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Abstract
Detailed measurements o magnetic fux dynamics and

trapped magnetic fux in niobium samples were conducted
with a new experimental setup that permits precise control
o the cooldown parameters. With this setup the depen-
dency o trapped fux on the temperature gradient, external
magnetic eld, and cooldown rate can be mapped out in
more detail compared to cavity measurements. We have ob-
tained unexpected results, and an existing model describing
trapped fux in dependence o temperature gradient does not
agree with the measured data. Thereore, a new model is
developed which describes the magnitude o trapped fux
in dependence o the temperature gradient across the sam-
ple during cooldown. The model describes the amount o
trapped fux lines with help o a density distribution unction
o the pinning orces o pinning centers and the thermal orce
which can de-pin fux lines rom pinning centers. The model
shows good agreement with the measured data and correctly
predicts trapped fux at dierent external fux densities.

INTRODUCTION
When superconductors transition to the Meissner state

all magnetic fux is expelled in an ideal case. However, in
experiments it is observed that some raction o the exter-
nal magnetic eld gets trapped inside the superconductor in
orm o quantized magnetic fux lines. For the application o
superconducting radio requency (SRF) cavities this trapped
fux increases the losses in the cavity wall. For this reason
cavities are operated in shielded cryostat which reduce the
earth’s magnetic eld. It is, however, impossible to com-
pletely shield o all magnetic eld. For this reason research
on how to reduce trapped fux is ongoing.
At this point the mechanism o fux trapping is not yet

ully understood which makes it dicult to nd treatments
which eectively reduce fux trapping. To help understand
the mechanism we conducted dedicated fux trapping exper-
iments using samples. The experimental setup and the key
ndings are presented in these proceedings under TUCXA01.
In this work the ocus lies on a theoretical model which is
developed on the basis o the data gathered during these
experiments.
The model describes the magnitude o trapped fux with

help o a density distribution unction p which describes
the probability o a fux line to interact with a pinning cen-
ter with pinning orce p. Whether a fux line gets trapped
depends on the thermal orce [1] which acts on the fux line.
I it is larger than the pinning orce the fux line gets pushed
∗ .kramer@helmholtz-berlin.de

over the pinning center and is expelled. I it is smaller than
the pinning orce the fux line gets pinned and is trapped
inside the superconductor.
In the course o this work the gathered data is rst com-

pared to an existing model [2] which does not show good
agreement. Then the idea o the new model is introduced
which is then rened in a next step. Finally, the rened
model is applied to the data, and the resulting prediction o
trapped fux is compared with measurements.

APPLYING THE EXISTING MODEL
Figure 1 depicts measurement results o trapped fux ver-

sus temperature gradient during cooldown (∇). To measure
this curve an external magnetic fux density o 100 µT is set
perpendicular to the samples surace during all cooldowns.
The cooldown rate is kept constant as well, and only the tem-
perature gradient is changed or each cooldown. The results
shown here are recorded with a large grain sample. This
sample consists o only two niobium grains (RRR=300) with
a grain boundary running through the middle o the sample.
The dimensions are (100×60×3) mm3. A model describing
the fux trapping mechanism is developed by T. Kubo in
Re. [2]. This model predicts a dependency o trapped fux
on the temperature gradient during cooldown that is propor-
tional to ∇−1. Thereore, a t according to /∇ +  is
perormed with the data in Fig. 1. The result is also depicted
in Fig. 1 in red.
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Figure 1: Measurement data o trapped fux versus tempera-
ture gradient during cooldown. The data is obtained using
a large grain sample consisting only o two grains (sample
dimension: (100×60×3) mm3). Additionally, a t according
to the prediction in Re. [2] is perormed and the result is
depicted in red.
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Figure 1 shows no good agreement between measurement
and t. The twomain reasons are that the model is developed
or a superconductor with sparse pinning centers and a mag-
netic eld applied parallel to the surace. Both requirements
are not ullled with these measurement points.

THE BASE MODEL
Since the model presented above does not agree with the

measurements a new model is developed. Figure 2 shows
a schematic depiction o the sample during cooldown at
a time  and at a later time  + Δ. Since the sample is
cooled down with a temperature gradient established across
the sample, and in an external magnetic eld it is in three
phases simultaneously. Below c1 the sample is already cold
enough that the external fux density e is smaller than c1.
Thereore, the sample is in the Meissner state. In the region
between 1 and c2 it holds that c1 < e < c2 so that the
sample is in the mixed, or Shubnikov state. Above c2 the
external fux density is larger than c2 and the sample is
normal conducting. During cooldown this region is pushed
up the sample.

Figure 2: During transition the sample is in three sates si-
multaneously: Below c1 the sample is cold enough so that
the external eld is smaller than c1. Between c1 and c2
the sample is in the mixed state. Above c2 the sample is still
normal conducting. During cooldown the transition region
moves up the sample.

As c2 moves up the sample new quantized fux lines
are ormed at the boundary to the mixed state. While they
are in the mixed state the thermal orce pushes these fux
lines towards the colder region and, thereore, c1 and the
Meissner state [1]. At this point it is not understood what
the fux line dynamics are at the phase transition ront to the
Meissner state at c1. For now the ollowing assumption is
made: I fux lines are at the position o a pinning center (i.e.
they are pinned) when c1 reaches them they are trapped
inside the material. I, however, they are not pinned whenc1 reaches them, they are expelled.

In Re. [1] the thermal orce is described to be proportional
to ∇ so that it can be written as th = ∇ where  is a
constant. I this orce is larger than the pinning orce p o
a given pinning center the fux line is pushed over it. But
since the pinning orce o all pinning centers is not known a
distribution unction p is introduced which describes the
probability o a fux line to interact with a pinning center with

pinning orce p. It is normalized to ulll ∞0 pdp = 1.
The density distribution is not known and Fig. 3 shows a
hypothetical density distribution. Since dierent pinning
centers might have dierent underlying pinning mechanisms
it is not continuous. The most extreme orces reachable by a
given mechanism are labeled 0 to 4.

Figure 3: Hypothetical density distribution p. Due to
dierent pinning mechanism it is not continuous. The most
extreme orces reachable by a mechanism are label 1 to 4.

With this density distribution the ratio o trapped fux lines
(trap) can be calculated by calculating the ratio o expelled
fux lines (): trap = 1 − . To calculate  the density
distribution p is integrated up to the thermal orce th that
is reached in a cooldown

∇ = ∫p<th pdp. (1)

Equation (1) incorporates that fux lines do not get pinned as
long as the pinning orce is smaller than the thermal orce. In
order to make a prediction rom this model two assumptions
are made:

1. The maximal achievable thermal orce is larger than 0
but smaller than 1: 0 < |∇|max < 1

2. p is constant or p smaller than 0:p < 0 = 0 = .
The rst assumptions states that the maximal achievable
temperature gradient and corresponding thermal orce is
large enough to push fux lines over weak pinning centers
but not strong enough to push fux lines over hard pinning
centers. The second assumption is made because p is
not known and a constant value is a good starting point.
Using these assumptions the ratio o expelled fux lines

can be calculated

∇ = ∫p<th pdp= 0|∇| 1 − (|∇| − 0 ) + 00(|∇| − 0 )= |∇| 1 − (|∇| −  ) + (|∇| −  ) ,
(2)

where  is the heaviside step unction, and  is dened as = 0with 0 the constant introduced in assumption 2. 
is the ratio o weak pinning centres:  = p<0 pdp =00. Equation (2) states that the ratio o expelled fux lines
increases linearly with∇with slope  up to the point where
the thermal orce equals the maximum orce achievable by
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the weak pinning centers 0. At higher gradients no eect
on ∇ is predicted and a constant ratio  is expelled. To
calculate the trapped fux magnitude (TF) trap is multiplied
by the external magnetic fux density e:

TF∇ = 1 − ∇e= e − e |∇| 1 − (|∇| −  )+
(|∇| −  ) . (3)

The two t parameters  and  must be determined experi-
mentally. Equivalent to what is already stated with respect
to  this model predicts a linear decrease o trapped fux
up to the point where the maximal pinning orce o weak
pinning centers is exceeded. For higher temperature gradi-
ents a constant value is predicted. Figure 4 shows the same
measurement data as Fig. 1 but now a t according to Eq. (3)
is perormed and the result is depicted in red.
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Figure 4: Measurement results gained rom the large grain
sample and t results according to Eq.(3).

Figure 4 already agrees better with the measurement data
but the curve in the measurement data is not yet represented
by the model.

REFINING THE MODEL
In order to rene the model the second assumption thatp is constant below 0 is dismissed. Instead data gathered

at dierent external magnetic fux densities is investigated
and the observed eatures are translated to a distribution
unction. Figure 5 shows data o the same large grain sam-
ple that is introduced above. For these measurements the
temperature gradient and cooldown rate are kept constant
within one measurement series and the external magnetic
fux density magnitude is altered between 0 µT and 190 µT.
The orientation is always kept constant, perpendicular to the
sample surace. Ater sucient data points are recorded at
one temperature gradient a dierent temperature gradient
is set and a new series is recorded. The cooldown rate is
always kept constant. In Fig. 5 dierent series are depicted
and color coded.
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Figure 5: Trapped fux magnitude versus external magnetic
fux density. Measurement series at dierent temperature
gradients are depicted and color coded. Measurement points
o the same series are tted with linear regression. The t
results are displayed in the same color.

It is evident that fux only starts to get trapped i the exter-
nal fux density exceeds a threshold eld ∗. Once e > ∗
trapped fux seems to be increasing linearly. Thereore, a
linear regression is perormed or each measurement series.
In this regression only data point above ∗ are included.
In Fig.5 the results are depicted in the same color as the
measurement points.
The t parameters o the perormed ts can now be plot-

ted versus the temperature gradient o the corresponding
measurement series. But since the temperature gradient is
not perectly constant during all cooldown o a series the t
parameters are plotted versus the mean temperature gradient
o the measurement points that are used or the t.
Figure 6 shows the slope o the ts in Fig. 5 versus tem-

perature gradient. For better readability not all measured
series are depicted in Fig. 5 but Fig. 6 depicts the slope o
all available series which is why there are more data point
in Figs. 6, 7, and 8 than there are ts in Fig. 5.
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Figure 6: Slope o linear ts in Fig. 5 versus mean tempera-
ture gradient o data points used or the t. Additionally, a t
according to Eq. (4) is depicted. In Fig. 5 not all measured
series are depicted or better readability which is why this
plot shows more slopes than there are ts in Fig. 5.
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At this point an assumption is made that the slope  o
the ts decreases linearly with temperature gradient. It is,
thereore, parameterized as

|∇| = 0 (1 − |∇|c ) . (4)

The parameterization is chosen like this, so the physical
interpretation o the parameters becomes clearer: The slope
or ”trapping eciency”  equals a trapping eciency 0
at |∇| = 0 K

cm , and decreases linearly with |∇| up to a
critical temperature gradient c. At this gradient the trapping
eciency vanishes.

Next, the x-axis crossing, or threshold eld (∗) is plotted
versus temperature gradient. This is depicted in Fig. 7.
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Figure 7: x-axis crossing, or threshold eld (∗), o linear
ts in Fig. 5 versus mean temperature gradient o data points
used or the t. In Fig. 5 not all measured series are depicted
or better readability which is why this plot shows more data
points than there are ts in Fig. 5.

Here, again, an assumption is made that the threshold
eld increases linearly with increasing temperature gradient.
Above a temperature gradient o ∇ ≈ 0.13 K

cm no increase
o the threshold eld is evident but at the same time the error
bars increase strongly. This is caused by the limitations o
the setup because at high gradients high external magnetic
fux densities are required to trap any fux at all. Since the
setup is limited at 190 µT the recorded data points above ∗
are close together and also close to zero which makes mea-
surement errors more signicant. The series with the highest
temperature gradient in Fig. 5 illustrates this problem. This
is why a linear increase is assumed and ∗ is parameterized
as

∗|∇| =  |∇|c , (5)

where  is the sensitivity o the threshold eld on ∇. Equa-
tion (5) is tted to the data in Fig. 7 and the t results are
depicted in red.
To summarize, three assumptions are made:

1. The dependence o trapped fux on applied eld mag-
nitude is linear once fux starts to get trapped above ∗
(see Fig. 5).

2. The slope o the linear ts in 1. decreases linearly with
increasing temperature gradient (see Fig. 6).

3. The x-axis crossing, or ∗, increases linearly with in-
creasing temperature gradient (see Fig. 7).

Using these three assumptions it ollows that the y-axis cross-
ings o the linear t in Fig. 5 have a component that is
quadratic in ∇. To veriy this the y-axis crossings o the
ts are plotted versus ∇ and the expected value rom the
ts according to Eqs. (4) and (5) is also depicted.
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Figure 8: y-axis crossing o linear ts in Fig. 5 versus
mean temperature gradient o data points used or the t.
A quadratic dependency on temperature gradient is clearly
visible. The prediction rom Eqs. (4) and (5) is plotted in
red. In Fig. 5 not all measured series are depicted or better
readability which is why this plot shows more data points
than there are ts in Fig. 5.

In Fig. 8 a quadratic dependency is clearly visible which
supports the assumptions that are made.
Using these assumptions and the parameterization or ,

and ∗ the trapped fux magnitude can be expressed asTFe, ∇ = ∇e − ∗∇
= 0e − 0e +  |∇|c + 0 ( |∇|c )2 . (6)

Equation (6) predicts that a raction 0 o the applied eld is
trapped at∇ = 0 K

cm . With increasing temperature gradient,
again, a linear decrease is predicted but now with a quadratic
correction term. This equation is, however, only valid as long
as e > ∗. To extend the range at which the model is valid
a density distribution unction p is chosen such that in
the range e > ∗ the model predicts trapped fux according
to Eq. (6). It can easily be shown that the ollowing density
distribution ullls this goal

p = −20 e2
c2 p + 0c (1 + e

) . (7)
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This distribution unction is not constant anymore but de-
creases linearlywith p. It also includes the external magnetic
fux fux density e so the eect that the external eld has on
fux trapping dynamics is also included in this distribution
unction. With this distribution unction the derivation o 
and TF can be done analogous to the derivation shown in
the section above. This yields the ollowing Eq. (8) or the
trapped fux magnitude:

TFe, ∇ =
0e − {[−0 ( |∇|c )2 + 0e +  |∇|c ] ×
1 − |∇| −  +
[−02

c
2 + 0c e + ] |∇| − } , (8)

where = 0 is dened which describes the temperature gra-
dient at which the thermal orce equals the maximal pinning
orce o weak pinning centers 0. For temperature gradi-
ent larger than  the expected trapped fux magnitude stays
constant.

Equation (8) can now be tted to measurement data. Fig-
ure 9 shows the same measurement data as beore together
with a t according to Eq. (8) as well as the previous t result
obtained rom Eq. (3) or comparison.

0 0.05 0.1 0.15 0.2

T [K/cm]

0

20

40

60

80

100

T
ra
pp
ed
F
lu
x
[µ
T
]

large grain
quadratic model
linear model

Figure 9: Measurement results obtained with the large grain
sample and t results according to Eq. (8) (red) and the
previous model (yellow) or comparison. The rened model
shows good agreement with the measurement data.

With the obtained t parameters Eq. (8) can now also
be used to predicts trapped fux when dierent external
magnetic fux densities are applied during cooldown. This
is done in Fig. 10 where measurement data o the large
grain sample is compared with predictions rom the rened
model. It must, however, be noted that in order to make
predictions the parameter  must be scaled according to

e = e = 100 µT e100 µT . Since the origin o the
threshold eld is not understood yet no physical interpreta-
tion o this scaling can be given at this point.
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Figure 10: Trapped fux versus temperature gradient data
obtained with the large grain sample. Dierent measure-
ment series at dierent external magnetic fux densities are
depicted and color coded. The solid lines represent the
predictions rom Eq. (8) with t parameters obtained rom
Fig. 9.

The predictions show good agreement with the measure-
ment data. The slower decrease at high elds and high
gradients is also correctly predicted.

SUMMARY AND OUTLOOK
With help o data obtained with dedicated fux trapping

measurements a new phenomenological model is developed
which describes trapped magnetic fux density magnitude in
superconducting niobium in dependence o the temperature
gradient during cooldown and the applied external magnetic
eld. Figure 10 shows that the model correctly predicts
trapped fux at dierent external magnetic fux densities
once the t parameters are obtained.

The model also revealed where there still open questions.
Most importantly what are the fux line dynamics at the
phase transition to the Meissner state and what is the origin
o the threshold eld.

Further measurements are planned in order to gain better
insight in these open questions.
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