient. The Hall-on-Toric states inter-
vene near the transitions between Zp deconfined phases
with different background charge q per unit cell, so long as
there is nontrivial background flux g per unit cell to break
time reversal symmetry. We denote the reference toric-code

phases by Zðq;gÞ
p and, following this notation, the descend-

ant Hall-on-Toric phases by HoTðq;gÞ
p , with q taking frac-

tional values.
Model—The Zp generalization of the toric code [16,17]

is built from p-dimensional clock degrees of freedom
residing on the edges of a square lattice (see Fig. 1(a))
[1–5]. The generalized Pauli operators X and Z are defined
with respect to an orthonormal basis jsi, s ¼ 0;…; p − 1,

Zjsi ¼ ωsjsi and Xjsi ¼ js − 1 modpi; ð2Þ

where ω ¼ e2πi=p. The “clock” Z and “shift” X satisfy
the generalized commutation relation: XZ ¼ ωZX. The

plaquette and star operators are defined by

ð3Þ

and, just as in the usual toric code, the full set of As and Bp

operators mutually commute.
The commuting Zp toric code Hamiltonian is familiar,

H0 ¼ −Γme−iΦm

X
p

Bp − Γee−iΦe

X
s

As þ H:c: ð4Þ

but for the key feature that As and Bp are unitary but not
Hermitian for p > 2. Thus, the couplings can be complex,
which we write here in polar form with positive amplitudes,
Γm and Γe, and phases Φm and Φe. We note that Φm is odd
under parity andΦe is odd under time reversal [18] and thus
H0 defines the chiral Zp toric code. The sums

P
p and

P
s

run over all plaquettes and stars, respectively.

FIG. 2. (a) The spectrum of e−iΦeAs þ H:c: [see Eq. (5)] can be
understood as the height of the p cars (colored eigenstates with
eigenvalues the p’th roots of unity) in a Ferris wheel rotated by
Φe (here, p ¼ 4). At Φe ¼ π=4, a first-order phase transition in
the ground state occurs, as the lowest car switches from the red to
the blue. (b) Phase diagram of the solvable Hamiltonian H0 in
Eq. (4) (te ¼ 0). The colors (constant in columns) represent the
value of hAsi and refer to the lowest energy state in (a). The value
from the plaquette operator hBpi ¼ ωg is constant across rows.

FIG. 1. (a) The Zp degrees of freedom of the chiral toric code
reside on the edges of the square lattice, Eq. (4). (b) The e and m
excitations live on the sites of the lattice and dual, respectively.
The e dynamics can be mapped to a pure Zp matter model in a
fixed background flux hBpi ¼ ω, Eq. (7). (c) Schematic phase
diagram illustrating the gapped Hall-on-Toric phases (lobes) in
the vicinity of the transition between different background charge

states (Zð0;1Þ
p and Zð1;1Þ

p ) of the Zp theory with fixed background
flux. The couplings are defined in Eq. (6) and play the role of Zp

charge “hopping” and “chemical potential” in the matter model
[Eq. (7)].
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As a function of the coupling phases, the Hamiltonian

H0 exhibits p2 distinct Zp deconfined phases, Zðq;gÞ
p [see

Fig. 2(b)]. Each phase has a topological degeneracy of p2

on the torus, a topological entanglement entropy of − logp,
and host e and m anyons with mutual statistics [1,5,19].
They are distinguished by the background charge q and
flux g per unit cell; for the commuting model, these
equivalently give the expectation values of the star and
plaquette operators in the ground state: hAsi ¼ ωq and
hBpi ¼ ωg. For example, the ground state value of hAsi is
selected by finding the integer value of q that minimizes

EstarðqÞ ¼ −2Γe cos

�
2πq
p

−Φe

�
ð5Þ

for given Φe. We illustrate this relation by a rotating clock
in Fig. 2(a) showing the energy Estar of the p ¼ 4
eigenvalues of As, which are equidistantly placed on the
unit circle. AtΦe ¼ π=4, the system undergoes a first-order
transition, where hAsi goes from ω0 (red) to ω1 (blue):

Zð0;gÞ
p → Zð1;gÞ

p . An analogous discussion holds for the
plaquette operator Bp and the parameter Φm.
We perturb the solvable model with a uniform field

coupling to Z,

HTC ¼ H0 − te
X
e

ðZe þ Z†
eÞ: ð6Þ

The sum runs over all edges e of the square lattice, and we
take the parameter te > 0 to be real. The full model is
illustrated in Fig. 1(a).
Since the perturbation commutes with the plaquette

operators Bp, the model remains diagonal in plaquette
flux, even as the charges begin to fluctuate. To focus on
these dynamics, we extend the Hilbert space by introducing
Zp matter degrees of freedom, Cs, on the sites of the square
lattice, subject to the local Gauss law constraint that
Cs ¼ As (see supplementary material [18] for more details).
In the extended gauge-matter representation, the gauge
degrees of freedom are static and we obtain a pure Zp

matter model,

HM ¼ −Γe

X
s

e−iΦeCs − te
X
hi;ji

τijR
†
i Rj þ H:c: ð7Þ

Here, Rs is Zp conjugate to Cs and τij is a fixed gauge
background determined by the Bp flux sector of interest.
The matter model is a Zp version of the Harper-Hofstadter
Hamiltonian [20,21]; see Fig. 1(b). We emphasize that
Eq. (7) is an exact rewriting of Eq. (6) available so long as
the plaquette flux is static.
Consider the transition between two toric code phases

Zð0;1Þ
p with no background charge per unit cell and Zð1;1Þ

p

with one background charge per unit cell. At te ¼ 0, the

transition is direct, taking place at Φe ¼ π=p where the
energy of the two charge states is degenerate as illustrated
by the “Ferris wheel” in Fig. 2(a). For te ≪ Γe, the other
charge states are energetically inaccessible and may be
projected out. The resulting effective Hamiltonian is a
Hofstadter model with hardcore bosons,

HBH ¼ −μ
X
s

ns − te
X
hi;ji

τija
†
i aj þ H:c: ð8Þ

Here, a†s and as are the bosonic creation and annihilation
operators on site s and we have the charge state Cs ¼ ωns .
The effective chemical potential μ ¼ −4Γe sin ðπ=pÞ
sin ½ðπ=pÞ −Φe� vanishes at the transition linearly withΦe.
In contrast to the unprojected Zp model, which only

conserves the charge modulo p, the effective bosonic
model at small te exhibits an emergent Uð1Þ symmetry.
Within a Schrieffer-Wolff treatment, virtual processes that
eventually break the Uð1Þ are suppressed with ðte=ΓeÞp−1
for p ≤ 5. For p ≥ 6, the suppression becomes even
stronger, since additional virtual processes are needed
when p − 1 exceeds the coordination number of the lattice.
In analogy to the Mott lobes [22] in the Bose-Hubbard

problem, we can estimate the splitting of the transition by
comparing the single particle energy [20] Δp (which is
proportional to te) with the chemical potential [23]. This

gives us the scale, κp, on which the toric code phases, Z
ð0;1Þ
p

and Zð1;1Þ
p , give way to intermediate filling,

κp ¼ arcsin

�
−Δp

4Γe sin ðπ=pÞ
�
≈

−Δp

4Γe sin ðπ=pÞ
: ð9Þ

The bosonic Hofstadter model has been studied using
different numerical methods and found to host a variety
of fractional quantum Hall states. It has been explored
using exact diagonalization [24–32], DMRG on finite
lattices [33,34], iDMRG on cylindrical geometries
[31,35,36], tree-tensor networks [37], (i)PEPS [38,39],
and various variational and mean-field approaches
[24,25,40–42]. While these studies suggest the existence
of certain bosonic Hall states—predominantly the bosonic
Laughlin state [6] at filling ν ¼ 1=2—the stability of more
exotic fractional states in the thermodynamic limit remains
uncertain. In particular, topologically trivial density waves
and other crystalline states at specific fillings compete with
the proposed topologically ordered Hall states. For exam-
ple, the competition with the Tao-Thouless state [43] has
been highlighted in several works [44–46]. This competi-
tion is especially relevant in cylindrical geometries, where
the circumference becomes comparable to the magnetic
unit cell length. Thus, the stability of other filling fractions
in the thermodynamic limit remains an open question, as
results depend on both the method and system size. Beyond
the ν ¼ 1=2 state, some studies [35,36,38] suggest the
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possibility of a bosonic integer quantum Hall state at ν ¼ 2,
which is constructed from composite fermions [27,47].
Given the increased complexity of simulating theZp matter
model, we concentrate on the Laughlin state at half filling.
Results—We numerically study the matter model in

Eq. (7) with a fixed background flux of hBpi ¼ ω by
placing the system on an infinite cylinder, and computing
its ground state using iDMRG [48]. Directly simulating the
full toric-code Hamiltonian in Eq. (6) is numerically much
more demanding, as it involves twice the number of sites
and includes four-body operators. We evaluate the follow-
ing quantities: (i) Zp charge occupation, (ii) topological
entanglement entropy, (iii) generalized “Hall conductance,”
and (iv) the entanglement spectrum.
(i) Zp charge occupation: The perturbation te splits the

first-order transition between the Zð0;1Þ
p and Zð1;1Þ

p phases
and gives rise to a variety of competing phases in between.
Figure 3 shows the normalized Zp charge occupation for
p ¼ 4 as a function of Φe which refers to a horizontal line
cut in Fig. 1(c) at te=Γe ¼ 0.1:

nc ¼
1

LxLy

X
s

Psc; ð10Þ

where Psc is the projector onto the state jci at site s. The
charge occupation nc is related to the star operator:
As ¼ ωqs with qs ¼

P
c cPsc. For comparison, we show

data from Refs. [38,49], which have simulated the (hard-
core) bosonic Hofstadter model using iPEPS for p ¼ 4.
Additional data for different p, te=Γe, and scaling with Ly

is shown in Supplemental Material [18].
For Φe ≲ ðπ=pÞ − κp, the system is in the Zð0;1Þ

p phase,
which appears as a trivial paramagnet within the matter

model composed solely of red charges with n0 ¼ 1 and
zero otherwise. At Φe ≈ ðπ=pÞ − 5

6
κp, a plateau emerges at

fractional charge occupation. The blue charges have
increased to a finite density, n1 ¼ 1=ð2pÞ, and form the
ν ¼ 1=2 state, embedded in a background of red charges at
density, n0 ¼ ð2p − 1Þ=ð2pÞ [50]. We refer to this state as

HoTð1=2p;1Þ
p . An analogous Hall state, HoTð1−1=2p;1Þ

p , is
formed at Φe ≈ ðπ=pÞ þ 5

6
κp, where the roles of the two

charge states are reversed. The model exhibits charge-anti-
charge symmetry around the transition (Φe ↔ 2π=p −Φe),
which is composed of charge conjugation and a global
charge shift, as defined in the Supplemental Material [18].
This refers to the particle-hole symmetry in the
Hofstadter model.
Next, we analyze intrinsic properties of the HoTð1=2p;1Þ

p

state accessible via its Schmidt decomposition. Thereby, we
use the Zp symmetry (particle number conservation mod-
ulo p) and the translational invariance to group the Schmidt
coefficients. ky refers to the y momentum around the
cylinder, and c ¼ 0;…; p − 1 labels the charge differences
across the cut [48,51,52]:

jΨi ¼
X
ky

Xp−1
c¼0

Xχðky;cÞ
i¼1

Λðky;c;iÞjψL
ðky;c;iÞi ⊗ jψR

ðky;c;iÞi: ð11Þ

(ii) Topological entanglement entropy: The first intrinsic
property we analyze is the topological entanglement
entropy [53,54]. It encodes information about Abelian
excitations by extracting a universal correction, γ, to the
area law. We compute the entanglement across the cut and
obtain γ from the following scaling relation in the matter
model:

SαmatterðLyÞ ¼ cαLy þ γ þO
�
1

Ly

�
: ð12Þ

Here, Ly refers to the cylinder’s circumference, and α
denotes different Rényi entropies. Figure 4 shows the
scaling of the von Neumann entropy (α ¼ 1) and the
second Rényi entropy (α ¼ 2) with Ly for different values
of p. It shows a good agreement with the expected value of
γ ¼ − log

ffiffiffi
2

p
for ν ¼ 1=2, which remains unchanged

across different Rényi entropies [55–58]. We remark that
the simulated matter model has frozen out the flux degrees
of freedom by employing a fixed gauge. The entanglement
entropy in the full Zp model includes an additional
contribution of − logp from the gauge sector.
(iii) Generalized “Hall conductance”: We further ana-

lyze the Hall response by adiabatically threading flux (Θy)
through the cylinder [7]. This measure is standard for
number-conserving systems within iDMRG [36,50,58–61]
but we generalized it to the Zp case. Using the decom-
position of the ground state in Eq. (11), we define the
weight per charge channel:

FIG. 3. Charge occupation computed with iDMRG (bond
dimension χ ¼ 512) for p ¼ 4 and Ly ¼ 8, Lx ¼ 4 (iDMRG
unit cell), and te=Γe ¼ 0.1 across the transition at Φe ¼ π=4 in
units of κp from Eq. (9). The colors represent the occupation nc of
the individual charge states Eq. (10) within the matter model in
Eq. (7) and match Fig. 2. The data in black refers to a number-
conserving hardcore bosonic Hofstadter model from Refs. [38,49]

(iPEPS). The plateaus correspond to the phases HoTð1=8;1Þ
p and

HoTð7=8;1Þ
p .
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WcðΘyÞ ≔
X
ky

Xχðky;cÞ
i¼1

Λ2
ðky;c;iÞðΘyÞ: ð13Þ

When the system is adiabatically evolved from Θy ¼ 0 to
Θy ¼ 4π, we find that the weights shift cyclically:

Wcð0Þ ¼ Wcþ1 modpð4πÞ: ð14Þ

In the conventional Uð1Þ case, a similar shift occurs, but
without the cyclic constraint. Data and a comparison
between the Uð1Þ and Zp cases are provided in
Supplemental Material [18].
(iv) Entanglement spectrum: The last characteristic we

analyze is the entanglement spectrum [62]. For the
Laughlin wave function, an edge conformal field theory
describing a Uð1Þ chiral Boson predicts a characteristic
counting sequence f1; 1; 2; 3;…g in the entanglement
spectrum, given by εi ¼ −2 logΛðky;c;iÞ, when plotted
against ky for each c [36,59,63]. Fig. 5 presents the
entanglement spectrum of the matter model Eq. (7) for
p ¼ 4 and p ¼ 5, comparing it with a number-conserving
calculation of Eq. (8). While we find excellent agreement
for p ¼ 4, theUð1Þ case resolves the sequence more clearly
for p ¼ 5. We attribute this to the increased computational
complexity and anticipate further improvements at higher
bond dimensions.
Potential realizations—Recently, Z3 toric-code order

has been demonstrated on a trapped-ion quantum processor
with 24 effective qutrits [64]. Per-qutrit fidelities exceeded
95%, and several braiding operations of Z3 charges were
realized. A number of proposals [65] have explored the

realization of Z3-type models across diverse quantum
simulation platforms, both predating the trapped-ion
experiment and motivated by subsequent developments
[66]. While none of these works explicitly target the
parameter regime associated with the Hall-on-Toric state,
they indicate rapid progress toward a potential experimental
realization.
Conclusion—We have demonstrated that the chiral toric

code in a small field hosts hierarchical topological states in
which the usual deconfined charges form a Laughlin-like
Hall state of their own. We refer to these as Hall-on-Toric
states. Our understanding is grounded in a perturbative
mapping between the Zp model and the (number-
conserving) bosonic Hofstadter problem. We confirm that
the Hall-on-Toric states remain stable even without particle
conservation.
Our results are quite surprising, as the Hall-on-Toric state

arises in such a small perturbation of a well-known exactly
solvable model. On the other hand, this means that the Hall-
on-Toric states we find are within sight of well-known
bosonic Laughlin states, in which charge nonconservation
is only a weak correction to spectral properties. It would be
very interesting to find “strong” Hall-on-Toric states which
have no analogs in the conventional Hall hierarchies. Such
states would presumably take advantage of the modular
nature of number conservation in a fundamental way,
similarly to the parafermionic states discovered in the
context of superconducting proximity effects [67–69].
We leave the search for other Hall-on-Toric states, either
weak or strong, to future investigations.
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p ¼ 4, p ¼ 5, and p ¼ 6, calculated at Φe ¼ 0.2368π,
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